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motivations

" Amg o f5 Bp,[ViaVii|?  and  Amg o f3 B, |Vis Vi,

m Br(Bs = ptp~) = F3_(Csm + tan® Bussm)

m Theoretical uncertainty on the inclusive determination on | V| dominated by the one of
the b-quark mass 6V, /Vyp ~ 4 6my, /my,
Now dmyp, = 40 MeV = §V,p/V,p = 3.5% [Hitlin et al. 09]

Need to decrease the errors in the b-quark sector, in particular the ones coming from the

non-perturbative effects.
= A task for lattice QCD

Unfortunately, with today’s computer resources, it is not possible
(Realistic simulations of a b-quark from lattice QCD)*
= Instead one uses lattice effective theory
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m Br(Bs = ptp~) = F3_(Csm + tan® Bussm)

m Theoretical uncertainty on the inclusive determination on | V| dominated by the one of
the b-quark mass 6V, /Vyp ~ 4 6my, /my,
Now dmyp, = 40 MeV = §V,p/V,p = 3.5% [Hitlin et al. 09]

Need to decrease the errors in the b-quark sector, in particular the ones coming from the

non-perturbative effects.
= A task for lattice QCD

Unfortunately, with today’s computer resources, it is not possible
(Realistic simulations of a b-quark from lattice QCD)*
= Instead one uses lattice effective theory

* With one recent and noticeable exception, HPQCD with HISQ [HPQCD PRD'10]
not covered in this talk
but was discussed yesterday by C. Davies and by E. Follana
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Heavy quark on the lattice ]
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b-quark on the lattice

B meson contains both light and heavy degrees of freedom
ms ~ 100 MeV and my ~ 4 GeV
= need a large volume and a small lattice spacing

m Discretization errors o (amq)®
Choose bare heavy quark mass amy, < 1, eg amy, = 0.1
= For a O(a)-improved action, leading discr error O(amy,)? ~ 1%

m Spatial extent L = aN. For instance impose L > 2 fm
= Requires a large number of points (per space time direction)

N> 2 fm
a

= (2 fm) x (10mp,) = 80 GeV fm ~ 400

Not doable with nowadays computers =- Effective theory
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The charm quark

Continuum extrapolation
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The simulation of the charm mass is just doable ...

.and My ~ 4M_..
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Effective theories for heavy quark (1)

Momentum of a heavy quark (inside a hadron) p = mqv + k

Interaction with light dof k ~ Aqcp < mg

Separate the higher and lower components of the heavy quark, and find an effective Lagrangian
(see eg [Grozin ’02])

(I‘DL)2 + ga.G

heav T .
LG =n(x) |iv.D + 2me 4meg

+ ... wh(x)

Different choices of lattice implementation
m Expansion in Aqcp/mg : HQET
m Expansion in v and 1/amg: NRQCD
m Fermilab Method [El-Khadra et al '96]
m Relativistic heavy quarks [Aoki et al '01, Christ et al, Lin et al 06 ]

m Recent proposal by ETMC [ETMC '10]
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Effective theories for heavy quark (I1)

Main advantages and disadvantages of the different methods

method pros cons

NRQCD heavy-heavy possible non-renormalizable (no continuum limit)
many results available

HQET np renormalization only heavy-light
not many unquenched results

Fermilab from light to heavy perturbative matching
many results available

RHQ from light to heavy, np matching numerically hard
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Should you like (lattice) HQET 7

m pros
B Theoretically well defined, (continuum limit, renormalization)
B Can be implemented non-perturbatively
B The static propagator is numerically cheap
B In many cases the 1/m terms are doable
B Convergence expected to be fast
m cons
B Effective theory, not QCD
B Linear divergence in the static energy [Eichten & Hill '90]
2
Estat ~ 19.95 g5
1272 a
B Ratio Noise/signal — exp (ES*3tx,)
= Can one get a signal ?
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“Recent” improvements in HQET

m Conceptual improvement:
Non Perturbative matching with HQET [Heitger & Sommer 03]
= Subtractions of the divergences

m Technical improvement:
1. Reduction of the Ratio Noise/Signal
[D Morte, Diirr, Heitger, Molke, Rolf, Shindler, Sommer '03]
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2. Application on variational techniques and all to all propagators [Blossier, D Morte, V Hippel,
Mendes, Sommer '09]
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Non-perturbative HQET on the lattice )
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HQET at zero velocity on the lattice

The static part is given by the Eichten-Hill action [Eichten & Hill 90]

Sstat = 34 ZEh(X)Dowh(X)

with Prypy =¢n, ¥Pr =%, Pi=3(1+)

The static energy contains a linear divergence (o 1/a) which is absorbed by mpaye

_ fstat
mBp = E + Mpare

The 1/m corrections are the kinetic and chromomagnetic terms
Ouin =~y (D?)¢n Ospin = —¢p(0 - B)yn

with coefficient wyin, Wspin = Classically wiin = wspin = 1/(2m)

HQET coefficients my e, Wkin, Wspin are determined non-perturbatively = renormalizability J
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HQET computation on the lattice

We want to compute hadronic quantities at the 1/m order of hqet, for example

mp

stat spin spin
Mpare + E + wkinE s + wspinE !

AT B) = ZJ T ({0143 B) + wian (0 AE™[B) + wepin (0 AT B))

= To achieve such a computation, one needs:

m large volume matrix element and energies £5tat, EXin (0| AStat|B), ...

» HQET parameters myare, Wiin, Zy °

goen

= In this talk, | will focus on the second point.
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St rategy [Heitger & Sommer 03]

QD Gam <1

Matching

L1 ~ 0.4 fm ®QED (L, amy) > GHQET([)
Ly =2l [OHQET(15) — oHQET(4)]
Ling = 2L O (Ling, amy) = [OHOET(L,5) — oHAET(L,)]
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First application

The b-quark mass
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Observable: the B meson mass e & sommer 03]

In infinite volume mp = My, + ES'3%, where my,,.. cancels the 1/a divergence
m Simulate QCD in small volume L; ~ 0.5 fm with am}, < 1.

Compute a “finite volume mass” (L1, mq) = lima—o (L1, mq, a)
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m Simulate QCD in small volume L; ~ 0.5 fm with am}, < 1.

Compute a “finite volume mass” (L1, mq) = lima—o (L1, mq, a)

m Compute the corresponding quantities (E5'3%) in the effective theory for various a's.

Impose the matching TRCP (L1, mq) = myare(mq, a) + Mt24(Ly, a)
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Observable: the B meson mass e & sommer 03]

In infinite volume mp = My, + ES'3%, where my,,.. cancels the 1/a divergence
m Simulate QCD in small volume L1 ~ 0.5 fm with amy, < 1.
Compute a “finite volume mass” (L1, mq) = lima—o (L1, mq, a)
m Compute the corresponding quantities (E5'3%) in the effective theory for various a's.
Impose the matching TRCP (L1, mq) = myare(mq, a) + Mt24(Ly, a)

m Perform another simulation of HQET, with the same a's but in a larger volume, for
example Ly = 2L;, and compute St3t(L;, a)

m To obtain the meson mass in the volume Ly, compute:

(Lo, mq) = E!ijno (Is*2%(Lz, a) + Mpare(mq, a))

— H stat _ rstat QCD
= aIT;]O (F (L,a) — T (Ll,a)) +T (L1, mq)

(note that the divergence cancels out in the difference)
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Observable: the B meson mass e & sommer 03]

In infinite volume mp = My, + ES'3%, where my,,.. cancels the 1/a divergence
m Simulate QCD in small volume L; ~ 0.5 fm with am}, < 1.

Compute a “finite volume mass” (L1, mq) = lima—o (L1, mq, a)

m Compute the corresponding quantities (E5'3%) in the effective theory for various a's.

Impose the matching TRCP (L1, mq) = myare(mq, a) + Mt24(Ly, a)

m Perform another simulation of HQET, with the same a's but in a larger volume, for
example Ly = 2L;, and compute St3t(L;, a)

m To obtain the meson mass in the volume Ly, compute:
(Lo, mq) = E!ijno (Is*2%(Lz, a) + Mpare(mq, a))

= lim (F%%(Ly, a) — T2 (Ly, a)) + FROP (L, mq)

a—0

(note that the divergence cancels out in the difference)

m Re-iterate until the volume is large enough
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St rategy [Heitger & Sommer 03]

For an observable ® with an additive renormalization (in our case ® = LI = L(I" 4+ mpare) )

O(Loc,mq) = lim [chQET(LOO, a) — GHQET ([, a)} a~0.1fm
a—

+  lim |:¢HQET(L2, a) — GHQET ([ a)] a~0.05 fm
a—

lim ®QCP(Ly, mq, a) a~ 0.025 fm
a—0

To extract the b-quark mass, we match the B mesons mass to its experimental value, and solve

B(mi, Log) =GP = LogmP

by an interpolation in the quark mass

16th of Septembre 2010 18 / 43
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Static b-quark mass
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b quark mass, the 1/m correction

At the NLO, in infinite volume

stat kin spin
mp = E® + Mpare + WkinE + Wspin ESP

LO NLO

Note that in the literature
A1 3\

mB:/_\+mbare+% m

= Need 3 observables ®1, ®,, d3.
Or, consider the spin-averaged B meson = wgpin cancels
mg — Estat + Mpare +wkinEkm

= Need two observables ®;, ®,, and the spin splitting term becomes a separate issue.
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b-quark mass at the 1/m order

m At the NLO of HQET mp = ES%t 4+ my .. + wiin EXID
m Matching 1 ¢S§D(L1) = wiin RFM(L1)
» Matching 2 ®QCP(Ly, M) = LiTRCP(Ly, M) = Ly [ (L1) + mpare + wiin " (L1)]

m The meson mass in the volume L; is then given by

®QCD(1y, M 4 b
r(L27 M) — L( 1 ) + [I—stdt(L2) _ rstdt(l_l)]
1
Py (L1, M)

R%““(Ll) (rkin(Lz) - rkin(L2))

m Repeat this for the step Ly — Lo

m Solve (in the continuum) mg(M,) = mg*.
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Implementation details
Correlators on the lattice J
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Implementation : Schrodinger functional e o, sin o

Implementation: Schrddinger functional of size T x L3

m Dirichlet boundary conditions in time (at xo =0 and xg = T)

m Periodic boundary conditions in space, up to a phase W(x + kL) = e®W(x).

T

time

space
Transition amplitude for C(xg =0) = C'(xo = T)
Z[C',C] = (C'|le"HTP|C)

Z e_Ean)n[C/]wn[C]*

n=0
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Implementation: 2 pts functions in QCD

Boundary to current correlators

falx) = —— Z < Ar)o ’y5C1(Z))>

and boundary to boundary correlator

12

A= -5 , Zy: (@ 15¢1(2)) Cu¥)15G(2)
al2 o _, _
o= -l zﬂ<(<b(y')wkc'mz'))(cb(ywko(z)»
y,z,¥y",Z
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Implementation: 2 pts functions in the static theory

Boundary to current correlators

ab —
700 = =5 D0 (A0 Cuy)sa2)
y,z

and boundary to boundary correlator
212

f-stat __Z
! 216

S (@ s¢12)) Culy)a)

7
Y:z,¥",Z
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Implementation: 2 pts functions at the 1/m order

Boundary to current correlators

T
. 0 . _
o) = =5 30 (A5 (0 057 () (G (¥)561(2))) g‘
y.zu E
0
Boundary to boundary correlator a5
kin at? =/ / i kin -
A= =25 30 {(@a)s¢i()) 090 (u) (Cu(y)56i(2) )

/gl
y,Z,¥",2",u

time
[ |

i

spin  gspin
And the same for £, f] Space
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Heavy quark expansion

At the NLO of heavy quark effective theory

current to boundary correlators

HQET [ ;stat HQET stat ki s
fa ZAQ {fR= + CAQ 550 + wkinfA™ +  wepinfp’ )

boundary to boundary correlators

tat ki spin
i o« £ 4o+ wepinfyt

tat ki 1 spin
kl X fls a4 wkinfl m_ gwspinflp
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Second Application
The heavy-light decay constant J
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Observable(s) for the decay constant

Correlators: current-to-boundary f4 and  boundary-to-boundary f;

T TC D

| |

o P 0o />
pacs Spacs
Build an observables related to the decay constant :

—fa (X 1
®g =1n <7\%°)> 21 (553@)

and in the effective theory (at the leading order):

time
time

__gstat

OBIT — 1n Z§H 4 In A + O(1/m)
fstat
1
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Fg, including 1/m corrections

At the LO of HQET

stat
— fA

hqet ste
S = InZF* 4 In

= Need 1 observable
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Fg, including 1/m corrections

At the NLO of HQET

_ fstat

stat ki ki spin spin
4 Chqet f(;AhL + W fAm + 1 fi " + Wepi L _ E fl
3 kin fxtat 2 flstat spin fxtat 2 flstat

hqget hqet
¢éqe = InZA‘qP + In

1/m

= Need 4 observables (+1 for the mass)

Nicolas Garron (University of Edinburgh)  Non-perturbative B physics on the Lattice 16th of Septembre 2010

30 / 43



Generalization of the strategy

Define a vector of observables ® , vector of matching parameters w, ...
and extract w(mq, a) from the matching in Ly,

d)QCD(le mQ) = ¢(L1’ a)w(mqv a) + W(Ll»a)

then compute the observables in L, :

(L2, mq) = lim [é(Lz,a) (¢71(L1,2) 9Q°P Ly, mq) — (L1, a)) +n(Lz, a)]
The HQET parameters needed for a large volume simultation are given by

W(m(iv a) = ¢_1(L27 a)q)(LZ% mq) - 77(L27 a)
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Choice of observables

®= = rretet g pHQET | HOET petat | o LEXID 4o LESPID
®o= I <?/f%> N ¢a +mZFFT 0T bwga VT g P
3= Ra = R +cy BT Rs A +wiin RE™ +wapin RED
by = %(f\ﬁp + 3R1V) = that +Wkin Ridn
5= 3 (f—l): “’SPi“ﬂ
Z kl flstat
v

We define the 5 dimensional vectors ®, 1, w and a 5 by 5 matrix ¢

(L, mq) = lim [6(L, 3)w(mq,a) + (L, )]
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Numerical results J
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Results

Continuum extrapolation of the QCD observables

®1(L1, mq)
14 S i
—_ »
12
=) Py — .,
8 105 o
FGT st
6 «
a
0 5 10 15
(a/L1)2 x 10

(L2, mq)

0.5

0.45

(I)2QCD
o
Ny

0.35

0.3

The RGI quark masses M are such that z = 1M € (4,6,7,9,11,13,15,18,21)

L1/ro =09=L; ~045 fm
L1/a = 40,32,24(20)

B = 6.638,6.4574,6.2483
Nicolas Garron (University of Edinburgh)
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Results

Continuum extrapolation of the static observables in Ly

®1(L1, mq) 2(L2, mq)
30—, - — 0.75
25 - 07
. 0.65
&% o ' & 06
15, 055
- o 05
10
e
0 2 4 6 0455 2 4 6
(a/Ly)? x10° (a/Ly)? x107

The RGI quark masses M are such that z=L;M € (4,6,7,9,11,13,15,18,21)
L1/r0 =09=L; ~0.45fm
[1/a=12,10,8  Li/a=24,20,16

3 = 5.758,5.619,5.4689 Point with Ly/a = 32,L;/a = 16 will be added in the near future
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Results

Continuum extrapolation of the 1/m observables in L

Kinetic term Magnetic term
0.038 §
0.036 -
E o034 g
- ~
— T
¥4 0.032 =Y R
0.03 ' ﬁ
3.2
0.028
0 0.02 0.04 0.06 0.08 0 0.02 0.04 0.06 0.08
a/LQ a/LQ

The RGI quark masses M are such that z=L;M € (4,6,7,9,11,13,15,18,21)
L1/ro =09=L; ~045 fm
Li/a=12,10,8 Li/a=24,20,16

= Point with Ly/a = 32, L;/a = 16 will be added in the near future
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Results

H . stat
Example of static parameter: mpa"

nf=2
st 5 ,°° {
%875 3 { }
s S |
ol S = B i
63 8.5
5 Li(}a 15 6 0 12

8 1
L1 /a
The RGI quark masses M are such that z=L;M € (4,6,7,9,11,13,15,18,21)

L1/ro =09=L; ~045 fm
L/a=12,10,8 Li/a=24,20,16

= Point with Ly/a = 32, L;/a = 16 will be added in the near future
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Results

Example of 1/m parameters

0.14
_ 0075 { _0.13 l
3 3 :
= % £ 012
%, 007 % }
3 0 % 3
% 0.11 } } {
0.065 0.1
8 10 12 6 8 10 12
Li/a Li/a

The RGI quark masses M are such that z=L;M € (4,6,7,9,11,13,15,18,21)
L1/r0 =09=L; ~0.45fm

Li/a=12,10,8 Li/a = 24,20,16

= Point with Ly/a = 32, L;/a = 16 will be added in the near future
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Results

Interpolation at the desired 3 values

2 -0.1
S = 012
% ol5 E
S ar 2 014
[}
— 0 < + B
g . ?0—0 16
3
; < 018
05757 5.4 5.6 5.8 02755
from 8 =...to 8 =5.2,5.3,5.5,5.7
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Results

based

Estat extracted at finite B by solving an GEVP, for different pion masses.

Extraction of ES*2 from large volume simulation

B | a(fm) BxT | my (MeV) # | traj. sep.

53 | 0.07 | 323 x64 550 152 32
323 x 64 400 600 32
483 x 96 300 192 16
483 x 96 250 350 16

E [Gev]

1,08

0,96

092

Nicolas Garron (University of Edinburgh)
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Results

Interpolation at the physical mass, in the static approximation

The RGI quark masses M are such that z = 1M € (13,15, 18)
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Example: fz, for nf =0

m Large volume matrix element extracted by solving a GEVP

m HQET parameters determined non-perturbatively

2.1

— HYP1

200 HYP2

1.9

o

1.8}

3/2

Ty

1.5

0.000 0002 __0.004 0006 0.008
a® [fm?]
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Status of the project

u nf:()

> b-quark mass [Alpha '06]

my,(my,) = 4.350(64) GeV —0.049(29) GeV + O(A3/m?)
N e’ e e
static o(/\2/mb)

> . HQET parameters [Alpha '10]

> Il. Spectoscopy [Alpha '10]

> Ill. Decay constant [Alpha submitted in June]
Fgiat = 229 + 6 MeV ot 1/m = 219 + 8 MeV
mong=2

> HQET parameter : almost finished

> Large volume part: very preliminary results (1 lattice spacing)

m (my, )t = 4.255(25)(50)(??)  my, (my,)EQET = 4.276(25)(50)(??)
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Summary and outlook

m HQET is theoretically sound (continuum limit, renormalizable)
m Non perturbative renormalization is possible.
m The 1/m terms are accessible

m The large volume matrix element and energies can be accurately computed with the
GEVP method

m |s has been tested in the quenched approximation

m For nf = 2, the renormalization is almost done
but a lot has to be done for the large volume part.
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Third Application

The fine splitting my; — mp
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The Mass splitting

As a consequence of spin flavor symmetry

stat kin spin
mg = Mpae+E + Wkin E + WspinE P

stat kin spin
mpx = Mpare + E5?Y + wiin EXM — gwspinE r

4 i
= mBp — MB* = gwspinEbpm
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The Mass splitting

As a consequence of spin flavor symmetry

stat kin spin
mg = Mpae+E + Wkin E + WspinE P

stat kin spin
mpx = Mpare + E5?Y + wiin EXM — gwspinE r

4 i
= mBp — MB* = gwspinEbpm

Define on observable to extract wgpin, eg

qQcp 3 fi HQET ﬂspin _ spin
[} = Z In ? — ® = Wspin £stat = WspinpP P
1 1
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The Mass splitting

As a consequence of spin flavor symmetry

stat kin spin
mg = Mpae+E + Wkin E + WspinE P

mp*

stat kin 1 spin
Myare + E + "JkinE - 7wspinE !

4 i
= mBp — MB* = gwspinEbpm

Define on observable to extract wgpin, eg

qQcp 3 fi HQET ﬂspin _ spin
[} = Z In ? — ® = Wspin £stat = WspinpP P
1 1

And compute

4 |: Espin :| |:pspin(L2)
mp — mp+ = 3

QCD
pspin(L2) pspin(Ll):| ¢ (Ll)
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Quenched results for the Mass splitting

0.1+
0.08/
<1 0.06!
—
~ 0.04/
0.02}

0 0.02 0.04 0.06
a/ Lo
= mpx —mp = Ay = 32+ 3+ 77 MeV  Prel.!l
and experimentally 46.1 +£ 1.5 MeV [PDG]

too small = quenched effect ?
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Green functions and renormalization

Under the path integral: expand in 1/m = L®)(x) only as insertions

£(x) = Py (x) Dot (x) + D LM (x)

(O) /D¢6751734 3y ¥ () Dotn (x) (1 _ a4Z£(“)(x)> 10)

1_34Z£ ]o stat

At the 1/m order
<O) = <(9>Stat + Wkin Z(Ookin(x)>5tat + Wspin Z(oospin(x»stat
— <O>stat L @him <O>kin +wspin (O>Spin

Win, Wspin cancel divergences <+ Continuum limit, renormalizability
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