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QCD is a key part of the Standard Model but quark 
confinement complicates things.

CDF QCD only tested to 5-10% 
level at high energies from 
comparison of e.g. jet 
phenomena to pert.th. 

But properties of hadrons 
calculable from QCD if fully 
nonperturbative calc. is done - 
can test QCD and determine 
parameters very accurately (1%).
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Rates for simple weak or em quark 
processes inside hadrons also calculable, 
but not multi-hadron final states. 

ALEPH
Bs→ Dse−ν

(DS→ K+K−π+)

Compare to 
exptl rate 
gives 
accurately

Vqq�

q emits W 
and changes 
to 

Vqq�
CKM 
element

q and    
annihilate

q�

q�

Vqq�

CKM 
element
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Vud Vus Vub
π→ lν K→ lν B→ πlν

K→ πlν
Vcd Vcs Vcb

D→ lν Ds→ lν B→ Dlν
D→ πlνD→ Klν
Vtd Vts Vtb

�Bd|Bd� �Bs|Bs�





charm physics important component of this as sits between 
light and bottom physics

µν

Expt = CKM x theory(QCD)

D

Vcd

Also, lots of interesting new hadrons being discovered in 
charmonium and charm-light sectors raising QCD issues ..
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Lattice QCD: solving a path integral
Path integral over gluon and quark fields on a 4-d space-
time lattice - quarks anticommute so do by hand. 

LQCD =
1
2
TrF 2

µν + ψ(γ · D + m)ψ
= a huge matrix, M

Integral over gluon 
fields only 

�
DUDψDψO(ψ,ψ)e−SQCD →�

DUO(M−1)e−(Sg−ln(det M))

complicated prob, 
distn for gluons - inc. 
effects of sea quarks

valence quarks
inc. in operator

< O >=< H(t)H†(0) >=
�

n

Ane−Ent
Fit as fn of t to 
get hadron mass.
An gives e.g. 
decay constantensemble average
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Lattice QCD =  fully nonperturbative 
QCD calculation 
RECIPE
• Generate sets of gluon fields for 
Monte Carlo integrn of Path Integral
(inc effect of u, d and s sea quarks)
• Calculate averaged “hadron 
correlators” from valence q props. 

• Fix       and determine      to get 
results in physical units.

amq

• Fit for masses and simple matrix 
elements

a
• extrapolate to                               
for real world

a = 0, mu,d = phys

Wednesday, 15 September 2010
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FIG. 1: Masses of the D+ and Ds meson as a function of
the u/d quark mass in units of the s quark mass at three
different values of the lattice spacing. The very coarse results
are above the coarse and the fine are the lowest. The lines give
the simultaneous chiral fits and the dashed line the continuum
extrapolation as described in the text. Our final error bars,
including the overall scale uncertainty, are given by the shaded
bands. These are offset from the dashed lines by an estimate
of electromagnetic, mu != md and other systematic corrections
to the masses. The experimental results are marked at the
physical md/ms.

leading order in chiral perturbation theory. The polyno-
mial corrections are required because of the precision of
our data[23]. We use chiral perturbation theory to cor-
rect for the finite volume of our lattice, although only fπ

has corrections larger than 0.5%. We fit the couplings
in the chiral expansions simultaneously to the π and K
masses and decay constants from our simulations. We
do the same for the masses and decay constants of the D
and Ds. Given the couplings, we tune mu/d and ms so
that our formulas give the experimental values for mπ

and mK after correcting for the u/d mass difference and
electromagnetic effects. [8, 14].

Our data are sufficiently accurate that we can mea-
sure systematic errors due to the finite lattice spacing
values a used in our simulations. We find that these
errors are typically 2–3.5 times smaller with the HISQ
quark action than with the earlier asqtad action, but we
must still extrapolate our results to zero lattice spacing
before comparing with experiment. We combine this ex-
trapolation with the quark-mass extrapolation by adding
a2 dependence to our chiral formulas. We expect leading
discretization errors of various types: αsa2 and a4 er-
rors from conventional sources; and α3

sa
2, α3

sa
2 log(xu,d)

and α3
sa

2xu,d from residual taste-changing interactions.
We do not have sufficient data to distinguish between
these different functional forms, but we include all of
them (with appropriate priors for their coefficients) in our

fK/fπ fDs/fD fDs ∆MDs/∆MD

r1 uncertainty 0.3 % 0.3% 1.1 % 0.7%
a2 extrapol’n 0.2 0.3 0.4 0.3
finite volume 0.4 0.4 0.1 0.1
mu/d extrapol’n 0.2 0.1 0.3 0.2
statistical errors 0.2 0.5 0.6 0.5
ms evolution 0.1 0.2 0.2 0.4
md, QED, annhil’n 0.0 0.1 0.0 0.5
Total 0.6 % 0.8% 1.3 % 1.1%

TABLE II: Error budget for our determination of fDs and
various decay constant and mass ratios. ∆M = 2M − mηc .

fits so that uncertainties in the functional dependence on
a2 are correctly reflected in our final error analysis. The
a2 extrapolations are sufficiently small with the HISQ ac-
tion (1% or less for π and K; 2% for D and Ds) that the
associated uncertainties in our final results are typically
less than 0.5%.

Fig. 1 shows the masses of the D and Ds as a function
of u/d quark mass. To reduce uncertainties from the scale
and from c quark mass tuning, the meson masses were
obtained from mDq

−mηc
/2+mηcexpt/2. The lines show

our simultaneous chiral fits at each value of the lattice
spacing and the dashed line the consequent extrapolation
to a = 0. The shaded bands give our final results: mDs

= 1.963(5) GeV, mD = 1.869(6) GeV. We also obtain
(2mDs

− mηc
)/(2mD − mηc

) = 1.249(14), in excellent
agreement with experiment [2]. This last quantity is a
non-trivial test of lattice QCD, since we are accurately
reproducing the difference in binding energies between a
heavy-heavy state (the ηc used to determine the c quark
mass) and a heavy-light state (the D and Ds). Table II
gives our complete error budget for this quantity.

Fig. 2 similarly shows our results for decay constants
on each of the ensembles studied, and the chiral and con-
tinuum fits that are done simultaneously with the corre-
sponding masses. The complete error budgets for the key
decay constant ratios and fDs

are given in Table II. fK

and fπ show very small discretisation effects and good
agreement with experiment when Vud is taken from nu-
clear β decay and Vus from Kl3 decays [2]. Alternatively
our result for fK/fπ can be used, with experimental lep-
tonic branching fractions [8, 15], to give Vus. Using the
recent KLOE result for the K [16, 17] we obtain Vus =
0.2262(13)(4) where the first error is theoretical and the
second experimental. This agrees with, but improves on,
the Kl3 result. Then 1 − V 2

ud − V 2
us − V 2

ub = 0.0006(8), a
precise test of CKM matrix first-row unitarity.

fD and fDs
show larger discretisation effects but a

more benign chiral extrapolation. Our final results are:
fDs

= 241(3) MeV, fD = 208(4) MeV and fDs
/fD =

1.162(9). These results are 4–5 times more accurate
than previous full lattice QCD results [6] and exist-
ing experimental determinations. An interesting quan-

Lattice results need to be extrapolated to the real world
where a=0 and mu/d = small. To do this 

well needs: 
• statistical 
precision
• small disc. 
errors and 
several 
values of a
• small mu/d, 
< ms/2

using HISQ 
charm quarks

E. Follana et al, 0706.1726

em effects 
must be 
estimated !
Wednesday, 15 September 2010



The gold-plated meson spectrum - HPQCD 2009

2008

CDF 
2005

new prediction
HPQCD
0909.4462
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The gold-plated meson spectrum from lattice QCD - HPQCD collaboration 2009
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I. Allison et al, hep-lat/0411027, A. Gray et al, hep-lat/0507013

inc u, d and s sea quarks critical for agreement with expt. across the board

accurate charm 
physics now possible
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Charm quarks in lattice QCD - heavy or light?

Key issue is discretisation errors:

Advantages of relativistic quark formalism: 
•
• PCAC relation (if enough chiral symmetry) gives                  
• same action as for u, d, s, so cancellation in ratios

Esim = m
Z = 1

mca≈ 0.4, (mca)2 ≈ 0.2, αs(mca)2 ≈ 0.06, (mca)4 ≈ 0.04

Need to remove all of these errors for precision results
a≈ 0.1 fmfor

Highly Improved Staggered Quarks (HISQ) formalism 
does this, twisted mass formalism has a2 errors. 

E = Ea=0(1 + A(mca)2 + B(mca)4 + . . .)

Previous method: heavy Fermilab formalism Fermilab/MILC

ETMC

HPQCD

Wednesday, 15 September 2010



Results with HISQ charm quarks on MILC 2+1 configs
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mDs =
1.9691(32)GeV

Results at 5 values of a, several sea mu/d and ms and two volumes

mc, ms tuned 
from
so no free 
parameters 

mηc , mηs

em corrns 
included

CTHD, Eduardo Follana, Craig McNeile et al, HPQCD, 1008.4018
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Updated value for Ds decay constant:
(since r1 and r1/a updated)

 0.235

 0.24

 0.245

 0.25

 0.255

 0.26

 0.265

 0.27

 0.275

 0  0.005  0.01  0.015  0.02  0.025

f D
s  /

 G
eV

a2 / fm2

fDs =

0.2480(25)GeV

1% error!

Ds → lν
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Compare to recent experimental results (lower than 2008)
- no fDs puzzle remains!?

new HPQCD

ETMC, u/d sea
now doing u/d/s/c

HPQCD 2007

FNAL

History of 
Ds decay 
constant since 
2005

 200
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 2005  2006  2007  2008  2009  2010  2011

f D
s  (

M
eV

)

expt !"
expt "

full lattice QCD
2-flavor lattice QCD

HFAG
expt av.

255(6) MeV
update
260(5) MeV?
1σ → 2σ
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HPQCD-2010
+ current expt

HPQCD-2010
+ future BES III

LEP direct exclusion

3 
exclusion

3 
exclusion

Can use to set limits on charged Higgs in some models

using 
HFAG/
FPCP10 
exptl av. 

using 
Akeroyd and 
Mahmoudi, 
0902.2393
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Need also 
to improve 
lattice 
fD ...
work in 
progress 
from 
HPQCD, 
Fermilab/
MILC, 
ETMC
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Semileptonic form factors q emits W 
and changes 
to q`

Vqq�

CKM 
element

Na, Shigemitsu et al, HPQCD, 1008.4562

With HISQ quarks 
no renormalisation issues
and good statistics 
possible

D → Klν

f0(q2 = 0) =

0.747(11)(15)
f+(q2 = 0) =

2.5% !!

Wednesday, 15 September 2010



fD→K
+ (0) with HISQ Charm

(HPQCD)

(see talk by H.Na WGII) fD→K
+ (0) = 0.747(19)

Significant reduction in errors

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
f+(q2=0)

HPQCD (2010)

Fermilab/MILC (2005)

Sum Rules (2009)

CLEO-c (2009)

BaBar (2007+update)

Experiment + CKM Unitarity

Other theory

2.5 % error

Belle (2006)

18

Semileptonic form factors D → Klν

ETMC prelim. LAT10 
0.76(4)(?)  u/d sea

Khodjamirian, 
PRD80:114005

hep-ph/
0408306

10%→ 2.5%
 1008.4562
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Comparison to expt gives direct determination of  
Vcs assuming Standard Model

Allows 2nd row 
and 2nd column 
unitarity tests to 
5% 

 0.8  0.85  0.9  0.95  1  1.05  1.1
|Vcs|

HPQCD :
Semileptonic 
0.961(26)

Leptonic 
1.009(27) 

CKM Unitarity:
0.97334(23)

|Vcs| error dominated by 
theory (now 2.5%)

error dominated by 
expt (now 2.5%)

Wednesday, 15 September 2010



2.4 Comparison with experimental data

Preliminary results

0 0.5 1 1.5 2 2.5 3
q2 (GeV2)

1

2

3

4

5

6

f +(q
2 ) /

 f +(0
.1

5)

5 ensembles of full QCD lattice data (statistical errors only)
CLEO-c, PRD (2009), arXiv:0906.2983

Consistency check between lattice and experiment for D -> !
f+(q2) rescaled by its value at q2 = 0.15 GeV2

# Statistical errors for f+(0.15GeV2)D→π: �5%

# Plan: Use z−expansion to extract |Vud| in a model-independent way
from a simultaneous fit of lattice and experimental data over q2

z−expansion based on unitarity, analyticity, crossing symmetry,

and heavy-quark symmetry

Nf = 2 form factors at the physical point: D → π

� CKM unitarity is
assumed

� |Vcd | � λ =
0.2258 [UTFIT]

� good agreement
with bin per bin
exp data

S. Di Vita et al. (Roma Tre U.) Form factors of D → π and D → K 16 / 22

D → πlν
New preliminary 
results at LAT2010

Gamiz et al, Fermilab 
Lattice/MILC

Di Vita et al, ETMC, 
u/d sea quarks

expect improved results soon ..
Wednesday, 15 September 2010
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Figure 1: Sliding window plots for the J/ψ obtained
from the variational analysis. The plot shows the ground
state in the lattice T−

1u

irreducible representation which
corresponds to the continuum J = 1 state. The higher
lying states determined in this channel are assumed to be
radial excitations of the J/Ψ. This is under investigation.
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Figure 2: Sliding window plot for the Ds 0− and 1−

states. The corresponding experimental value of the
1−

− 0− splitting is 143.8MeV.

5. Conclusions and Outlook

We have presented our preliminary results for the
charmonium and Ds systems from Nf = 2 dynamical
anisotropic lattices. All-to-all propagators are essen-
tial in this study and allow us to use a wide range of
operators and the variational analysis. For the char-
monium system we have good signals for the S, P and
D waves and the 1−+ hybrid. We are planning to ex-
pand the simulation to include the 1−− D-waves and
other hybrids. We found the hyperfine splitting in this
system to be small. The effect of the chromomagnetic
term, cBΣ · B, disconnected diagrams and stout link
smearing are being investigated as possible reasons for
this. The Ds system is simulated with a low level of di-
lution. A simulation with a higher level of dilution for
this system, with a wider range of operators, is being

3
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Z(3930)

X(3872)

hc(1P)

Y(4260)

Preliminary

Figure 3: Preliminary charmonium spectrum for the S,
P, D waves and the hybrid 1−+. The results of this study
are the blue and red bands. The highest lying radial
excitations identified in each channel are coloured red to
indicate that these are not free of further excited-state
contamination.

0- 1-
0+ 1+ 2+0

0.5

1

1.5

(M
-M

0- ) 
G

eV

D+K0

D0K+

D*+K0

D*0K+

Dougall et al.
Expt
Expt: DsJ

Ds Spectrum (preliminary)

Figure 4: Preliminary Ds spectrum for the S and P
waves. The results of this study are shown by the blue
and red bands. As in the charmonium case the highest
lying radial excitations identified in each channel are
coloured red to indicate that these are not free of further
excited-state contamination. The blue dots represent the
UKQCD (Nf = 2) results [16].

performed. Both simulations are performed at single
lattice spacing where the sea quark mass is around
the strange quark mass. Simulations with finer lat-
tices spacings are currently under investigation. The
results clearly demonstrate the power of the all-to-all
propagators combined with a variational analysis. We
have extracted a large number of orbital and radial
excitations in the charmonium and Ds systems. Fur-
ther work is also underway to address the continuum
spin-identification of these lattice determinations.

Harder calculations in progress ....

v. preliminary excited charmonium spectrum using anisotropic lattices.

O Cais et 
al, 
Trinlat, 
0801.1973
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FIG. 10: Magnetic dipole and electric quadrupole form-factors for the transition ηc1(1−+) → J/ψγ.
Point at Q2 = 0.06 GeV translated to the physical photon point Q2 = 0.

〈V ′($p′,λ′)|jµ|V ($p,λ)〉 =

−
(

m√
2Ω

)

[

M1(Q
2)

(

εµ∗($p′,λ′)
(

ε($p,λ) · p′
)

+
m′

m
εµ($p,λ)

(

ε∗($p′,λ′) · p
)

+
(

ε($p,λ) · p′
) (

ε∗($p′,λ′) · p
)

(

qµ

q2

(

m′

m
− 1

)

+
q2 + ω(m′ − m)

2Ω
Πµ

)

)

+ E2(Q
2)

(

εµ∗($p′,λ′)
(

ε($p,λ) · p′
)

−
m′

m
εµ($p,λ)

(

ε∗($p′,λ′) · p
)

+
(

ε($p,λ) · p′
) (

ε∗($p′,λ′) · p
)

(

−
qµ

q2

(

m′

m
+ 1

)

+
q2 − ω(m′ + m)

2Ω
Πµ

)

)

+
C0(Q2)
√

q2

(

q2

√
6m

)

Πµ

(

(

ε∗($p′,λ′) · ε($p,λ)
)

+
m(ω + m′ − m)

Ω

(

ε($p,λ) · p′
) (

ε∗($p′,λ′) · p
)

)

+
C2(Q2)
√

q2

(

q2

2
√

3 m

)

Πµ

(

(

ε∗($p′,λ′) · ε($p,λ)
)

−
m(2m′ + m − ω)

Ω

(

ε($p,λ) · p′
) (

ε∗($p′,λ′) · p
)

)]

where Πµ = (p′ + p)µ − m′2−m2

q2 (p′ − p)µ, Ω ≡ (p · p′)2 − m2m′2 and ω = m2−m′2+q2

2m .

We used a set of eight operators at the sink to produce the T−+
1 state20. Our results

projected on to the ground state in T−+
1 are shown in figure 10 - the lattice data are not

fitted as a function of Q2 as very little extrapolation is required to associate the point at
Q2 = 0.06GeV with the real photon point. The value of M1(0) corresponds to a partial
decay width Γ(ηc1 → J/ψγ) = 115(16) keV. Note that this is no different in scale to many
measured conventional charmonium transitions.

20 In the nomenclature of [1] they are smeared and unsmeared versions of a0(2) ×∇T1, b1 ×∇T1, ρ×BT1, ρ(2)×

BT1. The B operators induce an essential gluonic component through a factor proportional to F µν in the
continuum limit, the ∇ operators reduce to covariant derivatives and hence have a factor Aµ.

Radiative transition rates from exotic charmonia 

ηc1 → J/ψγ ηc1 = 1−+

Dudek et 
al, 
Hadspec, 
0902.2241

*quenched approx. 
at present *
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Future - use relativistic formalisms such as HISQ or twisted 
mass for heavier quarks up to b, i.e. all quarks same method

• Exactly normalised operators, but need very fine lattices

0.15

0.2

0.25

0.3

0.35

f H
s

(G
eV

)

2 4 6 8 10
Mηh (GeV)

HPQCD, 
LAT2010,
HISQ 
quarks

NRQCD 
result
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will tell you what is possible in future
e.g. is error from disc. errors, mu,d extrapoln, stats ...

Full error budgets now available for lattice calcs 

12
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FIG. 6: Results for the mass of the the Ds meson tuned to the
correct valence c and s mass on each ensemble from Table IV
as a function of the square of the lattice spacing. The line
shows the result of the fit described by equation 13, taken at
the physical values for the sea quark masses. The shaded band
gives our final result adjusted for electromagnetic effects and
with the full error as described in the text. The black burst
gives the experimental result.

TABLE V: Full error budget for mDs , fDs and fηc given as a
percentage of the final fitted value. Note that in the case of
fηc the top six errors are those to be considered for a lattice
QCD calculation that matches this one. As discussed in the
text, the bottom three errors are included for completeness.

Error mDs fDs fηc

statistical/valence tuning 0.094% 0.57% 0.45%
r1/a 0.025% 0.15% 0.16%
r1 0.051% 0.57% 0.27%
a2 extrapoln 0.044% 0.40% 0.24%
mq,sea extrapoln 0.048% 0.34% 0.09%
finite volume 0% 0.10% 0%
mηs 0.056% 0.13% –
em effects in Ds 0.036% 0.10% –
em and annihln in mηc 0.076% 0.00% 0.05%
em effects in ηc – – 0.40%
missing c in sea 0.01% 0% 0.01%
Total 0.16% 1.0% 0.6% (top 6)

arising from the extrapolation in sea quark masses and

lattice spacing. We can separate these errors as described

in [30] by working out how the final error changes when

any of the inputs to the fit changes and dividing σ2
into

a sum of terms coming from each input:

σ2
= σ2

a + σ2
b + . . . . (15)

Inputs to the fit include groups of priors associated with

pieces of the fit function as well as statistical errors on

the data points. Here we streamline the process by calcu-

lating explicitly the differential of χ2
with respect to the

inputs and so determining σ2
a, σ2

b etc. directly. The re-

sulting breakdown of errors given in Table V shows them
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FIG. 7: Results for the mass of the the Ds meson tuned to the
correct valence c and s mass on each ensemble from Table IV
as a function of the difference between the sea light quark
mass and the physical value scaled by the physical strange
quark mass (i.e. the parameter δxl). The results are clearly
separated by their lattice spacing value with very coarse at
the top and ultrafine at the bottom. The lines show the result
of the fit described by equation 13, taken at the value of the
sea strange quark mass (δxs) and using the lattice spacing
value corresponding to the ensemble with smallest δxl in that
group. The results on the coarse lattices at δxl = 0.25 in-
clude numbers at two different values of δxs as well as at two
different volumes. This gives an idea of the spread in results
from these effects. The lowest line is the fit curve in δxl at
a = 0 and δxs = 0. The shaded band gives our final result
adjusted for electromagnetic effects and with the full error as
described in the text. The black burst gives the experimental
result.

to be dominated by statistical errors.

Additional errors to be included in the error budget

are errors that affect the final result in physical units

but do not affect the fit above. The first of these is the

overall error in the physical value of r1 of 0.7%. This

affects the tuning of all the valence masses but, as de-

scribed earlier, the effect on ∆ is reduced by a factor of

3 because of cancellation between scale shifts and tuning

shifts. More precisely we find a 1.0 MeV error on mDs

from the r1 uncertainty. The effect on ∆ of the uncer-

tainty in the physical values of the ηc mass and the ηs

mass used in tuning can be judged from Figures 5 and 4.

The error on the ηc mass has negligible effect, again be-

cause most of the ηc mass dependence cancels out in ∆.

The uncertainty in the ηs mass is not negligible, however,

but gives an uncertainty in ∆, which we then transfer to

mDs , of 1.1 MeV. The error on the physical value of the

ηc reappears when we reconstruct mDs from ∆ and mηc .

It therefore gives a 1.5 MeV error to mDs coming from

electromagnetic and annihilation effects in the ηc meson

mass. The error from electromagnetic effects on the Ds

mass itself is 0.7 MeV as described earlier.
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Conclusions
• relativistic formalisms with absolutely normalised 
currents are good for gold-plated charm physics - HISQ 
currently most accurate.

• HPQCD updates give mDs to 3 MeV and fDs to 1% - 
result moved closer to expt  - discrepancy now 2
                   semileptonic form factors now to 2.5% - 
gives Vcs in agreement with CKM unitarity                 

• Updates to Fermilab and twisted mass results in 
progress. Also harder charm calculations ...

• Relativistic techniques have allowed precision for c 
physics - now applying  to b physics - watch this space ..

D → K
σ

Wednesday, 15 September 2010



Future
• sets of ‘next generation’ gluon configs will have 
            at physical value (so no extrapoln) or 
         down to 0.03fm (so b quarks are ‘light’) or
much higher statistics (for harder hadrons)
also can include charm in the sea now. 

mu,d
a

• Pushing errors down to 1% level will mean em 
corrections and                      must be understood.mu �= md

• some harder calculations (flavor singlet, excited states, 
nuclear physics) will also become possible
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