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Karlsruhe Institute of Technology

M otivation

# functions ardundamentaguantities for any gauge theory
# Precision tests of the SM (EWPO)
# Indirect Search for New Physi¢groughRGES

# (gauge coupling unification
# stability bounds for the EW vacuum
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SM 5 functions
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® SM Gauge sector :

Q; = 5i({aj}7 6)
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® SM Gauge sector :

® 1 loop:[Gross, Wilczek'73; Politzer '73]
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® SM Gauge sector :
® 1 loop:[Gross, Wilczek'73; Politzer 73]

o ? |OOpSZ[JoneS’74, '82; Tarasov, Vladimirov'77; Caswell'74; E¢por, Tarasov’ 79]
& Yukawa [Fischler, Hill'81; Machacek, Vaughn’83; Jack, Osborn/84
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2 d

d AL = Bi({aj},€)

® SM Gauge sector :
® 1 loop:[Gross, Wilczek'73; Politzer 73]

o ? |OOpSZ[JoneS’74, '82; Tarasov, Vladimirov'77; Caswell'74; E¢por, Tarasov’ 79]
& Yukawa [Fischler, Hill'81; Machacek, Vaughn’83; Jack, Osborn/84

» 3 |OOpSZQCD [Tarasov, Vladimirov, Zharkov’'80, Larin, Vermaseren’'93]
QCD & top Yukawasteinhauser99]
simple gauge grouppickering, Gracey, Jones '01];[Curtright'80; Jones’80]
SM [L.M., Salomon, Steinhauser '12], [Bednyakov, Pikelnezlix¥hanin '12]
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SM 5 functions ﬂ(".

2 d
d AL = Bi({aj},€)

® SM Gauge sector :

9
K

1 loop: [Gross, Wilczek'73; Politzer '73]

2 |OOpSZ[Jones’74, '82; Tarasov, Vladimirov'77; Caswell'74; E¢por, Tarasov’ 79]
& Yukawa [Fischler, Hill'81; Machacek, Vaughn’83; Jack, Osborn/84

3 |OOpSZQCD [Tarasov, Vladimirov, Zharkov’'80, Larin, Vermaseren’'93]
QCD & top Yukawasteinhauser99]

simple gauge grouppickering, Gracey, Jones '01];[Curtright'80; Jones’80]
SM [L.M., Salomon, Steinhauser '12], [Bednyakov, Pikelnezlix¥hanin '12]

4 Ioops:QCD [Ritbergen, Vermaseren, Larin’97; Czakon '05]
5 loops:Chetyrkin’s talk
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® SM Gauge sector
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® SM Gauge sector

® Yukawa sector:
o 2 |OOpSZ[FischIer, Oliensis’82; Machacek, Vaughn’84; Jack, Ostf4]
» 3 |OOpSZ[Chetyrkin,ZoIIer '12], [Bednyakov, Pikelner, Velizhanil2]
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SM S functions A{]]
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5 d

f d_/ﬂai = Bi({aj},€)

® SM Gauge sector
® Yukawa sector:

o 2 |OOpSZ[FischIer, Oliensis’82; Machacek, Vaughn’84; Jack, Ostf4]
» 3 |OOpSZ[Chetyrkin,ZoIIer '12], [Bednyakov, Pikelner, Velizhanil2]

#® Higgs quartic couplings:

o ? |OOpSZ[ Machacek, Vaughn’'84; Jack, Osborn’84, Ford et al'92; L¥iao '02]
» 3 |OOpSZ[Chetyrkin,ZoIIer '12, '13], [Bednyakov, Pikelner, Velianin '13]
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SM S functions A{]]
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d
:uzd_/ﬂ@i = Bi({a;},€)
® SM Gauge sector

® Yukawa sector:
o ? |OOpSZ[FischIer, Oliensis’82; Machacek, Vaughn’84; Jack, Ostf4]
» 3 |OOpSZ[Chetyrkin,ZoIIer '12], [Bednyakov, Pikelner, Velizhanil2]

#® Higgs quartic couplings:

o ? |OOpSZ[ Machacek, Vaughn’'84; Jack, Osborn’84, Ford et al'92; L¥iao '02]
» 3 |OOpSZ[Chetyrkin,ZoIIer '12, '13], [Bednyakov, Pikelner, Velianin '13]

this talk: generalisation of the SM results for gauge sector
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#® Non-simple gauge groujs; X Gy X G5 . ..
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#® Non-simple gauge groujs; X Gy X G5 . ..
® Particle content:
#® Chiral fermions:Fy, = PLF = (:52) F

2
Fr=PpF = (2£2)F

2

ur, Vr,
v UR, dR7 LL — s €ERy

L €L

SM:QL —
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® Non-simple gauge groufr; X Go X Gs. ..
® Particle content:
#® Chiral fermions:Fy, = PLF = (:52) F

2
Fp=PrF = (2B)F
® Majorana fermionsi/
® Complex scalarss
® Gauge bosongd’
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® Non-simple gauge groufr; X Go X Gs. ..
® Particle content:
#® Chiral fermions:Fy, = P F = (:52) F

2
Fp=PrF = (2B)F
® Majorana fermionsi/
® Complex scalarss
® Gauge bosongd’

#® Interactions:
® gaugeo
® Yukawa:y, Y7
® scalar quartic interactions:
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® Feynman rules for chiral fermions
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Framework(2) XIT

Karlsruhe Institute of Technology

® Feynman rules for chiral fermions
#® all vertices acquird’;, or Pg

~ 197 r
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Framework(2) ﬂ(".

® Feynman rules for chiral fermions
#® all vertices acquird’;, or Pg
® propagators unchange®{ = P;)
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Framework(2)
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® Feynman rules for chiral fermions
#® all vertices acquird’;, or Pg
® propagators unchange®{ = P;)

& Group invariants: [R4, RP] = ifABC“RC

Tr (R*RP)

Ry R4,
5AA

5&&

P T (R)
0a5Ca(R)
d(Q)
d(R)

R4 generators of gauge gro@pin irr. rep. R
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Treatment of v ind # 4 ﬂ("‘

® 5 present in fermion loops
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Treatment of v ind # 4 ﬂ("

® 5 present in fermion loops

® Problematic diagrams have at maestple poles %
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Treatment of v5ind # 4 ﬂ("

® 5 present in fermion loops

#® Problematic diagrams have at mastple poles %
® “Semi-naive” scheme:

{v5,7.}=0 , =1
Tr(Y#9" 7P ) = —4i "7 + O(e)
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Treatment of v5ind # 4

® 5 present in fermion loops

#® Problematic diagrams have at mastple poles %
® “Semi-naive” scheme:
{7577#} =0 ) /Vg =1
Tr(*y 777 5) = =4 77 4 O(e)

& P9 1s aformalobject
® completely anti-symmetric

~UV PO e v _p o]
SHYP Euv' ool = g[u, 9., gp, ga,]
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Calculation

Bi

Z4, charge renormalization i = 1,2, 3, ...
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Calculation =0

7 —1
i ; 07, ; 04,
B = — e +2-0 ey <1+2O‘ )

Z,4 charge renormalization i = 1,2,3, ...
# Calculation ofg; at3 loopsrequires:
o 7, to3loops
® By uUpto 2 loops
® [yuptolloop
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Calculation ofZ,,, to 3 loops:

7 ZV Zl,gq;cq;c‘q; o Zl,gigq;gi

"o Hk V Zk,WF - Z2,Cz' V Z3,9z‘ B (\/ Z3,gz')3 B
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Calculation ofZ,,, to 3 loops:

ZV . Zl,gz'cq;c‘q; o Zl,gigq;gi

Hk V Zk,WF B ZQ,Cz' V Z3,gz' B (\/ Z3,gz')3

® O(5 x 10*) Feynman diagrams

AWW o> > -
/\/| ‘ Ir:'
' L]
AN Y ,
V| |l L’ 1
U227 T MNs SN A
AN ll N .
RN v I
\( I . 7_'1‘

AT < -- - -
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Calculation ofZ,,, to 3 loops:

7 ZV . Zl,gz'cq;c‘q; o Zl,gigq;gi

“o Hk V Zk,WF B ZQ,Cz' V Z3,gz' B (\/ ZS,gz')B

® O(5 x 10*) Feynman diagrams

SWW Lor - > -
/\/| ‘ Ir:'
| L]
AN v X
/’ || " // '
\ | l| AAVAV , A A
\\ ll N .
~< | 7_'1‘
W < «- -<-

® MSscheme
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Calculation ofZ,,, to 3 loops:

7 ZV L Zl,gz'cq;c‘q; . Zl,gigq;gi

“o Hk V Zk,WF B ZQ,Cz' V Z3,gz' B (\/ ZS,gz')B

® O(5 x 10*) Feynman diagrams

PAAAA Lor - > -
/\/| ‘ Ir:'

' L]
SN 3 X
/’ || e // [
M AN LA A
AN ll N .
RN v I

haww < - - -

® MSscheme

® 1 non zereexternal momentum & all masses setztyo
= MINCER [Larin, Tkachov, Vermaseren’'91]
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Automation ﬂ(".
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QGRAF
Y
g2e
Y
exp QGRAF [Nogueira’91]
g2e/exp[Harlander, Seidensticker, Steinhauser'97]
MINCER [Larin, Tkachov, Vermaseren’91]
MATAD [Steinhauser'00]
Y
MINCER/MATAD
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Automation ﬂ(".

Karlsruhe Institute of Technology

QGRAF|-
Y
g2e
Y
exp QGRAF [Nogueira’91]
g2e/exp[Harlander, Seidensticker, Steinhauser'97]
MINCER [Larin, Tkachov, Vermaseren’91]
MATAD [Steinhauser'00]
v FeynRules[Christensen '08]
MINCER/MATAD
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Internal checks
9 Z Zlvgq;cz'c_z' _ Zl,gigigi

\/Zk we ZoeinZag  (NZ34:)?

calculation for arbitraryz; gauge

complicated gauge invariants cancel out

o o @

G;=abelian 3V vertex zero to 3 loops ( sum @b 000 diagrams)
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Internal checks

.. Z Zl,gicic_i — Zl,gigigi —
e \/ Zk \WF Z2 i \/ Z3 94 (\/ Z3,9@')3

alculatlon for arbitrary?s gauge
complicated gauge invariants cancel out
G;=abelian 3V vertex zero to 3 loops ( sum @b 000 diagrams)

e o 0 0

IR safe for SM case:
massM +# 0 for all particles
asymptotic expansion faf > M?
= NO In(M?/q¢*) (up to 35 sub-diagrams/diagram)
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Internal checks
o Z Zlvgicic_i _ Zlagz’gz‘gi

EV Zk ,WF Z2 yCi \/ ZB,gi o (\/ZB,QZ')S -

calculatlon for arbitrary?s gauge

complicated gauge invariants cancel out

o o @

G;=abelian 3V vertex zero to 3 loops ( sum @b 000 diagrams)

Comparison with the literature
® 2-l00p Byukawa [Fischler, Hill'81; Machacek, Vaughn’83; Jack, Oshorrjg4
3-100p Bgauge fOr sSimple gauge groupickering, Gracey, Jones '01]

3-100p Bgauge IN SM [L.M., Salomon, Steinhauser '12], [Bednyakov et al '12]

e o o

3-100p Bgauge IN SQCD{Jack, Jones, North '96], [Harlander, L.M., Steinhaus@j 0
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Resultsfor agauge: G; x Gy X Gy. .. ﬂ(".

an _ (%)2 i [ _ %CQ(Gi) £ %T(Fi)d(Fj) £ —T(s,-)dwj)]

F S
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Resultsfor agauge: G; X Gy x G3. ..

N a;\2 1 34 2

o = (W> 16{ {_?CQ(GJ
' ;[302 ) + 20 (F)IT(F)d(F) + %:[202@) HACKSIT(S(5)|
n z;é: % |:2F: QCQ(FJ)d(FJ)T(Fz)d(Fk) -+ ;402(Sj)d(SJ)T(SZ>d(Sk):|
n EF: [— T(Fi)%Tr(YFRY;;R)} }
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Resultsfor agauge: G; X Gy x G3. .. %(IT

B(Sl)

(673 3 1 (0% 2857
(%) waln - e’
1415 5 20 .
D = ©2(Gi) +§CQ(G1)C2(F0—C2(R7L) [T (F:)d(Fy)

F

Z[%@( D2+ o Ca(G)0a(81) + 5 Ca(80)*IT(S1)d(S))
zz Gi) + 2 Ca(Fy) + 2 Ca(S)T(RT(S1)d(Fy ) d(S)

> [Zi@(a )+ 5 OB T (P )T (Fr 0)d(Fi ) ()

FTI’L7F?’L

Z [27 CQ(G ) - _02(57% z)]T(Sm Z)T(Sn Z)d(Sm J)d(Sn J)i|
Sm,Sn

S 2 S 2026a(Gh) — CalEIT(RCa(F)d(F)

iz LR

+ 3015 CaGi) + 2902 (SIT(S)Ca(S,)d(S)|
S
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Resultsfor agauge: G; X Gy x G3. .. %(IT

4 (ﬁ)z i{ S &5 Ak { — ;CQ(Fj)02(Fk)T(Fi)d(Fl):|

s 2 (2) [ S a(e)) - CaB)ICa (BT (R

T 2[63—76902<G )+ 2 O (8,)1C2(85)T(5)d(Sy)

— Z ECQ(Fm,j)T(Fn,j)T(Fm,i)d(Fm,kz)d(Fn,l)

- X 1_802(5””" )T (Sn,5)T(Sm,i)d(Sm,k)d(Sn,1)
SmSn

— ZZ 02(5 )T(S;)T(F;) + —02(F YT (F;)T(S;)]d(F)d(S)

vy

RADCOR 2013, Lumley Castle, 26 September 2013 L. Mihaila — 3-loop gauge3-functions in non-simple gauge groups —p.13
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_|_

(ﬁ)z 6_14{ S & Yk { _ ;CQ(Fj)CQ(Fk)T(Fi)d(Fz)}

> (%) [Z[%’Cz(G ) — Ca(F))]Ca (F)T(F)d(Fy)

2[63—2902@ )+ 2 0a(8,))Ca(S;)T(S)d(S)

S 5 Ca(Fo )T ()T (F i) d(Fon ) Fr 1)

Z 1—802(5m DT (Sn )T (S 1)d(Sm k) d(Sn 1)

ZZ Cz(S )T(S:)T(F;) + Cz(F )T (Fi)T(S5)1d(F)d(S)

® Yukawa and quartic scalar contributions/itickering, Gracey, Jones '01]
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Results for SM

s {48904% | T83anas 340103 N 540 A N 18ash  364% 2827 trT

L (am)* L 2000 200 80 25 5 5 200
ATlaotrl  116astrT 1267aitrB 1311astrB 68astrB  2529aitrL
B 8 5 200 40 5 200
1629cotrl,  183trB2  51(rB)?  157trBtrL,  261trL?  99(trL)?
B 0 T2 710 T 5 T T T 10
srT’B 339wr7?  17TaTtrB 199trTtrl  303(trT)?
i T 5 * 5 10
[ 232a7  Tajas  166ai  b48ajas  4asasz  1100a3 }
+ ng|— — — — +
75 25 15 225 5 9

135 15 135

o [ 836aF 440 1936a§”
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Results for SM

s {4890& | T83anas 340103 N 540 A N 18ash  364% 2827 trT

L (4m)* | 2000 200 80 25 5 5 200
ATlaotrl  116astrl’  1267aitrB 1311lastrB - 68astrB 2529 trL
8 5 200 40 5 200
1629cuatrL N 183tr B2 N 51(trB)? N 157trBtr L, N 261tr L2 N 99(trL)?
40 20 10 5 20 10
N 3trT'B N 339trT"2 N 177trTtr B N 199trTtrl,  303(tr1)?
2 20 5 5 10
[ 232a7  Tajas  166ai  b48ajas  4asasz  1100a3
+ ng| — — + — —
I 75 25 15 225 5 9
o2 [ 836a]  44aj 1936a§]}
¢l 135 15 135
A 1 T A 1 T - 1
7= —yUyU"  B— —yPyPt  j_ ~yLyL!
4 4 41
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Results for SM

s {48904% | T83anas 3401a3 N 54a1 )\ N 18ash  364% 2827 trT

L (am)* L 2000 200 80 25 5 5 200
AT1aotrT  116astrT’ 1267aqtrB 1311lastrB 68astrB 2529« trL
8 5 200 40 5 200
1629cuatrL N 183tr B2 N 51(trB)? N 157tr Btr L N 261tr L2 N 99(trL)?
40 20 10 5 20 10
N 3trT' B N 339tr12 N 177trTtr B N 199trTtr - 303(trT)2
2 20 5 5 10
N [ 2320% Tajas N 1665  548aias  4dasas N 1100043}
n J— J— J— R
17 s 25 15 225 5 9
o2 [ 836aF  44a; 1936a§”
¢l 135 15 135
(o, 0 O ag 0 0 1
tr'l’'B = tr 0 a O |Vekm | O as O V(;TKM
| 0 0 (o' 0 0 Op i
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Numerical &

'fects of 3-loop corrections ﬂ("‘

3 loopeffects to thes functions in SM

o 61:
o 52:

$ 63:

2.2
s

2 92
o3
Oé%(){:g

4
o

4
(g

Oég()ég

2 2
3y
Ckngt

2 9
3y

(+90%)

(+56%)
(+13%)
(+37%) [Pickering, Gracey, Jones '01]

(+ 137%) [Tarasov, Vladimirov, Zharkov’80, Larin, Vermaseren’'93 |
(+45%)

(+17%)

(-112%) [Steinhauser'99]

(+28%)

iy (-16%)
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Numerical analysis ﬂ("

SM Input parameternsoai:

sin? @M>3

= 0.23119 & 0.00014,
a = 1/137.036,

Aal” = 0.02761 £ 0.00015,
a,(Mz) = 0.1184 = 0.0020.
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Numerical analysis ﬂ("

Conversion taviS scheme &5 active flavours
. 2
Ag®M _ A,0)08 & 00 1 Zln Mz
T\ 27 6 4 Mz
0.0072 [PDG]

Q

ON(My) = -
o Z
1 — Aag — Acv}(lz)d — Aagié —0.0072
1

127.960 = 0.021

[KUhn, Steinhauser '98; Steinhauser’'98; Teubner et al'10]
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TOp-quark threshold eﬁ:ECtlSnchiotti et al '92, Chetyrkin et al '98]

MS(M,) = 1/(128.129 + 0.021)
sin? @ OMS(\7,) = 0.23138 +0.00014,
O)(My) = 0.1173 + 0.0020.

= ready for running to high energies
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Numerical analysis ﬂ("

N——"

0.07514 ,
0.00002064 ,
8.077-107°,
Ar\ = 0.13.
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O
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Numerical analysis ﬂ("

aMS (My) = 0.07514,

aMS (M) = 0.00002064,

aMS (My) = 8.077-107°,
Ar\ = 0.13.

#® For consistency we need:
® 1-loopdecouplingHempfling & Kniehl '95]
2-l00p RGEs for Yukawa couplingsee p.5]

® nodecoupling
1-loopRGEs for Higgs quartic couplingee p.5]
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Running in SM ﬂ(".

0-01:‘\“‘\“‘\“‘\“‘\“
2 4 6 8 10 12 14 16

log, (W/GeV)
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Running in SM
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Running in SU(B5)+ 24
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Karlsruhe Institute of Technology
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Running in SU(5)+ 24 ﬂ(".

SM—-SM+I3 - SM+I"+ 05 — SM+15+0g + X — SU(5)+24F
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Running in SU(5)+ 24

IT
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Conclusions A“("'

o Gauges functions to3 loopsin terms of group invariants

°

Automated setup

® Numerical effects for models based on SM:
a1, ap ~ present experimental uncertainty

# Essential tool for constraining BSM

RADCOR 2013, Lumley Castle, 26 September 2013 L. Mihaila — 3-loop gaugeg3-functions in non-simple gauge groups —p.19



Anomaly Cancellation ﬂ("

Das, = STr(R®R,R]) =0
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Anomaly Cancellation ﬂ("

Das, = STr(R®R,R]) =0

Examples
® U(1)~U(1) = U(1): Dapy = Sp Y =0
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Anomaly Cancellation ﬂ("

Das, = STr(R®R,R]) =0

Examples
® U(1)=U(1)=U(Q1): Dapy =3 pYp =0

sm: 2 (1) P o (L) wax () sax (L) —o
' 2 6 3 3/
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Anomaly Cancellation ﬂ("

Das, = STr(R®R,R]) =0

Examples
® U(1)=UQ)=U(Q1): Dagy =2 pYp =0
® U(l)—G-G:
Dopy = 2op YPTr(RIRY) = 301 Y C2(R)dg, = 0
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Anomaly Cancellation ﬂ("

Das, = STr(R®R,R]) =0
Examples
® U)—UQ)—UQ): Dopy =>.p Y3 =
® U(l)—-G-G:
Dapy = 2 p YFTH(RORY) = 371 Vi Co(R)dgy = 0

1 2 1
SM and G:SU(3) : CQ(R)é/h <2 X (_6)+§_§> =0
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Anomaly Cancellation ﬂ("

Das, = STr(R®R,R]) =0

Examples
® U(1)=UQ)=U(Q1): Dagy =2 pYp =0
® U(l)—G-G:
Dopy = 2op YPTr(RIRY) = 301 Y C2(R)dg, = 0
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Running in SU(5)+ 24 ﬂ(".

SM—-SM+I3 - SM+I"+ 05 — SM+15+0g + X — SU(5)+24F
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