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Structure of the Proton
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The Scaling of the Proton Structure Function

| | | | | | | |
: . Q°[GeV']
Dat.a lies along . 15
! a universal curve . 30
] It is (relatively) Lo
sili independent of energy ¢ o0
! * 8.0
e [1.0
T 0 875
- %j 9%}“{%& o 245
L ) S N s 230
- %; ., & 800
B - % = 1000
| o ® o
B | | | | | | | | | | '@. T o]
o 1 & 3 gt 5 .6 ¥ a)




HOW TO CHARACTERIZE
THE PROTON

Deeply Inelastic Scattering
(DIS)

Ct. lecture by
Burkhard Reisert



Inclusive Deeply Inelastic Scattering (DIS)
Measure {E», 0} < {x,Q?} Inclusive

{EQJ 9}

Deflected
o.-particles

o -particles
SOUTCE

Fluaorescent

Sereer Undeflected

Metal Fail o -particles

Deep: Q? > 1GeV?

Inelastic: W2 > Mg

Analogue of Rutherford scattering
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Inclusive Deeply Inelastic Scattering (DIS)

{EQJ 9}

Measure {Es, 0} < {z, Q?}

Q° = —¢° = 4E, FE>sin”(9/2)

Q2 - 2E1E2 Slﬂ2(9/2)
2p - q M(E, — E»)

=

Other common DIS variables




Lepton Tensor (L) and Hadronic Tensor (W)

L 24 Leptonic Tensor

l /‘ / /J/ 1 Hadronic Tensor

lepton LK
current

Interaction

hadron
current

Current Interactions



W and F Structure Functions

ptp
M2 2 IM2

WH = —gM" W 4

Convert to “Scaling” Structure Functions

Wiy — F Wy — M Fy Ws — M |y

do
dx dy

= N [:cyQFl +(1—y— M

2u)Fy £ y(1 — y/2)xF3)



Use Helicity Basis

do
= N [zy?F) + (1 — y — Mzu)Fy + y(1 — y/2)aF

T d 2y’ FL+ (1 —y — Y20)Fy £ y(1 — y/2)xFs]
Taking the limit M — 0 for neutrino DIS

do” _ N[(1—y)’Fy +2(1—y)Fo+ F_]
dx dy i ;

For v, F, & F_

F, = %(F_ + F+) F, =F — 1F3

Fy = ZL'(F_ + F_|_—|—2F0) F_ =F, + 1F;3

F3 = (F_ — F+) o= LtFy—F

A Review of Target Mass Corrections.

I have not yet mentioned the parton model!!! Ingo Schienbein et al.
J.Phys.G35:053101,2008.



The Scaling of the Proton Structure Function
*
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Parton Model



Proton as a bag of free Quarks

flz,Q) =u(z,Q) +d(z,Q) =20(x — 5) +1d(x -



Quarks are not quite free

Hard Interaction time
Electron ~ 1~ 1/Q

Q Soft Interaction time
= 0 = 1/A

This picture 1s valid IF:

T <<T, thus Q>>A

“Higher Twist”
contributions

Corrections to this picture (non-factorizable/ higher twist) terms are suppressed by powers of A/Q



The Parton Model and Factorization

Parton Distribution Functions

(PDFs) f,_.

Electron
are the key to calculations

involving hadrons!!!

Proton

Corrections of
order (A%/QQ?)

must extract from calculable from
experiment theoretical model

Cross section is product of independent probabilities!!! (Homework Assignment)



The Parton Model and Factorization

Parton Distribution Functions

(PDFs) f,_.

Electron
are the key to calculations

involving hadrons!!!

Proton

AN

O-Py—w: -~ T P-a ® O-ay—w’

Already
introduced by Scalar

S, N\
f@) = q@)+aqx) + ¢(@) + ... = u(x) + d(z) + ...



Homework Problem: Convolutions

Part 1) Show these 3 definitions are equivalent; work out the limits of integration.

f®g=f; f:) f(x)g(y)o(z—x*y)dxdy

feg=[ fix)g(Z)=

z dy

feg=] f(Z)g(y) =
y Y

Part 2) Show convolutions are the " natural" way to multiply probabilities.

If f represents the heads/tails probability distribution for a single coin flip,
show that the distribution of 2 coins is f [/ fand 3 coins is: fL/f[/f.

feg=[ f(x)g(y)8(z—(x+y))dedy Careful
f(x)Z%((S(l—x)-l—é(l-l—x)) v

BONUS': How many processes can you think of that don't factorize?



Structure Function & PDF Correspondence at Leading Order

do” Compute
=N[(1—y)Fy+2(1 —y)Fy+ F_ wi
dx dy [( y) U U ( y) 0 v } Hadrgilic
Tensor
P X X X Compute
oV in Parton
— N 1 — 2 20 2(1 — ) Model
T = N[(1-9)*(20) +2(1 - 9)(6) + (20)]
Scalar
Fr =0=Fp
F, = 2g F, = F — 1F;s .
F_ = 2q F_=F +1F; 2 = 2l
Fo = @ Fy = L Fy — F} Callan-Gross

Relation

\ Scalar

FL = 2513F0



FL



Why is F, special 2??

H1 Preliminary FL

— H1 PDF 2000
® H1 (Prelim.) -- CTEQ 6.6

Ep = 460, 575, 920 GeV e MSTW

X

-0 Ybiy B wnipaw

QZCFO — F2 — 295'F1

H1 Collaboration and ZEUS Collaboration
— (S. Glazov for the collaboration).
0 — F 2 2x F 1 Nucl.Phys.Proc.Suppl.191:16-24,2009.

Callan-Gross

2

m
FLN@

q(z) +as1cy @ 9(2) + ¢4 @ q(2)

Masses are Higher orders
important are important
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Proton as a bag of free Quarks: Part 2

)

W

f('xaQ) ZU($,Q)+d($,Q):2 5(37_%)—'_1 5(37_

L=
—

=2 o(x —
u(:c, Q) (x Perfect Scaling PDFs

O independent

L=
—

d(ajaQ) =1 6(37 -
Quark Number Sum Rule

@%Zﬁcwﬂ@ (uy=2 (d)y=1 (s)=0

Quark Momentum Sum Rule

Wl

<a:q>:/0 drrq(e) (rwy =2 (vd)=



Problem #1: The proton does not add up???

Fy = 2¢

— F. + F_
F_ 2q g+ = +2
Fr, = o

Momentum Sum Rule

1
S wa = [ de Y wlae) + @) = 50% # 100%
: 0
\ Substitute F

SOLUTION:
Gluons carry half the momentum,

but don't couple to the photons



Gluons smear out PDF momentum

YT I V. T T V. TEmmm——
(S @& _5) _p @F Npsa g _) W @0 _p |

Gluons allow partons to exchange momentum fraction

Parton Distribution
Parton Distribution

Momentum Fraction x Momentum Fraction x

a, is large at low Q, so it is easy to emit soft gluons



Problem #2: Infinitely many quarks

Reconsider the Quark Number Sum Rule

(1,d) = 00 (q) = / dz (2)

Quark Number Sum Rule: More Precisely

Q(x) ~ 1/131.5

SOLUTION: Infinite number of u quarks in
proton, because they can be pair produced:
(We neglect saturation ....)



PDFs

cf., lectures by Stefano Forte



Sample PDFs: The rich structure of the proton

= 12 = 12 —
= | MSTW2008 (NNLO) |& | u MSTW2008 (NNLO)
8 ©'=10 GeV* * i ©?=10,000 GeV?
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Scaling violations are essential feature of PDFs



Q’ (GeV?)

Where do PDFs come from???? Universality!!!

O-P;y—>c -~ T P-a ® O-ay—>c

10°3L
10 2}

F,->q.,9
dfF,/dInQ*>g

ixed Target
u,d,s
/s  pdglblgoy
10 -5 -4 -3 10-2 -1

10 10 10

10

Calculable from
theoretical model

Must extract
from experiment

Note we can combine

different experiments.
FACTORIZATION!!!



HOMEWORK

Sum Rules
&

Structure Functions



Homework: Part 1

cp
FQ

en
F2

Fy?
Fy"
Fy?
Fy"
Fy?
Fy"
Fy?
Fy"

_|_

_|_

iy |u+u+c+
%xﬂ d+s+35
%xﬂ d+c+¢
lxlu+u—+s+35
20 [d+s+a+ 7

2ld+s—u— ¢
2u+s—d—c
2@nc—&—§
2ld+c—u— 35|

Structure Functions & PDFs

Verify:

i.e., Check for typos ...

We use these different
observables to
dis-entangle the flavor
structure of the PDfs

See talks by

Jorge Morfin (Neutrinos)
&
Stefano Forte (PDFs)

In the limit
Ocabibbo = 0
me =0



Adler
(1966)

Bjorken
(1967)

Gross Llewellyn-Smith
(1969)

Gottfried if
(1967)

u =

Homework
(1977)

Homework: Part 2

J
',

D

18

1
der ... y
%[FQ — i)
1
dr . 5 y
e [FQP—FQP

1

du [FYP + FIP]
1

dx [F," — F3"]

vIN eN
PN _ e 9

Sum Rules

=0

1

Verify:

i.e., Check for typos ...

Before the parton model
was invented, these
relations were observed.
Can you understand them
in the context of the
parton model?

This one has been particularly
important/controversial



Evolution

What does the
proton look like???



The answer 1s
dependent upon
the question

"Cheshire Puss,' ...
"Would you tell me, please, which way I ought to go from here?'
"That depends a good deal on where you want to get to,' said the Cat.
"I don't much care where--' said Alice.

"Then it doesn't matter which way you go,' said the Cat.

"--s0 long as I get somewhere,' Alice added as an explanation.

"Oh, you're sure to do that,' said the Cat,
‘if you only walk long enough.'



Evolution: What you see depends upon what you ask

Proton is a complex object AEAt > 1h
ApAx > 1 h

g

My Mp Me Mg Mg My Mg
Agcp ~ 200 MeV 175 4.5 1.3 0.3 0.007 0.007 0



Evolution of the PDFs

U dependence must balance

How does f change
with scale u???

I oy
d In[pu]



Homework: Mellin Transform

Fy= [ drem (o) o=fou
0

&

(@) = — [ dna" J(n) =1

271 C
(' is parallel to the imaginary axis, and to the right of all singularities

1) Take the Mellin transform of f(z) = > °°_, a,»x™, and verify the inverse

m=1
transform of f regenerates f(x)

2) Take the Mellin transform of 0 = f ® w to demonstrate that the Mellin
transform separates a convolution yields ¢ = f w.

A useful reference:
Courant, Richard and Hilbert, David. Methods of Mathematical Physics, Vol. 1. New York: Wiley, 1989. 561 p.



Renormalization GrouB Eﬂuation

Parton Model g = f X W W or O
Not physigal!
Renormalization do N df ~ - dw roormorten
Group Equation d_ =0 = d_ W+ f d_ _
v H o e~ %ake l;/[elhn
Separation 1 df o~ 1 dw
of variables J’E dln [ /’l’] = 0= o dln [ /’L] ot
3 / Equation
DGLAP af — —f 4 =PQ®f
d1n|p] dIn|p]

If “f” scaled,

f ~ T / -
\ Anomalous Y would vanish
Dimension
\ It 1s the dimension

of the mass scaling



Evolution of the PDFs

Evolution (generally) shifts partons
from hi-x to low-x

B

Up

low p

0.8

04
: hi

02r

| | | | | 1
0.01 0.02 0.05 0.10 0.20 0.50 1.00

Momentum Fraction x

DGLAP Equation X

{ ~
| df :P®f 1-x

d1In|y)



Evolution of the PDF's

0.8

0.6 &

x f(x)

04|

0.2

Momentum Fraction x

1 | |
0.01 0.02 0.05 0.10 0.20 0.50 1.00

oy g h 1+ 2
o X Péé)(w):CFL_x}
@ +
P 4 1
SO]Q// ®D df QfS
V7 — P _P(l)
P dlfp L& = rel
f

o 2
ful@,m) ~ falw, po) + 5= Py @ foln (“—)
7T o



The Splitting Functions:

Read backwards X

1 + x°
(1) —
Note singularities A} qu (LU) — CF |: 1 — 1 :|+
1 1-x

{(@-A Py (@) = Tr [(1 - 2)* + 2]
P = [FEE

(1~ 0)

11
I-x -+ [ECA__TFNF] 5(1—56)

1
Pg(g)(x) =2CF {



Homework: Part 1

Definition of the Plus prescription:

The Plus Function

N {5 M A (05 B 1)
/o dw(l—xn‘/o S Gy

1
1) Compute: / dx
a

F@) o




2) Verify: ~ _
1 4 22 1 3
PY(z)=C =Cr |(1+ 22 ~6(1 —

2q () F{l_xlr F|(1+27) T ++2( x)

s / < / _
! % Ix 1 /gl—xo
Observe P(l)( ) 20 T 1 _ (1 )
r) = | Fr(l —x
7 Tl -a)y z
X + [%CA—gTFNF] o(1 —x)

/N
> SO an: LU RSV @y T



HOMEWORK: Part3: Symmetries & Limits
Verify the following relation among the regular parts (from the real graphs)

For the regular part show: P (1)( ) P (1) 1 — 95'

For the regular part show: P (1) ( ) P (1) ]. — .SU vvg‘
1
1

Verify, in the soft limit:

— 1 /
Py (x) 2CF Iy

r—1 (1 — ZC)_|_

D) ! o

r—1 (]_ — ZC)_|_




HOMEWORK: Part 4: Conservation Rules

Verify conservation of momentum fraction

/0 drz [Pyq() + Pyq(z)] =0

Sy
/01 dr x [Pyg(x) + Pyg(z)] = 0 {SA ‘,99;;’

Verify conservation of fermion number

/0 dx [Ppyl(z) — Pog(x)] = 0




Homework: Part 5: Using the Real to guess the Virtual

Use conservation of fermion number to compute
the delta function term in P(q<—q)

/dmx P (2) — P(x)] = 0

=

1+.:c
Pé;)(w):(jF 1_56 ECF (1 + z°) {

S A&

Powerful tool: Since we know real and virtual must balance, we can use to our advantage!!!

This term only
starts at NNLO

} + 3501 - )




Evolution of the PDFs

0.8

0.6

x f(X)

0.4
0.2

0.01 0.02 0.05 0.10 0

Momentum Fraction x

low w1

20

hi p

0.50 1.00 0.01 0.02

0.7F
0.6 N
0.5}

04F

x f(x)

0.3}
0.2F

0.1F

low p

0.01 0.02 0.05 0.10

0.

Momentum Fraction x

0.05
Momentum Fraction x

0.10 0.20 0.50 1.00

20 0.50 1.00

0.01 0.02

0.05 0.10 0.20 0.50 1.00

Momentum Fraction x



PDF Momentum Fractions vs. scale LL

Momentum Fraction

1.000

&
0.100

0.050 - d-bar u-bar

0.010 -

0.005 -

bottom

1 5 10 50 100 500 1000
Scale W

Scaling violations are essential feature of PDFs



End of lecture 2: Recap

* Rutherford Scattering = Deeply Inelastic Scattering (DIS)

* Works for protons as well as nuclei
* Compute Lepton-Hadron Scattering 2 ways

* Use Leptonic/Hadronic Tensors to extract Structure Functions

o Use Parton Model; relate PDFs to F’ 103

* Parton Model Factorizes Problem:

* PDFs are independent of process

* Thus, we can combine different experiments. ESSENTIAL!!!
* PDFs are not truly scale invariant; they evolve

* We use evolution to “resum’ an important set of graphs



The Parton Model and Factorization

Parton Distribution Functions

(PDFs) f,_.

Electron
are the key to calculations

involving hadrons!!!

Proton

Corrections of
order (A%/QQ?)

must extract from calculable from
experiment theoretical model

Cross section is product of independent probabilities!!! (Homework Assignment)



END OF LECTURE 2



