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Introduction - Physics at the LHC

@ "Higgs hunting” and "Hunt for NP” is accompanied by large QCD background!
@ Experimenter’'s wish list: [Les Houches wish list]
pp — VV +jets, H + 2jets, ttbb, tt + 2jets, VVbb, VV + 2jets, V + 3jets, VVV.
@ Due to the large QCD background we need to find the famous “needle in the haystack”.
= A detailed understanding of multi-parton QCD final states is unavoidable!
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@ "Higgs hunting” and "Hunt for NP” is accompanied by large QCD background!
@ Experimenter’'s wish list: [Les Houches wish list]
pp — VV +jets, H + 2jets, ttbb, tt + 2jets, VVbb, VV + 2jets, V + 3jets, VVV.
@ Due to the large QCD background we need to find the famous “needle in the haystack”.
= A detailed understanding of multi-parton QCD final states is unavoidable!

: dOpp-sxpaq. (S: 12 MR ) Ofa(Xa; BE o (Xo; HE ) ©d G *Xpartonic (8 {px},HE 1R ) ®["PS/Had "]

J @ During the workshop we saw that for a reliable prediction a good description of all
the parts is necessary, where we will focus on the hard scattering.

@ dBabgriome (85 (P} 12 1B ) O | Ao (85 {P 112 1R )2
@ Many jets at the LHC: Want A, Mpartonic = A, for large n, w/n =24 #x!

@ Want |4, \2 at NLO in 05 due to a large scale dependence at LO and more accurate
jet desriptions! See talk by Joey Huston on Tuesday.
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The NLO pieces to a LO contribution ﬂ,ﬁ")

. 2
102 = |7 + 2Re(A" ) ~ | | +2Re<> <>~@) ‘ osal? = 1AL ~

Our goal

E

Evaluate |4, |? for large n to NLO accuracy in O [especially the virtual piece] in a fully numerically Monte Carlo (MC)
framework! [With the intention for real application, at the moment: e"e~ — jets and pp — V +jets]
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Introduction - Current methods to solve |4,|? at NLO

Problem

2Re(A 2{Y) and \ﬂl,so‘)l\z contain singularities:
@ In ﬂn(ogl due to the unresolved 1-particle phase space integration (soft and collinear).

@ In ﬂ,ﬁl) due to the loop integration (soft, collinear and ultraviolet).

As we saw already in the talks by Zoltan Kunszt ["NLO revolution”] and Nigel Glover on Tuesday there exists a collection of
methods by now to tackle these problems.
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2Re(A 2{Y) and \ﬂl,so‘)l\z contain singularities:

@ In ﬂn(ogl due to the unresolved 1-particle phase space integration (soft and collinear).

@ In ﬂ,ﬁl) due to the loop integration (soft, collinear and ultraviolet).

As we saw already in the talks by Zoltan Kunszt ["NLO revolution”] and Nigel Glover on Tuesday there exists a collection of
methods by now to tackle these problems.

Tackle the real emission: ﬂ,g?gl

@ Subtract suitably chosen dipole terms 2  in order to get a finite integrand [Catani, Seymour].

@ This procedure is well known and exists in various improvements [Dittmaier et al., Czakon et al., Gehrmann et al., ...]

and variations like residue subtraction [Frixione et al., ...], antenna subtraction [Kosower, Glover et al., ...], ...
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2Re(A 2{Y) and \ﬂl,fo‘)l\z contain singularities:

@ In ﬂn(ogl due to the unresolved 1-particle phase space integration (soft and collinear).

@ In ﬂ,ﬁl) due to the loop integration (soft, collinear and ultraviolet).

As we saw already in the talks by Zoltan Kunszt ["NLO revolution”] and Nigel Glover on Tuesday there exists a collection of
methods by now to tackle these problems.

Tackle the real emission: ﬂ,gi)l

@ Subtract suitably chosen dipole terms 2  in order to get a finite integrand [Catani, Seymour].

@ This procedure is well known and exists in various improvements [Dittmaier et al., Czakon et al., Gehrmann et al., ...]
and variations like residue subtraction [Frixione et al., ...], antenna subtraction [Kosower, Glover et al., ...], ...

Tackle the virtual contributions: }4,51)

@ Feynman graph approach: [Passarino & Veltman, Denner & Dittmaier, ...]
@ Each single Feynman diagram has to be considered! The complexity grows factorially with the number of legs!
@ Unitarity based methods: [BDK, OPP, Anastasiou et al., Berger et al., Ellis, Giele, Kunszt, Melnikov, Zanderighi, ...]

@ Can write any one-loop amplitude as linear combination of a [small] set of master integrals: /’4{51) =yl +R.

@ The ¢ are rather involved functions of external momenta and helicities. Rational terms ®_have to be considered.

@ In practice the c; are determined numerically for each phase space point. Several evaluations are needed for a
certain precision, which takes time!
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@ This procedure is well known and exists in various improvements [Dittmaier et al., Czakon et al., Gehrmann et al., ...]
and variations like residue subtraction [Frixione et al., ...], antenna subtraction [Kosower, Glover et al., ...], ...

Tackle the virtual contributions: /‘4,51)

@ Feynman graph approach: [Passarino & Veltman, Denner & Dittmaier, ...]
@ Each single Feynman diagram has to be considered! The complexity grows factorially with the number of legs!

@ Unitarity based methods: [BDK, OPP, Anastasiou et al., Berger et al., Ellis, Giele, Kunszt, Melnikov, Zanderighi, ...]
@ Can write any one-loop amplitude as linear combination of a [small] set of master integrals: /’4,51) =yl +R.
@ The ¢ are rather involved functions of external momenta and helicities. Rational terms ®_have to be considered.

@ In practice the c; are determined numerically for each phase space point. Several evaluations are needed for a
certain precision, which takes time!

However, | was missing the following: An alternative, fully numerical method to evaluate the virtual piece. Based on ideas
which were first investigated by [Nagy & Soper et al.] we would like to explore this alternative.
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duction - Fully numerical method to solve /’4,21)

Fully numerical MC solution

@ The error of a MC does not depend on the dimensionality of the integration region and grows just about as I/W, with
N the number of integrand evaluations.

@ Advantage: The (3n — 4)-dimensional phase-space integral and the 4-dimensional loop integral can be performed
together in one single MC evaluation at ({p1,pz,.-.,Pn },k), where the p; are the external momenta and k the loop
momentum. No need to evaluate the inner loop integral separately per phase-space point! No extra cost!

@ However: A fully numerical [MC] integration has to be performed in D = 4. Instabilities in the integrand due to infrared
(IR) and ultraviolet (UV) divergences have to be taken care of first.

CR (JGU Mainz) Numerical QCD @ NI
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Introduction - Fully numerical method to solve z,&l)

Fully numerical MC solution

@ The error of a MC does not depend on the dimensionality of the integration region and grows just about as 1/\m, with
N the number of integrand evaluations.

@ Advantage: The (3n — 4)-dimensional phase-space integral and the 4-dimensional loop integral can be performed
together in one single MC evaluation at ({p1,pz,.-.,Pn },k), where the p; are the external momenta and k the loop
momentum. No need to evaluate the inner loop integral separately per phase-space point! No extra cost!

@ However: A fully numerical [MC] integration has to be performed in D = 4. Instabilities in the integrand due to infrared
(IR) and ultraviolet (UV) divergences have to be taken care of first.

Numerical roadmap to ﬂ,sl) [Becker, Reuschle, Weinzier| - JHEP 1012:013,2010]
1) For a numerically stable loop integration of ﬂlﬁl) in D = 4 we need to subtract the IR and UV divergences first.
= Extend the subtraction method to the virtual part of the NLO calculation! Slides 5, 6; Backup Slides
= Devise [local] virtual subtraction terms! Slides (8), 9 - 12

2) The construction of these subtraction terms depends on a fixed cyclic ordering of the external legs.
= Work with color decomposition and color ordered Feynman rules! Slides (6), 7

= Use partial amplitudes rather than a pure Feynman diagrammatic approach! Slides (6), 7
This reduces the complexity down to about exponential growth with the number of external legs.

3) The loop integrand [as well as the total UV subtraction term] may be constructed recursively.
= Use Berends-Giele type recursion relations on color ordered one-loop off-shell currents! Slides 13, (14, 15)

4) Some of the loop propagators still go on-shell for certain values of the loop momentum.

= Find a suitable and numerically stable deformation of the integration contour into the complex plane!
Won't go into detail here. Backup Slides

Final destination: A scheme in order to combine subtraction terms and contour deformation into one compatible method!
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Subtraction method |

Observables to LO and NLO ... in a rather condensed notation

(0)0 + (O)N© = [0,d0® + [ O, 1do"+ [ 0,dc" + [O,dc®
n n+1 n[+loop] n
@ doB: Born level; do™: Real emission; da" : Virtual contribution; dG°: Initial state collinear subtraction term.
@ Each of the NLO terms is separately divergent and only their sum is finite.
@ However, for a numerical integration each term needs to be finite.
@ Introduce additional terms to subtract the divergencies.

@ Real emission: Subtraction of suitable [dipole] terms d o”. Already known.

@ Virtual contribution: Subtract suitably chosen virtual subtraction terms do” atthe loop integrand level.
@ Enables a fully numerical loop integration!

Numerical QCD @ St Andrews 08/25/2011 57117
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Observables to LO and NLO

... in a rather condensed notation

(0)0 + (O)N© = [0,d0® + [ O, 1do"+ [ 0,dc" + [O,dc®
n n

n+1 n[+loop]

@ doB: Born level; do™: Real emission; da" : Virtual contribution; dG°: Initial state collinear subtraction term.
@ Each of the NLO terms is separately divergent and only their sum is finite.

@ However, for a numerical integration each term needs to be finite.

@ Introduce additional terms to subtract the divergencies.

@ Real emission: Subtraction of suitable [dipole] terms d o”. Already known.

@ Virtual contribution: Subtract suitably chosen virtual subtraction terms do” atthe loop integrand level.
@ Enables a fully numerical loop integration!

Wish list for do”

(MO = [ (010" —=0,d0") + [ (0nd0Y —0,d0” ) + [ (On [ do* +0,d® 40, [do*)

n+1 n+loop n loop 1

@ Introduce additional terms d0* to render (da¥ —d o) finite at the loop level.

@ Integration of o’ yields simple analytic results, which cancel the poles of da€ + Jdao*.
1

@ The terms in brackets are finite:

@ The subtracted real term and the subtracted virtual term(!) are finite and can be integrated numerically!
@ The finite remaining term exhibits a simple analytical structure!
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Subtraction method |1

On the amplitude level da¥ O 2Re(ﬂl§0)*f4,gl))d(pn

o gV = are +/qc (/qbare /quv /qiR soft /qiR cou) (/qCT +/quv +/qIR soft +’q|R coH)

ﬂﬂ(l) is the finite renormalized amplitude. All IR and UV singularities are contained in the bare amplitude ﬂéi?e

Define integrands (]X( ) inside the amplitudes via ﬂl(l J

©

4Dk
(2mP

©

(jx(l), x =bare, uv,soft, coll.

@ They match exactly the singular behavior of gba,e in the divergent points of the integration region and are easily
integrable analytically.

=( J162 65 — 6% — Gitren} )+ (AR +25) + 2D + A ).

The first bracket is finite and can be integrated numerically.
In the second bracket the UV subtraction term cancels [analytically] against the UV counterterm from renormalization,
whereas the soft and collinear subtraction terms cancel [analytically] against the dipole contributions from real radiation.

©
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©
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@ They match exactly the singular behavior of gba,e in the divergent points of the integration region and are easily
integrable analytically.
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The first bracket is finite and can be integrated numerically.
In the second bracket the UV subtraction term cancels [analytically] against the UV counterterm from renormalization,
whereas the soft and collinear subtraction terms cancel [analytically] against the dipole contributions from real radiation.

©

Cyclic ordering

Our virtual subtraction terms [as well as the contour deformation] depend on a fixed cyclic ordering of the external legs in the
amplitude!

@ Work with color ordered partial amplitudes. [Next slide]

@ Define [partial] integrands Gil)

inside the partial amplitudes via Ail) =[ Gil), x =bare, uv,soft, coll, henceforth

be denoted as "subtraction terms”. [Note non-caligraphic letters]
o Gge and G(l) will be constructed recursively.

o ng, and Ggo,), will be formulated directly on the amplitude level.
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Intermezzo: Color decomposition

Factorizing color information and kinematic information yields [simpler] color stripped amplitudes with a fixed cyclic ordering
of the external legs. Gaining color information is simply a combinatorial issue.

Example: N-gluon amplitude in the color-flow decomposition .. g2 = 4TI
1 —2 1
AP, = (5)"| T NeBiyio, ~Banio, Ad(oy 1 Gon)
0€eSn/Zn
1
+ Z 6igljgz "'6\qm ioy 6‘Gm+110m+2 "'6icnj(jm+1 Ar(1 r)n(gcrl see90m 190 yq 000 don )

0€Sn/(ZmxZn—m)
For all partitons m>0

@ Description of /’4{51) in terms of color ordered one-loop partial amplitudes Aﬁlr)“ No color information to be considered.

(1) (1)
n. n,

mo Can be related to leading one-loop partial amplitudes A} .

@ Subleading [in color] one-loop partial amplitudes A

@ Similar decompositions available for processes with m quark-pairs and n gluons. One has to classify all possible color
structures in the permutation sum.

Properties

@ Color ordering: Representation of all graphs with the same number and the same fixed cyclic ordering of the external
legs by a partial amplitude. This ensures a fixed [fully ordered] structure of the loop propagators.

@ Particle content: One-loop partial amplitudes may be further decomposed into primitive amplitudes, classified by the
quark or gluon content in the loop: Aglg = A,(fgb‘c + ,Z—‘CAﬁllg_nf.
—In amplitudes with mixed quark/gluon content in the loop the routing of the fermion lines through the loop matters.

@ Partial/primitive amplitudes are gauge invariant, which is important for our method, and obey momentum conservation.

@ [Mangano & Parke, Maltoni et al., Weinzierl, Bern, Dixon, Kosower, ...]

St Andrews 08/25/2011 7117
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Intermezzo: One-loop integration

In order to construct [local] virtual subtraction terms we have to understand the singular structure of our one-loop integrand.

Using partial amplitudes ensures a fixed sequential propagator structure, with only n different loop propagators to consider.
This enables a meaningful classification of the divergent regions in regard to automatization.

Typical one-loop diagram Divergent regions ... with m; the masses in the loop and p; the external momenta

Soft infrared divergencies for k ~ g, if p? = m2 , m; =0, p4; = m?;.
Massless particle exchanged between two on-shell particles & ki — 0

K2y —mi, = pf—m?Z, = 0

k— g = k? —m? - 0-—m? = 0
2 > 2 2 _

kfg—m, = pia-my; = 0

Collinear infrared divergencies for k ~ g; — xpj, if piz =0, mj_; =0,m; =0.
x € [0,1] Massless external on-shell particle attached to two massless propagators & k; | |pj

2 2
k2, —mZ

i 1 = (@=x)PpP-mi; = 0
N

n
mr Pa(K) T —kz,;zm,k.zqu.. k*q“"‘";”{ k2 —m? Xx2pZ —m? = 0
a(k) a polynomlal of degree ain k and
Gi =p1+...+pi.

et

Ultraviolet divergencies for k — oo, if 44+a—2n > 0.

Regularization
@ In dimensional regularization we use a D-dimensional integral, with D = 4 — 2€ and |€| < 1. The result is analytically
known and can be expanded around €, which yields terms 0 1/¢ and 00 1/€2.
@ For integrals with large n the traditional analytic calculation is cumbersome. We choose a numerical method which,
however, has to be applied in D = 4.

Numerical QCD @ St Andrews 08/25/2011 8117
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Subtraction terms - IR subtraction |

As we saw the infrared divergences are related to soft and collinear partons in the loop. An amplitude with soft or collinear
divergences must have at least one gluon line in the loop.

The soft and collinear contributions to a given one-loop partial amplitude are the soft and collinear contributions to all
associated one-loop graphs G with the same number and fixed cyclic ordering of external legs.

Consider m; = 0 and let k‘z be a propagtor related to a gluon in the loop of graph G. The single one-loop graphs G are not to
be confused with the [total] subtraction terms G coll soft -

Soft subtraction functions ~ soft source terms
There is a soft singularity when the loop momentum k approximates g;, or in other words when ki — 0. We define a soft
subtraction function [Nagy & Soper, ...]:

klljgli {2 k2k21G(K,p1,....Pn) }

SiSOﬂ(G-,pl-,“'-,pn) = k'21k2k2+1
i—10 B

How to: 1) "Multiplying out" the dangerous propagators. 2) Taking the soft limit. 3) "Dividing" the propper structure "back in".
Collinear subtraction functions ~ collinear source terms

There is a collinear singularity when the loop momentum k approximates ¢; — xp;, w/ x € [0, 1], or in other words k;||p;. We
define a collinear subtraction function [Nagy & Soper, ...]:
lim  {k?,k?G(K,pz,...,pn)}

k—q; —xpj
S¢M(G,p1,...,Pn) = — T IZ guv (K 1,k7)
i—10

@ Introduce a factor gyy (kj{1=ka) to avoid possible UV divergences in the collinear subtraction term.
@ gyy (Kk?4,k?) = 1in the collinear region and suppresses our collinear term with additional ~ O(1/k) in the UV limit.

@ For x = 0,1 the collinear singularity runs into the soft singularity. To avoid double counting we have to subtract these
singularities in a suitable way.

CR (JGU Mainz) Numerical QCD @ NI
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Subtraction terms - IR subtraction Il

As we saw on the previous slide, each subtraction term S$°%(G, py,...,pn) or St (G,px,...,pn) depends on a single
one-loop graph G. [Not to be confused with the subtraction terms G, coll soft]

Now, in simple terms: Summing up the subtraction terms for all graphs with a gluon at position i in the loop, further summing
over all conceivable positions i in the loop and using gauge invariance to simplify the results in the end yields simple total
subtraction terms in local form, proportional to the Born level.
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As we saw on the previous slide, each subtraction term S$°%(G, py,...,pn) or St (G,px,...,pn) depends on a single
one-loop graph G. [Not to be confused with the subtraction terms Gy col soft]

Now, in simple terms: Summing up the subtraction terms for all graphs with a gluon at position i in the loop, further summing
over all conceivable positions i in the loop and using gauge invariance to simplify the results in the end yields simple total
subtraction terms in local form, proportional to the Born level.

Total [local] IR subtraction terms New!
2 2 22
1 _ . P41 A (0) W _ . Sjouv (K 1K) Sjraouv (K7 K5 1) (0)
Gt = 4i Z 2 ka_zk_z A and Gy = —2i z ( 22 sz i k_zkzJ ! A
j€g -1 i+ i€lg -1 17+

I is the set of gluons in the loop and the propagator corresponding to j € Ig in the loop belongs to a gluon.

S; = 1 if the outgoing line j corresponds to a quark, S; = 1/2 if it corresponds to a gluon.

@ Formulated directly on the amplitude level! Match the soft and collinear limit of the amplitude on integrand level!
@ Simple and fast! Ideal for numerical implementation!
@ Yield simple analytical results upon integration! Proportional to the Born level amplitudes!

[Assadsolimani, Becker, Weinzierl - Phys.Rev.D81:094002,2010]

[Assadsolimani, Becker, Reuschle, Weinzierl - Nucl.Phys.Proc.Suppl.205-206:224-229,2010]

[Becker, Reuschle, Weinzierl - JHEP 1012:013,2010]

1.2 [ Pk (1) _ -1 exp(eve) ¢ 2 (Z2PPi41y-£,(0) o o1 zg/ Pk (1) _ -1 exneve) < 2 Wy \—£,(0)
SeIs / (2mP Csot = (am2 T(1-¢) J(Zz\g &2 ( 12 ) AT & SIS (2mP Ceoll = (am?2 T(1-¢) j€lg £S5+ 5 Ugv) A

Se = (4m)® exp(—€ye ) the typical volume factor in dimensional regularization.

Remark: These are the subtraction terms for the case m; = 0. The IR subtraction terms for the massive case m; # 0 have
also been derived and are only slightly more involved.

CR (JGU
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subtraction |

Subtraction term

Consider again, for m; = 0, our one-loop integrand G(k,n) = P,(k) kiz with kj = k — 3 pi and P, (k) is again a
polynomial of degree a in k. =17
It can be shown that the UV divergent diagrams are only those which contribute to propagator or vertex corrections.

So, G contains all one-loop diagrams that contribute to a given correction. Still, refer to it representatively as "Graph".

=k

St Andrews 08/25/2011 11/17
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Subtraction terms - UV subtraction |

Consider again, for m; = 0, our one-loop integrand G(k,n) = P,(k) iz with kj = k — 3 pi and P, (k) is again a
polynomial of degree a in k. =1 K

It can be shown that the UV divergent diagrams are only those which contribute to propagator or vertex corrections.
So, G contains all one-loop diagrams that contribute to a given correction. Still, refer to it representatively as "Graph".

122

We want a term that mimics the [exact] local UV behavior

@ Expand around the inverse Ioop propagator in the UV limit, more precisely around (k? — L wherek =k —Q.

Hiv)™
@ G(k,n) =~ @ ( ( + 21 (kz 2 ) = G(k,n,t), with Xy, (k) polynomial of order mink. ..y and Q see below
@ Thecuton/ depends on the degree of divergence of the graph G: ¢ = 0 logarithmic; £ = 1 linear; { = 2 quadratic.

E.g. for the gluon self energy use ¢ = 2, since quadratically divergent. Ultimately' Count only UV divergent powers of k.

m = {1+ “u -Q) _ (p— Qk)zf[lnu 1y + ((Zk }+O(1/|k| )

@ Small example:

CR (JGU Mainz) Numerical QCD @ NLO St Andrews 08/25/2011 11/17



Subtraction terms - UV subtraction |

Consider again, for m; = 0, our one-loop integrand G(k,n) = P,(k) iz with kj = k — 3 pi and P, (k) is again a
polynomial of degree a in k. =1 K

It can be shown that the UV divergent diagrams are only those which contribute to propagator or vertex corrections.
So, G contains all one-loop diagrams that contribute to a given correction. Still, refer to it representatively as "Graph".

1=-

We want a term that mimics the [exact] local UV behavior

@ Expand around the inverse Ioop propagator in the UV limit, more precisely around (k? — L wherek =k —Q.

Hiv)™
@ G(k,n) =~ @ ( ( + 21 (kz 2 ) = G(k,n,t), with Xy, (k) polynomial of order mink. ..y and Q see below
@ Thecuton/ depends on the degree of divergence of the graph G: ¢ = 0 logarithmic; £ = 1 linear; { = 2 quadratic.

E.g. for the gluon self energy use ¢ = 2, since quadratically divergent. Ultimately: Count only UV divergent powers of k.

o = ke {1+ B ety | (OO 4 o(1/kf%)

@ Small example:
Upon integration ... omit a factor p2€(21) P in the integration measure
— 2
) dek G(k,n,t) = C(% - Iog(W—z"))A(D) + R, with C a constant factor of proportionality and R a finite [rational] term.

@ Re-define Gy (k,n,¢) = G(k,n,¢) — Zm") R, to absorb the finite term.

k2
= 2.
@ Then: [dPkGy, (k,n,¢) =C(% — Iog(”ﬁ))A(n ) 0 "common pole part” x "Born amplitude”, exactly as we want it!
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Subtraction terms - subtraction |

Consider again, for m; = 0, our one-loop integrand G(k,n) = P,(k) iz with kj = k — 3 pi and P, (k) is again a
polynomial of degree a in k. =1 K

It can be shown that the UV divergent diagrams are only those which contribute to propagator or vertex corrections.
So, G contains all one-loop diagrams that contribute to a given correction. Still, refer to it representatively as "Graph".

1=-

We want a term that mimics the [exact] local UV behavior

@ Expand around the inverse Ioop propagator in the UV limit, more precisely around (k? — 12,)~*, where k =k — Q.

@ G(k,n) ~ @ ( ( + z (k2 2 ) = G(k,n,t), with Xy, (k) polynomial of order mink. ..y and Q see below

@ Thecuton/ depends on the degree of divergence of the graph G: ¢ = 0 logarithmic; £ = 1 linear; { = 2 quadratic.
E.g. for the gluon self energy use ¢ = 2, since quadratically divergent. Ultimately: Count only UV divergent powers of k.

o = ke {1+ B ety | (OO 4 o(1/kf%)

@ Small example:
Upon integration ... omit a factor p2€(21) P in the integration measure
— 2
) dek G(k,n,t) = C(% - Iog(“—z"))A(D) + R, with C a constant factor of proportionality and R a finite [rational] term.

@ Re-define Gy (k,n,¢) = G(k,n,0) — @ Zm") R, to absorb the finite term.
= 2
@ Then: [d°kGy, (k,n,¢) =C(% —lo g(”%’))A( ) 0 "common pole part” x "Born amplitude”, exactly as we want it!

Use pﬁv and Q to control the quality of the contour deformation in the UV region

@ Re(},) =0andIm(1,) < 0 ensures that the integration contour in the UV region never approaches the singular
surface defined by (k? —12,) = 0.

@ The integrated UV subtraction terms are independent of the four-vector Q. We can choose Q to our will in order to
enhance the numerical stability of the loop integrand upon contour deformation.

@ The results of our calculation [of the one-loop amplitude] are in the end independent of |2, and Q!
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Subtraction terms - UV subtraction Il

Total [local] UV subtraction terms New!

@ Only propagator and vertex corrections are UV divergent, quadratically at maximum!

@ We can derive a relatively small set of simple local subtraction terms!

@ Simple analytic result upon integration, proporational to a common pole part and the respective Born level term!
)

These subtraction terms can be used as [local] "counter” terms to recursively construct the total UV subtraction term!
The total UV subtraction term will also be proportional to the common pole part and the Born level amplitude!

[Assadsolimani, Becker, Reuschle, Weinzierl - Nucl.Phys.Proc.Suppl.205-206:224-229,2010]
[Becker, Reuschle, Weinzierl - JHEP 1012:013,2010]

Example: 4-gluon vertex ... omit a factor 128 (2m) P in the integration measure

@ (closed ghost loops) & (pinched diagrams) & (Use color ordered Feynman rules!)

(WwAk [32(14);uivm'< L 8- s)w(k)WAK 412, vavAK N 21 €)WK 4 KA
uv,gggg;lc ®2 12, k2—12,)3 K2 -12,)2
(DwAk {—32EHEVE)‘EK BW (R)WAK 4(V4HV)\K —nHApvK)

( .

= + o where W (K)HVAK = qHVIARK 4 qHKRVEA 4 qVARHEK 4 qAKRHRY
uv,gggg,nf ,HZJV )4 (k2 ""tsz )3 (k2 ’“av )2

A i A A A
/d kGuv g;g'g(lc_ (470 I) (%V:NK (% |09( ))) and /d kGuv)géggni_ W( VWK ( |09( )))

= R

Check against renormalized 4-gluon vertex [ 1 g—s TC (% i % E—f ) E&V V‘kNK)‘ = color ordered 4-gluon-vertex
@ nfy: (1) (1)
Local counter terms (Ic & nf): Guv "gagg,lc [4>) GLIVnggngf
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Intermezzo: Recursive methods

@ Utilizing Berends-Giele type recursion relations, based on color ordered [one-loop] off-shell currents [Berends & Giele,
v. Hameren, ...], to construct the [total] bare one-loop integrand Gf)ge and the [total] UV subtraction term Gﬂﬁ)!
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Intermezzo: Recursive methods

@ Utilizing Berends-Giele type recursion relations, based on color ordered [one-loop] off-shell currents [Berends & Giele,
v. Hameren, ...], to construct the [total] bare one-loop integrand Gf)ge and the [total] UV subtraction term Gﬂﬁ)!

Example: One-loop off-shell gluon current in a 3-valent toy-model

@ The recursive construction of Gt()ge ensures the correct incorporation of all necessary one-loop diagrams to a given
partial/primitve amplitude.
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Intermezzo: Recursive methods

@ Utilizing Berends-Giele type recursion relations, based on color ordered [one-loop] off-shell currents [Berends & Giele,

v. Hameren, ...], to construct the [total] bare one-loop integrand Gf)ge and the [total] UV subtraction term Gﬂﬁ)!

Example: One-loop off-shell gluon current in a 3-valent toy-model

\ i=m-1 i+l
A Nl N N
" o}
@ The recursive construction of Gt()ale ensures the correct incorporation of all necessary one-loop diagrams to a given
partial/primitve amplitude.
Example: Total UV subtraction term to the one-loop off-shell gluon current in this toy-model

LA
n+1 NP
i+l

L

. . 1 . " .
@ The recursive construction of G.(N) ensures the correct incorporation of all necessary UV counterterms to a given

partial/primitve amplitude.

Implemented the recursive algorithms for the full theory [so far at leading color] in several C++ libraries! In spinor formalism!
CR (JGU
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ubtraction - Consistency check |

Check whether the implemented recursive constructions of the one-loop integrand and the UV subtraction term play along
well for large values of the loop momentum.
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UV subtraction - Consistency check |

Check whether the implemented recursive constructions of the one-loop integrand and the UV subtraction term play along
well for large values of the loop momentum.

In the plot we show |2Re(A(®*G(1)| vs. a UV scaling parameter \ for an n-gluon amplitude with n = 7:
[preliminary, S. Becker, CR]

NLO contribution to the gluon amplitude with 7 external particles.
Scaling of the Integrand with increasing k = k - Q, where k = Aky,oq and Q stays fixed.

1le-05 T
bare - uv
slope = -5.207234 -
g |__slope= -1.998034{2
1e-10 P : . s
" T Summing over all helicities!
; le-15 ) o (B EEn
o3 T
22 g i
o T The unsubtracted integrand grows
T 1e20 et oL . d*k ;
S e like [ - Quadr. UV divergent!
< ey
& ’mm““m
S le-25 L
T The UV subtracted integrand grows
Mo, ) 4 -
1e-30 Mo Ilkef%k: UV finite!
1le-35
1 10 100 1000 10000
A

In gray we see the unsubtracted [total] integrand, which is obviously quadratically UV divergent. In red we see the fully UV
subtracted [total] integrand, which shows clearly a finite behavior!
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UV subtraction - Consistency check Il

In these plots we show |2Re(A(®)*G(1))| vs. a UV scaling parameter A for ete™ — 3/4 jets [i.e. qf + 1/2 g's]:
[preliminary, S. Becker, CR]

NLO contribution to the ew amplitude with 5 exteral particles. NLO contribution to the ew amplitude with 6 external particles.
Scaling of the Integrand with increasing k = k - Q, where k = Nkjeq and Q stays fixed.

Scaling of the Integrand with increasing k = k - Q, where k = Nkg,eq and Q stays fixed.
1605 16-05
Bare-wv  + Bare-wv
slope = -5.034368 - slope = -5.132206 -
%m‘\w bare bare  +
\ =-3084725 v e = -1,999211
i o 1e-10 [
110 o % s
T o, ity
5 e, o s gl
= . 1e-15 i e
% e . CEY o
i T e,
[ I kb, 1620 =
= o, M i
g, ., o iy
S 1e20 b e,
3 o,
8 1625 .
e,
125 s,
oy 1e-30
o,
"l o
1630 1635
1 10 100 1000 10000 1 10 100 1000 10000
s

In gray we see again the unsubtracted [total] integrand, which is obviously UV divergent. In red we see the fully UV
subtracted [total] integrand, which shows again clearly a finite behavior!

Something to learn: We notice that in the unsubtracted 3 jet event there is only a total linear divergence ~ d* /k® in contrast
to the total quadratic divergence ~ d“k /k? in the unsubtracted 4 jet event.

Due to the fact that in the 4 jet event the gluon propagator, and hence the gluon self energy, appears off-shell for the first time.

Numerical QCI
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Proof of principle - Computing jet rates in eTe™ — jets

Use the whole method in a calculation of jet rates in e " e, together with a simple phase space generating algorithm
[RAMBO] and the Durham jet algorithm.

The plots show e e~ — 3 and 4 jets at leading color: l/SNS”AB3’,4_|C VS. Yout, Where By, is the NLO coefficient in the
perturbative expansion for the 3/4-jet rate and y,; the jet resolution parameter. [S. Weinzierl, preliminary]

Durham 3-jet Durham 4-jet
400 40000 e
35000 numerical -
300
30000
200 25000
; 3
& 100 £ 20000
i —ico 15000 ¥
0
10000
-100
analytical
200 numerical --- 0 .
0.001 0.01 0.1 1 0.001 0.01 0.1
Yeut

Yout
Blue shows the results from previous analytic calculations. Red shows the numerical results of our method. Good agreement!

Brief reminder on jet rates
@ The production rate for n-jet events, or short the 'n-jet rate’, is given by the ratio of the cross section for n-jet events divided by the total
hadronic cross section.

@ Inete™ annihilation: On—jet Os \n—27 Os \n-1= 0
Ry = = (=) %A+ (=2)" 1B, a
" Ot (21'[) "_*—(21'[> n+0(0c)
@ In practice we calculate: o
n—jet Os \n-2 Os \n-1 n
=(—= A — B o(a:
a0 (21'[> "_*—(21'[> n+0(0)

with 0 the leading order cross section for ete ™ — hadrons.
The relation between A, (Bn) and Ap (Bp) can be determined from the perturbative expansion of the total hadronic cross section.

St Andrews 08/25/2011
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Summary al utloo

There is need for fast high accuracy tools in LHC physics!

@ We present a fully numerical algorithm to compute NLO QCD amplitudes with many legs in the final state for fixed
order of O in perturbation theory! [Becker, Reuschle, Weinzierl - JHEP 1012:013,2010]
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Summary and Outlook

There is need for fast high accuracy tools in LHC physics!

@ We present a fully numerical algorithm to compute NLO QCD amplitudes with many legs in the final state for fixed
order of O in perturbation theory! [Becker, Reuschle, Weinzierl - JHEP 1012:013,2010]

@ The local virtual subtraction method on the amplitude level is an ideal candidate for a fast numerical [MC] evaluation of
the one-loop integration and works very well in the presented form!

NLO contibution o the gluon amplitude with 7 external paricles.
Scaling ofthe Integrand with increasing k =K - 0, where k = fgyeq and Q stays fied:
1005

1610

1e15 - &

1020

o
1e25

le3s

10 100 1000 10000
s
Wed Mar 02 15:31:19 2011
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Summary and Outlook

There is need for fast high accuracy tools in LHC physics!

@ We present a fully numerical algorithm to compute NLO QCD amplitudes with many legs in the final state for fixed
order of O in perturbation theory! [Becker, Reuschle, Weinzierl - JHEP 1012:013,2010]

@ The local virtual subtraction method on the amplitude level is an ideal candidate for a fast numerical [MC] evaluation of
the one-loop integration and works very well in the presented form!

@ We can reproduce known analytic results for e " e~ — up to 4 jets within high accuracy!

Durham 4-jet
40000 T

35000
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num)éfll [0

25000

ENEBasc
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10000
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Summary and Outloo

There is need for fast high accuracy tools in LHC physics!

@ We present a fully numerical algorithm to compute NLO QCD amplitudes with many legs in the final state for fixed
order of O in perturbation theory! [Becker, Reuschle, Weinzierl - JHEP 1012:013,2010]

@ The local virtual subtraction method on the amplitude level is an ideal candidate for a fast numerical [MC] evaluation of
the one-loop integration and works very well in the presented form!

@ We can reproduce known analytic results for e "e~ — up to 4 jets within high accuracy!

In essence

@ Our subtraction terms are simple and fast!

@ They are tailored such that they go hand in hand with the contour deformation and the real emission!

@ Proof of principle: Possible to reproduce the results for e e~ — up to 4 jets with a purely numerical approach!
5 and 6 jets is in preparation.

@ So far we computed our results for leading color! Extension to full color is work in progress.

@ The next bigger step would be to apply our method to Z production plus jets at the LHC.

Thank you for your attention!
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Backup: Pole structure / Insertion operato

After integration, the soft and collinear poles of a primitive one-loop amplitude with massless partons are given by [Becher &
Neubert, Magnea]:

_ 1 —2pj . —i 0
SR, = g Sne) 3B T Essa)A )
g

where Sg = (4T7)® exp(—€Ye ) the typical volume factor in dimensional regularization. The index i in S; refers to the external
particle: Sq = Sg = 1, Sy = 1/2. This is exactly the pole structure also reproduced by our IR subtraction terms. A more
familiar [and also involving the UV poles] formulation of this may be:
- (1) _ as exp(eve) [ (n—2) B Vi —2pi.pj \—€
Se 1L§£Ahare = 3_151[ ﬁ [(n_z) ?D +2§ TiT; (ELZ + T_IZ %)(f) ]A(O)'
T j# i

where the first part in the squared brackets is exactly the negative of the counterterm contribution Sg* pgzsA(clT) from UV
renormalization.

The sum of the collinear subtraction part for the intial state plus the one-particle phase-space integration over the real
subtraction part can be written as:

do® + [do* =1®d0® +K®do® + P®do®,
1

where color correlations still remain. The insertion operators K and P pose no problem for the numerical evaluation. The

term | ® do® has the appropriate pole structure to cancel the IR divergences coming from the loop. Hence, d6¥ +1®da® is
IR finite.

Remember now that dg¥ [J 2Re(/’4,£°)*ﬂn(l) )d@,, where further /’4,51) = ﬂé;,)e +/’4é1T). We make ﬂéir)e finite by introducing our
subtraction terms locally in the "first bracket" and are in the "second bracket" left with an analytical structure of the form
ﬂélT) + ﬂs(;f), + Zc(éﬂ + ﬂ&,) This structure defines us a new insertion operator L via:

2Re(A)" AT + AL + 400 + ) )dg =L @do®.

The insertion operator L contains the explicit poles in the dimensional regularization parameter related to the IR singularities
of the one-loop amplitude. These poles cancel when combined with the insertion operator I

(14+L) ®do® = finite.
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Backup: Derivation of the IR subtraction terms - More rigo

Soft subtraction term

When gluon i is soft the corresponding propagator goes on-shell and we may replace:

KPHpY +n“kjb"

T s L (W (kP,n) — 2
1

2
kJ

5 )
ij .n

with kjIJ the on-shell limit of k;, n a light-like reference vector and d" the sum over physical polarizations. Adding self-energy
diagrams will not change the soft limit. With this inclusion and a similar replacement as above the contribution from the
polarizatin sum makes a partial tree-level amplitude, where two gluons with momenta ka and 7ka have been inserted
between the legs j and j + 1:

b (ks A)
lim
kj—0
(=kj, =N

In the soft limit this tree-level partial amplitude is given by two eikonal factors times the tree-level amplitude without these two
additional gluons:

H \Y
P ygw (P \A©
( F'j~kjb ) (PJ+1r(*ka) )AJ ’

In the soft limit we may replace 2p;.kP by k”; and 2p;41.(—k") by k7% ,, which then leads to the form of our local soft
subtraction terms.

The terms with kjb“n" + n"‘ki"" in our replacement at the beginning vanish for the sum of all diagrams due to gauge invariance.

CR (JGU Mainz) Numerical QCD @ NI
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Backup: Derivation of the IR subtraction terms - More rigorously |l

Collinear subtraction term

We have to consider configurations where two adjacent propagators go on-shell with a massless leg in between:

R Rl Bl b

The diagrams where an external gluon splits into two ghosts or a qg-pair are in the collinear limit not singular enough to yield
a divergence after integration. We are left with the g — qg- and the g — gg-splittings.

In g — gg one can show that only the longitudinal polarization of the gluon contributes to the collinear limit. The same holds
for g — gg, here the collinear limit receives contributions when one of the two gluons in the loop carries carries a longitudinal
polarization (not both). The external gluon has of course physical transverse polarization.

We use the fact that contraction of a longitudinal polarization into a gauge invariant set of diagrams yields zero. Now the
"blobs" of the two cases we just discussed consist almost of a gauge invariant set of diagrams. There is only one missing,
where the longitudinal polarized gluon couples directly to the other parton connected to the "blob". This is a self-energy
insertion on an external line, by definition absent from the amputated one-loop amplitude.

We turn the argument around and replace the sum of collinear singular diagrams by the negative of the respective
self-energy insertions on the external line:

ki1
= — lim :

pj
ki-llk;

k. long

Kjo1, long

ki
k,l,‘ﬂ‘k, fAJlngAM( 00080000400, Pi +

k. long
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Backup: Derivation of the IR subtraction terms - More rigorously Il|

Collinear subtraction term ctd.

As parametrization for the collinear limit we use the same as is usually used in the real emssion case. The singular part of
the self-energies is then proportional to:

long 2 2

Pate =~z (— T T2)¥,
long 2 2 2 HnY 4 nHp¥
Posos =~z 1% (=%-&5 +2)(—gW +25000).

The soft singularities for x = 0,1 must not be double counted. We therefore just have to consider the terms which are
non-singular in the soft limit. These terms are independent of x and lead to the form of our local collinear subtraction terms.

Remark: The self-energy insertions introduce a spurious l/pf-singularity. In order to calculate the singular part of the

self-eneries we regulate this singularity by putting pJ2 slightly off-shell, but keeping k1 and k; on-shell and imposing
momentum conservation.
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Backup: Integration contour

Consider m; = 0. The denominator in the loop integral becomes singular for k; = (k — q.)2 =0.

@ In a diagram where we plot the 0- and 3-components of the loop momentum, ke
(k —g;)? = 0 describes a light cone centered on the point g;.

@ Whenever (k —q;)2 = 0 holds for k, we need to deform the integration contour
away from the light cone and into the complex plane.

@ We choose for example —p; and —p,4 as our incoming momenta and in such a
way that they have components only in the 0-3-plane.

@ All other lines p; are projections onto this plane. They connect the events at g,
where piy1 = dit1 — G-

We deform the integration contour into the complex plane, without changing the value of the integral, by deforming the loop
momentum into the complex plane:
. 1(k)=k-+iK(k) 1 K “small" 1

(k—a )2 (100) - )2 (kg )2+zu<. (k-a;)
We have to choose K such that whenever (k — g;)? = 0 we will get K.(k — ;) > 0, where the numerical stability depends
strongly on K.

The deformation is not possible whenever k = g; or k = g; — xp;. These "pinch” singularities are taken care of by the IR
subtraction terms.

In practice
First subtract all IR and UV subtraction terms, which yields a UV- and IR-finite integrand. With P (k) and Pyy (k) Polynomials in k we have
generically:
6@ oW @ _c_ _ PK)  Puw(k)
bare soft coll uw = n 2 2 (EZ _ HZN )nuv
N (k2 ~m?)

We deform the integration contour whenever one of the propagators 1/(ka = mjz) or :l/(E2 = thjv) goes on-shell. Atthe moment we use an
algorithm following the idea of Gong, Nagy and Soper [GNS, 2009].
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