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The QCD phase diagram at non-zero baryon density
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© Introduction
@ Lattice techniques for finite temperature and density

@ The phase diagram: the confusion before clarity?

Original work with Ph. de Forcrand (ETH/CERN)



QCD at high temperature/density: change of dynamics
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QCD at high temperature/density: change of dynamics
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The QCD phase diagram established by experiment:

15 MeV S

~940 MeV g

Nuclear liquid gas transition, Z(2) end point



QCD phase diagram: theorist’s view

early universe

~170MeV 1,0 o

compact stars ?
Color superconductor

"B~ GeV?

confined \

Until 2001: no finite density lattice calculations, sign problem!

Expectation based on models: NJL, NJL+Polyakov loop, linear sigma models,
random matrix models, ...



Model predictions for critical end point (CEP)
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How to get funding for heavy ion programs:



How to get funding for heavy ion programs:

Free the Quarks!!!




ermal QCD in experiment

heavy ion collision experiments at RHIC, LHC, GSI.... have finite baryon density!



Ratios
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Phase boundary from hadron freeze-out!?
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e At fixed collision energy \/? abundances well fitted by Boltzmann distribution (7', 1)

o ['(freeze-out) < T, butvery close ?

Braun-Munzinger et al



Theory:The Monte Carlo method

QCD partition fen: Z = /DU Hdet M (pg,my;U) e Saeuse(GU)
f
o a— | g
Dot I links=gauge fields det M e P9auge
//' /
................. % 4 ’/'J . .
......... i lattice spacing a<< hadron << L !
------------------- 114 thermodynamic behaviour, large V !
AV
/ . & 10 . .
=P typically > 10° — 10'° dim. integral
U
Monte Carlo, importance sampling
1 . - .
1 = N, Continuum limit: Ny — oo,a — 0 Here: N; =4,6
: a~0.3,02 fm
Light fermions expensive, cost(det A/ ) ~ ——, here staggered fermions

N
77?(1



Lee,Yang:

How to measure p.t., critical temperature

deconfinement/chiral phase transition — quark gluon plasma

“‘order parameter’:

chiral condensate (Y1)

generalized susceptibilities:

X =V((0%) —(0)?)

—~Xmaz — X (*30) =T

only pseudo-critical on finite V!
Order of transition:
finite volume scaling

) o
Xmazxz ™ V

5.2 5.3 5.4

lattice coupling (3, viz.l’

g = 1st order
o<1 2nd order
g = crossover



The order of the p.t,, arbitrary quark masses © =0

deconfinement p.t.:

breaking of global Z(3)

N¢ =2 Pure
— Gauge

2nd order

4 0(4)?

2nd order
Z(2)

m

S Nf=3

N = 1
mS
2nd order
¥ £(2)
ol
0 my,, My o2

chiral p.t.
restoration of global

SU(Q)L X SU(Z)R X U(l)A

t

anomalous



How to identify the order of the phase transition
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Hard part: order of p.t., arbitrary quark masses ;. = 0

N¢=2 Pure
% — Gauge 0.35 . .
Nf=2+1 ——+—
2nd order 51| deconf. p.t. 03 |
y 947 %2120; order X physical point X
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chiral critical line

@ physical point: crossover in the continuum Aoki et al 06

© chiral critical lineon N, =4,a ~ 0.3 fm de Forcrand, O.P.07

@ consistent with tri-critical point at My 4 = 0,m%" ~ 2.8T

@ But: Ny = 2 chiral O(4) vs. Ist still open Di Giacomo et al 05, Kogut, Sinclair 07

Ux(1) anomaly! Chandrasekharan, Mehta 07



The ‘sign problem’ is a phase problem

7 /DU [det M (p)]f e~ 591V imp.o.rtance. sampling requires
positive weights

=-det (M) complex for SU(3), i1 7~ 0
Dirac operator: I} ()" = 510 (—p*)ys . |
—>real positive for SU(2), 1 = 21

—>real positive for [ty = — U4

N.B.: all expectation values real, imaginary parts cancel,
but importance sampling config. by config. impossible!

Same problem in many condensed matter systems!



| dim. illustration

o Example: Z(A) = [ dxexp(—x? + iAx)

{ lambda=0
lambda=30-—

integrand

| |

e Z(1)/Z(0) = exp(—A?/4): exponential cancellations
— truncating deep in the tail at x ~ A gives 0(100%) error Splittorf
“Every x is important” < How to sample?




Finite density: methods to evade the sign problem

o
L det M () _ %’
Reweighting: Z = | DU det M(0 S g
® Reweighting | pU der o) 5 e
=0 finite w
~exp(V) statistics needed, T T
overlap problem use for MC  calculate
U
@ Taylor expansion:
[\ 2k coeffs. one by one,
(0) (1) = (0)(0) + > e (L) convergence?

k=1

@ Imaginary 1 = iy, : no sign problem, fit by polynomial, then analytically continue

N

i\ 2k .
(OY(i) = Z Ck (W_T) : Wi — —ip requires convergence
k=0 for anal. continuation

All require u/T < 1!



The gOOd news. comparing TC(,[L) de Forcrand, Kratochvila 05

Nt =4,Ny =4; same actions (unimproved staggered), same mass

au
0 0.1 0.2 0.3 0.4 0.5
506 1 ! ! [ [
5.04 1 % 5« ssign>~085(1) QGP 110
5.02 T
IRRNAE. <sign> ~ 0.45(5) 4 0.95
4.96 | T *oxg
4.92 + confined RN =
49T B 1 0.80
imaginary u 4.88
2 param. imag. u 4.86 | Azcoiti et al., 83 '—'—'
dble reweighting, LY zeros Fodor, Katz, 6§ I . 40.75
Same, susceptibilities B Our reweighting, 63 o
canonical 4.82 fleForcrand, Kratochvila, 6 %*% :
4.8 . . % 0.70
0 0.5 1 1.5 2

w/T
Agreement for u/ T < 1



The (pseudo-) critical temperature

de Forcrand, O.P. 03; d’Elia Lombardo 03

i Te(p) f

[ .C :1_717\/’?,"- _2 -
0.98f T.(pp=0) d f77?q)(7rT) *
0.96] o . | o

| ¢ ~ 0.500(34), 0.602(9), 0.93(10)
0.94} for light Ny = 2, 3,4
0.92f

; N\ cf. Toublan:(c o< Nf/N¢)
09F -

005 1 15 2 25 3

@ very flat, but not yet physical masses, coarse lattices
@ indications that curvature does not grow towards continuum de Forcrand, O.P.07

@ cxtrapolation to physical masses and continuum is feasible! Budapest-Wuppertal 08



Comparison with freeze-out curve so far

freeze-out

confined

|I
l

-.“-._
s
.

QGP

N

| Color supe

rconductor

1

T.(7t) considerably flatter than freeze-out curve (factor ~ 3 in

d? T,
du?

=0

)



The calculable region of the phase diagram

@ Upper region: equation of state, screening masses, quark number susceptibilities etc.
under control

@ Here: phase diagram itself, most difficult!



Much harder:is there a QCD critical point?
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Much harder:is there a QCD critical point?
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Two strategies:
1 follow vertical line: m = mypys, turn on

Real world ———




Much harder:is there a QCD critical point?

N¢=2
1l
L)
2nd order
y 0@? 2nd order \_
Z(2) .
tric E
m
® Nf =3
Ne=1
m, - crossover
- — 0
2nd order
y 2@ =~
if chiral CEP
ol
0 m,,m, oo

Two strategies:
1 follow vertical line: m = mypys, turn on

2 follow critical surface: m = Mg ()

Real world ———




Approach la: CEP from reweighting Fodor, Katz 04

Ny =4,Ny =2+ 1 physical quark masses, unimproved staggered fermions

Lee-Yang zero:
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(entire curve generated from one point!)  Splittorf 05, Stephanov 08 *° .



Approach Ib: CEP from Taylor expansion

Nearest singularity=radius of convergence

Different definitions agree only for 7 — 00

2 =S e (2)”

UE : \/
— = lim
TE n—=o

not n=1,2,3

CEP may not be nearest singularity, control of systematics!?
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n=2, m =770 MeV —g— |

Bielefeld-Swansea-RBC
improved staggered

Nt:4



Approach 2: follow chiral critical line =# surface

Real world Real world

chiral p.t.

chiral p.t.

crossover st

ci1 >0 c1 <0

1. Tune quark mass(es) to m.(0): 2nd order transitionat y =0, 7 = T;
known universality class: 3d Ising

. . k
2. Measure derivatives % I,,zo:

Turn on imaginary x and measure gz—?(;; de Forcrand, O.P. 08,09



Approach 2:imaginary rather than imagined (?) CEP

Real world Real world

chiral p.t.

chiral p.t.

crossover st .

c1 >0 c1 <0

1. Tune quark mass(es) to m.(0): 2nd order transitionat y =0, 7 = T;
known universality class: 3d Ising

. . k
2. Measure derivatives % |,,=o:

Turn on imaginary x and measure Z‘;‘—?g; de Forcrand, O.P. 08,09



Finite density: chiral critical line — critical surface

Real world ———
Real world ———
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Finite density: chiral critical line — critical surface

Real world ——
N;=2 Pure Real world —— "
- Gauge uw
2nd order
y 04?2 2nd order \_
22 -
Nf=3
Ni=1
crossover .
\ 2nd order 0 0
7 Z2(2)
0 m,,my 00
me ( ILL) Iu 2k |
ph Z i ( ) C1 = 0 C1 < 0
me (O) — T T
Standard scenario Exotic scenario
m >m,(0) m>md(0)
aer QGP

00nﬁned /

"‘ Color superconductor

conﬁned “‘ /

", Color superconductor




Curvature of the chiral critical surface
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de Forcrand, O.P. 08,09



The chiral critical surface on a coarse lattice:

Real world

QCD critical point DISAPPEARED

crossover s>

No chiral crit. pt. at small chem. pot., £ < 0(1), for N;=4 (a~0.3 fm)J

CEP
)~

cf. Ejiri 08 — (& 2.4

T

@ Higher order terms? Convergence!?
@® Cut-off effects?

@ In any case: picture for QCD phase diagram not as clear as anticipated.....



Un-discovering a critical point feels like...



Un-discovering a critical point feels like...




M/T

Scenario unusual?

...the same happens for heavy quark masses!

effective heavy quark theory, same universality class: 3-state Potts model

critical M in Potts, 7273

12

10 first onder transition

G from u_u
GO from n

M_infinity limit

Cross-over

0 | | | | | | | | |
-3 -2 -1 0 1 2

(WT)N2

Real (.: first order region shrinking!

also for finite isospin chemical potential

N.B.: non-chiral critical point still possible!

Real world ———

QCD critical point DISAPPEARED

de Forcrand, Kim, Takaishi

Kogut, Sinclair



Recent model studies with similar results

K. Fukushima 08 Bowman, Kapusta 08
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NJL-Polyakov loop model with Linear sigma model with quarks
vector-vector interaction

Qualitative behaviour as in exotic lattice scenario!



Towards the continuum: N, =6,a ~ 0.2 fm

N¢{=2 PL
f Real world ————

2nd order

y 047 2nd order
Z(2)

T Ng=3

crossover T

mz (Ne = 4) ~177 N:=3 de Forcrand, Kim, O.P. 07
me(N, =6) / Endrodi et al 07

@ Physical point deeper in crossover regionas a — 0
@ Cut-off effects stronger than finite density effects!

@ Curvature of crit. surface (so far) consistent with 0; strong quark mass sensitivity!



The interplay of Nf=2 and Nf=2+]

e O(4) transition for 2 massless flavors Pisarski & Wilczek
= tricritical points (my g =0,ms =eo,jt = p*) and (my g = 0,ms = mg,ju = 0)

Real world
Heavy quarks

1rst prder

Crossover




The interplay of Nf=2 and Nf=2+]

e O(4) transition for 2 massless flavors Pisarski & Wilczek
= tricritical points (my g =0,ms =eo,jt = p*) and (my g = 0,ms = mg,ju = 0)

e Ny =2 and Ny = 2+ 1 analytically connected
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The interplay of Nf=2 and Nf=2+]

e O(4) transition for 2 massless flavors Pisarski & Wilczek
= tricritical points (my g =0,ms =eo,jt = p*) and (my g = 0,ms = mg,ju = 0)

e Ny =2 and Ny = 2+ 1 analytically connected

Real world
Heavy quarks

1rst prder

Crossover

e Nf =2 and N = 2+ 1 need not be connected



The interplay of Nf=2 and Nf=2+]

e O(4) transition for 2 massless flavors Pisarski & Wilczek
= tricritical points (my g =0,ms =eo,jt = p*) and (my g = 0,ms = mg,ju = 0)

e Ny =2 and Ny = 2+ 1 analytically connected

Real world
Heavy quarks

1rst prder

A — Which critical
\ surface do we need?

e Nf =2 and N = 2+ 1 need not be connected



More (and non-chiral) critical points?

Good time for models: NJL with vector interactions Zhang, Kunihiro, Fukushima 09
Ginzburg-Landau approach Baym et al. 06
for quark condensates

[
e

\



Conclusions

© Working lattice methods available for p <7T

® 7.(n),EoS under control at small density

@ On coarse lattices a~0.3 fm no chiral critical point for p <T
© Large cut-off and quark mass effects

@ Uncharted territory: do QCD critical points exist?



Conclusions

@ Working lattice methods available for p < T

® 7T.(u),EoS under control at small density

@ On coarse lattices a~0.3 fm no chiral critical point for < T
@ Large cut-off and quark mass effects

@ Uncharted territory: do QCD critical points exist?

The greatest trick that Santa ever pulled
was convincing the world he didn't exist.




The argument: N =2, pu,m =0 Pisarski, Wilczek 84
spont. chiral symmetry breaking SU (2)y, x SU(2)4 — SU(2)y; restored at finite T
true order parameter (J)@D) —-separate phases —-non-analytic transition

The assumptions: Halasz et al. 98; Rajagopal, Shuryak, Stephanov 98
e N = 2 chiral transition is second order = ((4)

e /"= 0 and i« = 0 transitions are continuously connected

QGP QGP
T.GeV , . T,GeV
symmetric (disordered) phase
- Mmg = 0 mg non-Q
7 2nd order transition
..... 3cr. point
0.1 0.1 r
Ist order (models: 1st order (models:
broken (ordered) phase MIT bag, MIT bag,
( )P NIL, | NIL
RM, ...) RM, ...)
e Duclear e Duclear
vacuum matter quark matter vacuum matter |/ quark matter
| 1
0 1 ug,GeV 0 1 ug,GeV

e Ny =2+41: adding mg only shifts location of line and (tri-)critical point



The equation of state

staggered p4-improved, N, =4

3 flavour
2+1 flavour
2 flavour

p—

pure gauge 1

5 L
oI

4 L

3 L

2 L

1 L

0 1
100 200
T >1T,:

=

300 400 500 600

Bielefeld

compare with ideal gas:

T < T,
T >T,

2
€esB __ 3psB __ {3% )
(16 + 3-Nyf) 55

more degrees of freedom, but significant interaction!

sQGP or "almost ideal’ gas....?

Continuum extrapolation with physical quarks feasible in the near future



Equation of state at finite baryon density

Taylor expansion, second order Bielefeld-Swansea Reweighting Wuppertal
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The nature of the transition for phys. masses

...in the staggered approximation...in the continuum...IS a crossover!
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