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TOP PAIR PRODUCTION AT THE LHC

CMS Preliminary\s = 7 TeV

T 125ep 2013
ATLAS Preliminary NNLOKNLL (0pre 20)
CMS e/p+ets 158+ 2:10+ 4 PDFALHC m,,, = 172.5 GeV.
Phys. Leit B 720 (2013) 83 (val. & stat. & syst. lumi) - = scale uncerta
(=22:231) Data 2011,¥s =7 TeV ScalePDF m!uamw

st uncarainy

Channel & Lumi. s oy S

CMS dilepton (ee,ujt.ej1) 162+ 2+ 5+ 4

JHEP 11 (2012) 067 (L=2.3) (val £ sat. syst. £ umi) Single lepton  0.70 fo! 17924£9:7pb

Dilepton 0.70 fo" 173671 *3pb
CMS all-hadronic 139+10+26+ 3 fytind: 167218786 pb
arXiv:1302.0508 (L=3 5/fb) (val. £ stat. £ syst. £ lumi) )

Combination 177£35+7pb
CMS dilepton (et ut) 143+14+22+ 3
Phys. Rev. D 85 (2012) 112007 (val. £ stat. £ syst. = lumi) Single lepton, b — Xuv. 16542+ 17£3pb
(=221) 466 b

Gy tiels 16710 194+ 18:+ 46 pb
CMS t+ets 152+12+32+ 3 Ty + lepton  2.05 10" 186+ 13+20+ 7 pb

ariv:1301.5755 (L=3.9/fb) (val. £ stat. + syst. & lumi)

All hadronic 168+12°2+7pb
S0 NNLOYNNLL QCD, Czakon et al. ankiv:1303.6254 47" | | | |
[EE0 Approx. NNLONINLL QCD, Aliev et al., Comput Phys.Commun. 182 (2011) 1034|
A 0o NWLOMNLL SCD. Ko, P e 2 e 14000 50 100 150 200 250 300 350
E=nioee
| | | | | G, [pb]
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ot (pb)

LHC precision below NLO accuracy already
full WWhbb at NLO: see talks by S. Kallweit, J. Schlenk

mass schemes: see talk by Dowling

recent threshold /resummations, approx. NNLO:

Beneke, Falgari, Klein, Piclum, Schwinn, Ubiali, Yan; Aliev, Lacker, Langenfeld, Moch, Uwer, Vogt,
Wiedermann; Cacciari, Czakon, Mangano, Mitov, Nason; Ahrens, Ferroglia, Neubert, Pecjak, Yang;
Kidonakis, see talk by A. Penin

@ full NNLO total o (numerical methods):
Barnreuther, Czakon, Fiedler, Mitov '08-'13, see talk by M. Czakon
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ANALYTIC NNLO CALCULATION

motivation for analytic approach:
o understand structure
@ robust, fast, precise numerical evaluations

@ cross-check

ingredients:

° : two-loop ME for qg — tt and gg — tt
leading N, (light) fermionic: Bonciani, Ferroglia, Gehrmann, Maitre, AvM, Studerus '08-'13
poles: Ferroglia, Neubert, Pecjak, Yang '09
small mass: Czakon, Mitov, Moch '06
one-loop?: Kniehl, Kérner, Merebashvili, Rogal '05-'08, Anastasiou, Aybat '08

° : one-loop ME for tt + 1 parton

Dittmaier, Uwer, Weinzierl '07, '09; Bevilacqua, Czakon, Papadopoulos, Worek '10, '11; Melnikov,
Schulze '10

° : tree level ME for tt + 2 partons
@ | subtraction terms | up to 2 unresolved partons needed

Kosower '97; Weinzierl '03; Frixione, Grazzini '04; Gehrmann-De Ridder, Gehrmann, Glover '05; Somogyi,
Trocsanyi, Del Duca '06-'08; Abelof, Boughezal, Daleo, Dekkers, Gehrmann, Gehrmann-De Ridder,
Maitre, Luisoni, Ritzmann '06-'12; Gehrmann-De Ridder, Glover, Pires '10-'11; Bernreuther, Bogner,
Dekkers '11; Bierenbaum, Czakon, Mitov ‘11

MANTEUFFEL (UNI MAINZ) ToPS AT TWO LooPs, GPLs, REDUZE 2 RADCOR 2013 3/22



METHOD OF CALCULATION

complexity:
o 2 independent ratios of scales, tensor rank 4
o 256 master integrals (w/products, wo/crossings)

o advanced mathematical functions
this talk: light-fermionic two-loop corrections to gg — tt

RECIPE
@ generate Feynman diagrams with QGRAF by Nogueira

build interference terms with Reduze 2

reduce scalar integrals to masters via IBPs with Reduze 2

(2}

(8

© renormalize: I\/TS, pole mass

@ solve masters with differential equations
(6]

optimisation of functional basis for multiple polylogs

= analytic result in terms of multiple polylogarithms,
allows fast numerical evaluation, expansions, ...

ANDREAS V. MANTEUFFEL (UNI MAINZ) ToPs AT TWO LooPs, GPLs, REDUZE 2 RADCOR 2013

4/22



Reduze 2 - Distributed Feynman Integral Reduction

A.v.M., Studerus
arXiv:1201.4330
http://projects.hepforge.org/reduze

uses GiNaC [Bauer, Frink, Kreckel] and Fermat [Lewis]
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http://arxiv.org/abs/1201.4330
http://projects.hepforge.org/reduze

REDUZE 2: DISTRIBUTED LAPORTA ALGORITHM

~—> communication
= role transition

MPI processes
in Reduze 2

clients

reduction of single sector: reduction of sector selection:
——— : i h -
au ~ sector B, GiNaC - -- [rl .
RSN sector B, Fermat —— .
10 b "\\ sector A, GiNaC - i .
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REMOVING AMBIGUITIES FOR INTEGRALS

crossing of legs
Gt
ia shift
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REDUZE 2: SECTORS, GRAPHS AND MATROIDS

‘ integral A (propagators) ‘ —— Fshift? @ —— ‘ integral B (propagators) ‘

J{ construct l construct
graph A +<——— isomorphic ? ——— graph B
@ problem: graphs not unique !

. same propagators
€8 but not isomorphic

o solution: select unique representative by allowing for twists

based on: | first Symanzik polynomials I/ isomorphic < graphs isomorphic up to twists

theorem by Bogner, Weinzierl (2010), proof based on Whitney's theorem for isomorphisms
of graph matroids
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ALGORITHM: SHIFT FINDER

© generate graph for sector
colour edges according to masses

connect external legs with a new vertex

(2]
(8]
@ decompose into triconnected components (Hopcroft, Tarjan ‘73; Gutwenger, Mutzel '01)
@ minimize graph by twists

(6]

check for graph isomorphism (McKay '81)

example:

@H

tree of triconnected components
(dashed “virtual edges” mark positions for Tutte twists)
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APPLICATION EXAMPLE

auto-generated shifts for non-planar double box family

Datei Bearbeiten Ansicht Verlauf Lesezeichen Einstellungen Hilfe
sectormappings : M
name: boxzn

zero_sectors:

[1, 4, 16, 64, 256]
[3, s, 6 12, 17, 18, 20, 24, 48, 65, 66, 68, 72, 80,
... truncated ]
sectors_wi thout_graph:

96, 192, 257, 260, 272, 320]
[22, 28, 52, 82, 84, 88, 104, 112, 276]
[23, 29, 30, 53, 54, 60, 83, 85, 86, 89, 90, 92, 105,

[31, 55, 61, 87, 91, 93, 94, 107, 109, 110, 115,
[ ... truncated ]
sector_relations:

3: [[box2p, 3], [[k1, k1], [k2, k2]1]
: [[box2p, 3], [[k1, -p1tk2], [k2, k1]]]

L LKL, k1-p1l, [k2, k2111

, LIkL, k1-p1], [k2, k2-p2]1]

o [k, ki-p1l, [k2, k2-p2]1]
58], [[k1, -p1+k2], [k2, k1-p1-p2]]]
[boxzp, 31, [[k1, kz2+p3l, [kz, k1111
[box2px13x24, 111, [[k1, k1+p3l, [k2, k2111
[boxzp, 31, [[k1, k2+p3], [k2, k1-p2]]
[box2px13x24, 111, [[k1, ki+p3], [k2, k2-p2]1]
[box2px12x34, 11], [[k1, k2+p3], [k2, k1-p2]]]
[box2px13, 581, [Ik1, k2+p3l, [k2, kl-p2+p3ll]
... truncated ]
crossed_sector_relations:

106, 108, 113,

114, 116, 120, 21
117, 118, 121, 122,

124, 211, 213, 21

+ [lbox2n, 207],
35: [[boxzn, 335],

[[k1, -k2-p2], [k2, -k1-pl1]
[lboxzn, 4631,

111
[k, -k2-p2], [k2, -ki-p111]
[k1, -k2-p2], [k2, -k1-p1ll]
: [lboxzn, 335], [[k1, -k2-p2], [k2, ki+p1-k2]]]

[[box2nx14x23, 335], [[k1, -kl+pl+k2-p3]]]

[lboxanx14x23, 335), [[k1, -ki+pltk2-p3], [k2, -k1+p1rp2-p3ll]
[lboxanx12¢34, 335], [[k2, k1-k2+p2]]]
sector_symmetries:
207:
[k1, -k1-p1), [k2, -k2-p2]]
- [k, -k2-p2], [p1, p2], [k2, -k1-p1], [p2, p1], [p3, pl+p2-p3]]
[lk1, k21, [p1, p2l, [k2, k1l, [p2, pll, [p3, pl+p2-p3]]
463:

"Lk, K21, [y, p2), (kz, K11, [p2, pll, [p3, pLepz-p3l]

figures : less

TOPS AT TWO LOOPS, GPL:
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NEW FEATURES IN REDUZE 2

new features in upcoming release:

o bilinear propagators (shift finder etc.)

1
qi1q2 — m?
used extensively for 3-loop heavy flavour Wilson coefficients in DIS,
see talk by A. de Freitas
o cut propagators
o Symanzik polynomial based integral matcher (see also Pak (2011))

o family finder

ANDREAS V. MANTEUFFEL (UNI MAINZ) ToPS AT TWO LooPs, GPLs, REDUZE 2 RADCOR 2013
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NEW MASTER INTEGRALS

T O LT
10 O

e e

X p

(thick line: massive, thin line: massless, dot: squared propagator, ticks: numerator)

AvM, Studerus [arXiv:1306.3504]

@ solved with method of differential equations
see talks by L. Tancredi, J. Henn

o constants: regularity, symmetry, Mellin-Barnes
o used MB.m by Czakon ‘05, planar: AMBRE by Gluza, Kajda, Riemann ‘07 + Yundin ‘10
o checks: SecDec 2.1 by Borowka, Heinrich '13

o crossed+tuncrossed subtopos: non-trivial functional identities, explicite imaginary parts

V. MANTEUFFEL (UNI MAINZ) ToPs AT TWO LooPs, GPLs, REDUZE 2 RADCOR 2013 12 / 22
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MULTIPLE POLYLOGARITHMS

Remiddi, Gehrmann; Goncharov:

DEFINITION OF GONCHAROV’S MULTIPLE POLYLOGARITHMS (GPLS)

G(0n; x) = % log”(x),
G(a;x):/xdt fa(t), fora#0
0
G(a, b; x) = /X dt f,(t)G(B;t), fora#0
0

with weight functions for (complex) weight a:

1

X —a

fa(x) =

o G(a#0;x)=log (%), G(0p_1,1;x) = Lin(x), G(On, 1p; x) = Sn,p(x)

o for weights 0,1, —1, GPLs specialize to harmonic polylogarithms (HPLs),
Remiddi, Vermaseren (1999)

o shuffle algebra

ANDREAS V. MANTEUFFEL (UNI MAINZ) ToPs AT TWO LooPs, GPLs, REDUZE 2
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GENERALISED WEIGHTS

generalised integration measure

dt f'(t)
t—w - f(t)

dt =dIn(f(t))

defines generalised weight [f(0)]:

f'(t) .
7o) G(wa,...,wn;t)

X
G([f(o)l,w,...,wn;x):/ dt
0
example:

x 2t x 1 x 1
G([0% + 1]; :/dt :/dt /dt—:c'; G(—i;
([0 +1]; x) i A P o e (i7x) + G(=i; x)

root-free symbol:

S(G([f(0)]:x)) = S (In(f(x))) = £(x).

o see: integrated jet mass distribution in SCET, AvM, Schabinger, Zhu [arXiv:1309.3560]
o related: Ablinger, Bliimlein, Schneider '11 (cyclotomic polylogs)

RADCOR 2013 14 /22
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http://arxiv.org/abs/1309.3560

x? 0. .
= Z lie' + O(e),

m*(1 — x)2(1 — x + x2 + xy)

i=—4
e
LT
7 384
/ 2 G(—(1— x+x)/xiy) + - G(~Liy) = —=G([L — 0+ 0l:x) - —=G(Lix)
3= ———=G(—(1—-—x+4+x7)/x; —G(-1,y) — — —o+07];x)— — X
T 7102 YT 64 T 16
11 5
+EG(O,X)7EI7T
1 1
Iz = 4755 G(=(1 = x +x)/x:y)" = S G(=(1 = x+x°)/xy)G(~1;y)
1 1
+%G(—(l—X+X2)/X;y)G([1—o+o2];x)+gG(—(l—x+x2)/x;y)G(1;x)
7 1 1
- %G(—(l —x+x")/x1y)G(0; x) — aG(—l;y)2 - EG(—I;y)G([l — o+ 0%;x)
+ 1(;( 1 y)G(0; x) + L G([1 — o+ 07 )2+1<;([1 + 0%; x)G(1; x)
—G(—1; T X — —o+4+07];x - — o+ 07];x T X
32 Y 192 8
7 1 3 1
— g6 —o+ 0%; x)G(0; x) + E(;(1;x)2 — 16 6(0:0)6(1ix) + ﬁG(o;x)2
1 1 1
+ %iﬂG(f(l —x+x3)/xy) — ﬁin(fl;y) + %i'/rG([l — o0+ 0%;x)
1. _ 7. _ 35,
+ élﬂ'G(l,X) - %mG(O,x) Ti52™
I_1 = ... (very lengthy)
— 1—4m2 /s—1 _ 2
where x = 7\/m+1 L,y =—t/m

7. MANTEUFFEL (UNI MAINZ) ToPS AT TWO LooPs, GPLs, REDUZE 2 RADCOR 2013
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2 0
X .
_ S bl + 0,
ML — xR0 — x4 2+ xy) A= 00

——

simplified version (via symbols):

.= 7
7 384
/ ! In(y1 + z1) + ! | > | + L
3=——1n —Iny; — —Inz + —im
BT Ty WA T e M T 19y T T 3
1 1 1 1 1
|_, = 7y In2(y1 +2z1) — o In2y1 + 195 In? z1 — 2 Iny;Inz + T InzyIn(yr + z1)
1, S L a7,
- —1 n Z - —1 nzg — ——
R TR T T A T T
1 Nz 1 . iza 1 2 1 2
-1 =——G|(1,0,0; — —inG(1,0; + —1 | — —InzIn + z
1 ED) ( y1+21> 32171' ( y1+21) 16 nyyinz 16 1 In" (1 1)

1. 5 , 1, 1, 2 ,
—iml | — 7| — —7| — — —n
+ 8/71' nzyIn(ys + z1) + %Tr n(y1 + z1) 2471' nyi 3 n’z; + 2887r nz

55¢(3) 5.3
— — —im
192 96

new functional basis: Li3 (y{lﬁl ), Liz (.V}l/lfil)' In(y1 + z1), log y1, Inz

where y; = —t/m2 +1,z1=—-u/m*+1

similarly for poles of corner integral, instead of 28 (65 expanded) GPLs

MANTEUFFEL (UNI MAINZ) ToPS AT TWO LooPs, GPLs, REDUZE 2 RADCOR 2013
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ALGORITHMS FOR MULTIPLE POLYLOGARITHMS

main algorithms:

@ normal form for specific arguments

>
>

independent of symbol calculus
uses Vollinga, Weinzierl '04 for numerical evaluation, fits constants

@ coproduct based normal form for general choice of basis

>

| 3
>
>
>

based on Goncharov '02, Brown '11, Duhr '12, Duhr, Gangl, Rhodes ‘11
handles generalised weights

identifies products (e.g. G(0,1; x) + G(1,0;x) — G(0;x)G(1;x))
matches irreducible factors at symbol level

uses Vollinga, Weinzierl '04 for numerical evaluation, fits constants

@ construct new basis with desired properties

>

based on Duhr, Gangl, Rhodes ‘11, apply to generalised weights

MANTEUFFEL (UNI MAINZ) ToPS AT TWO LooPs, GPLs, REDUZE 2 RADCOR 2013
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DEFINITION OF SYMBOL MAP
Let G be a multiple polylogarithm with

d6 =3 Gdin(R)
where R; is a rational function of the polylog arguments. The symbol map S
S(G) = ZiS(G,-) ®R;,

associates a tensor with the polylogarithm.

o N = 4 remainder function simplification: Goncharov, Spradlin, Vergu, Volovich ('10)

o extension to coproduct formalism: const X polylog

o simple example: supplementary slides

7. MANTEUFFEL (UNI MAINZ) ToPs AT TWO LooPs, GPLs, REDUZE 2 RADCOR 2013
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LIGHT FERMIONIC TWO-LOOP CORRECTIONS TO gg — tt

PO G OmCm

m
000000 l—e— | more

Bonciani, Ferroglia, Gehrmann, AvM, Studerus [arXiv:1309.4450]

0000G

gg channel: 789 two-loop diagrams (4 ghost init.)

2Re (MO |MP) = 2Ce N (N2A + NB + ﬁc L mD

+ Nf"/El + nFi+ =G + Nen?H; + f'l

N2 Nc

2 Nh 2 ”f.
+ NZnpEp + npFp + 7Gh + NenyHp + ﬁlh
c

n
+ NeninpgHin + J||h)

/. MANTEUFFEL (UNI MAINZ) ToPS AT TWO LooPs, GPLs, REDUZE 2 RADCOR 2013 19 / 22
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STRUCTURE OF RESULT AND OPTIMISATION OF BASIS

(A) initial form given by masters:
evaluation time O(min), not very stable

(B) primary normal form:

1 1+ x? 1- 2
G(...;y), Weightse{fl,o,ff,fx,f( +x)77( X+X)}
X X X

G(...;x), weights € {—1,0,1,[1 + o?],[1 — o+ 02]}

note: jump in transcendentality weight from 2 for e~ ! to 4 for ® for E;, F;, G;

(C) optimised functional basis:
choose real valued In Ry, Lis(R1), Li22(R1, R2) with

1 +2z(x,
Ri € {:tX, th27 Ty =Y, 7%7 7X(X+y)7 %a -= ijj;iy)’}

structure:

@ no spurious letters in symbol

o all generalised weights eliminated (multivariate cancelations)
numerical evaluation:

o faster by factor 15

@ more stable
e eval time O(1s)

. MANTEUFFEL (UNI MAINZ) ToPS AT TWO LooPs, GPLs, REDUZE 2 RADCOR 2013
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/s

(t — m?)

5/(4,7,2
)—1
P

n=




CONCLUSIONS

e tt: analytic two-loop corrections
> leading N. + (light) fermionic
> massive non-planar double box (update to appear, Henn, AvM, Smirnov)

> expansions in kinematical limits

@ Reduze 2: open source tool
> parallelized reductions of Feynman integrals
> graph matroid algorithm: determine shifts between sectors or diagrams
> new features: bilinear propagators, ...

> determination of integral basis: talk by R. Schabinger

e multiple polylogarithms:
> highly automated treatment of functional identities (coproduct etc.)
> generalised weights eliminate weights with roots

> optimized basis for fast and stable numerical evaluation

> next big step: iterated integrals beyond multiple polylogs
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SUPPLEMENTARY SLIDES

@ AVAILABLE JOBS IN REDUZE 2

@ DEFINITION OF MATROID

@ RULES FOR SYMBOL

@ EXAMPLE FOR SYMBOL CALCULUS

(0] COPRODUCT: SYSTEMATIC APPROACH

UFFEL (UNI MAIN AT TWO LOOPS, C

REDUZE 2



AVAILABLE JOBS IN REDUZE 2

E] andre b;

Datei Bearbeiten Ansicht Verlauf Lesezeichen Einstellungen Hilfe

andreas@chili:~$ reduze -h jobs &

List of available job types:

apply_crossings: Generates reduction results for crossed sectors.

cat_files: Concatenates files.

collect_integrals: Collects all integrals appearing in the input file.

compute_diagram_interferences: Computes interferences of diagrams.

compute_differential_equations: Computes derivatives of integrals wrt invariants.

export: Exports to FORM, Mathematica or Maple format.

find_diagram_shifts: Matches diagrams to sectors via graphs.

find diagram shifts_alt: Matches diagrams to sectors via combinatorics.

l|lgenerate_identities: Generates identities like IBPs for given seeds.

generate_seeds: Generates integrals from a sector.

1nsert_reductions: Inserts reductions in expressions.

normalize: Simplifies linear combinations and equations.

print_reduction_info_file: Analyzes reductions in a file.

print_reduction_info_sectors: Analyzes reductions available for sectors.

print_sector_info: Prints diagrams and other information for sectors.

reduce_files: Reduces identities in given files.

reduce_sectors: Reduces integrals from a selection of sectors.

run_reduction: Low-Llevel job to run a reduction.

select_reductions: Selects reductions for integrals.

setup_sector_mappings: Finds shifts between sectors via graphs.

setup_sector_mappings_alt: Finds shifts between sectors via combinatorics.

sum_terms: sSums terms.

test: Empty job template.

verify same_terms: Verifies two files contain the same terms.

andreas@chili:~¢ I ~
v

| andreas : bash |

detailed description: see builtin on-line help
(UNI MAIN Loops, GPLs, REDUZE 2 RADCOR 2013
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DEFINITION OF MATROID

A matroid is a pair (E,Z) where E finite ground set, Z collection of subsets of E, the
"independent sets”, and

0o 0eZ
eif/€Zand /'’ Clthenalso !’ €T
ifh,h €T, |/1|< |I2|then de € b — I; with IlLJ{E}EI

@ generalises notion of linear dependency
@ graph matroid: dependencies of edges

o application to Feynman graph: propagators relevant, no reference to vertices

propagators of two vacuum diagrams related by shift < graph matroids isomorphic

/. MANTEUFFEL (UNI MAINZ) ToPs AT TWO LooPs, GPLs, REDUZE 2 RADCOR 2013 25 / 22



DEFINITION OF SYMBOL MAP
Let G be a multiple polylogarithm with

dG =) Gidin(R;)
where R; is a rational function of the polylog arguments. The symbol map S
5(6)=3 S(G)®R;,

associates a tensor with the polylogarithm.

examples:
e S(lnx) =x
o S(Lisx) =—((1—-x)®@x®x)
e S(G(1,0,-1,-1,x)) =1+ x)® (1 +x) dx® (1 —x)

RULES FOR SYMBOLS
Ri- ®@(RaRp)® Rk =Ri- - QRa® - R+ R+ Q@ Ry ® - - - R (log law)
o R ®(cR)®---Rk=R1-- QR ®--- Ry for constant ¢

o preserves shuffle product

o N = 4 remainder function simplification: Goncharov, Spradlin, Vergu, Volovich ('10)

@ extension to coproduct formalism: const x polylog

ANDREAS V. MANTEUFFEL (UNI MAINZ) ToPs AT TWO LooPs, GPLs, REDUZE 2 RADCOR 2013
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EXAMPLE FOR SYMBOL CALCULUS

goal: derive "simplification formula” for Li2(1/x) with0<x <1, Imx=¢

S(Lia(1/x)) = —(=1+1/x) @ (1/x)

=(1-x)®x—x®x
= S(— Lia(x) — (1/2) In? x)
reproduces the highest degree part of the full answer

Lia(1/x) = — Lia(x) — (1/2) In® x + imIn x — (2/3) 7>

note: works at highest degree only
e S(In(—x)) = S(In(x)): no info on discontinuity
e §(m) = 8(¢3) = 0: no constants

"integrating the symbol” = algorithmic reduction (structured with shuffle eliminators)
Duhr, Gangl, Rhodes (‘11)

ANDREAS V. MANTEUFFEL (UNI MAINZ) ToPS AT TWO LooPs, GPLs, REDUZE 2 RADCOR 2013
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What about subleading degree terms (const x polylog) ?
@ accessible by coproduct: Goncharov ('02), Brown ('11)
o extended symbol calculus based on coproduct by Duhr ('12) with:

Alr)=7®1
AG)=C®1+1®¢  for k (odd)

example: A1 (Li2(1/x)) = —In(1 —1/x) @ In(1/x)
In(1 — x) ® In(x) — In(x) ® In(x) + iT™ & In(x)

= A1, (= Lia(x) = (1/2) In(x) + im In(x))

reproduces identity up to pure constant, fix by limits or numerical evaluation:

Li2(1/x) — ( = Li2(x) — (1/2) In?(x) + i7 In(x)) = —6.5797362673929 - - - = —(2/3)7>
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DEFINITION OF THE COPRODUCT
For a multiple polylogarithm

dt
t—ap

an+1
I(ao;alv'“aan;an-%—l):/ I(a0; a1, ... an—1; t)

20
the coproduct A is defined according to Goncharov ('02):

k

A (I(ag; a1, - -, an; ant1)) = > I(a0; iy, - - 3 ant1)®] [ 1(@iy: @ips1s - - By —13 A,
0=i<...<igy1=n p=0

v

examples:
e A(In(x)) =1®In(x)+In(x) ®1
e A(Liz(x)) =1 ® Lia(x) — In(1 — x) ® In(x) + Liz(x) ® 1
° A(In(x)In(y)) = 1 @ (In(x) In(y)) + In(x) @ In(y) +In(y) @ In(x) + (In(x) In(y)) © 1

RULES FOR THE COPRODUCT
e coassociativity ((d®@ A)A = (A®id) A
e compatible with product: A(a- b) = A(a) - A(b) where
(a1 ® a2) - (b1 ® bp) = (a1 - b1) ® (a2 - b2)

note: coproduct means " decomposition”
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GRADED DECOMPOSITION WITH THE COPRODUCT

o Hopf algebra of multiple polylogs graded by weight:

since coproduct preserves weight we may decompose

Ho 2 P Ho® Ha
pta=n

and define Ap 4 to be the part with values in H, ® Hq

@ iterated coproduct:

HEHOH2ES HeoHeoH 2299 y o neHOH

and corresponding parts Ap ... r

o | symbol S = maximally iterated coproduct A .31 mod w
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systematic procedure: gg — tt at two-loops application:
Q fix maximum degree 4 part with symbol, substract from original expression

@ take A1.1,1,1, use unique set of real In, gives
iT™® A1 1,1(something)

match "something” at degree 3 to basis functions using symbols

@ take A 1,1, use unique set of real In, Li>, gives
= ® Aq,1(something)

match "something” at degree 2 to basis functions using symbols

@ take A3z 1, use unique set of real In, Lip, Li3, gives
¢(3) ® somethingl + i7> ® something2

read off "somethingi” (just logs) at degree 1

@ numerical evaluation, match against
im(3, L

(requires matching of degree 3 and lower, obtained by recursion)
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expansions at threshold: 8 = /1 —4m?/s — 0 (fixed £ = (1 — cos(6)/2))
change GPLs to

1 1
G(...;B), weights € {—1,07 1, ———,

2 2 2
T —ﬁ,[l-‘ro],[3+O],[1+20(1_2£)+0]7~-}

G(...;€), weights € {0,1}

then expand in 3, gives e.g.:

1[G 1442] 1(42 17> 1
G== |2 22l 22 20) 2 016¢,In2 + 4801In2 — 273¢s — 6C3 + 211
! B[z—: 3 | T2 3 13) 13 (316@In2+4800n G~ 60 +211)

3
+8 [% — 4G - 8C2] +0(8%)
expansion for small mass (“high energy”): m?/s — 0 (fixed ¢ = —(t — m?)/s)

change GPLs to:

G(...;x), weightse{71,0,1,7%,7%,[1+o2],[170+02], 1+01;2¢+o2},...}

G(...;¢), weights € {0,1}

then expand in m?/s
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6 20 B
exact
8 exact; . 10 O((m?/5)°)
-10 ol O((m?/s)")
12 - O((m?/s)°)
1 ~10
10
20
10 20
0
1 0
-20 20
10 0
0 s
10
20 ~10
-30 R
" 15
| H
05 027
02 0.26
0
H Hu
-02 0.25
—04 ~0.30
-6 J-0.35
—08 ;
—04 b I I
05 -
~06
-0
—0.8
1ro, Tin
0.8 N
06
0.50 <
0.4 045
0 02 04 06 08 101 1 10
8 "
left: threshold expansion, 8 = 4/ 4m? /s, cos 6 = 0.7
right: “high energy” expansion, n = s/(4m2) —1,¢=—(t— mz)/s =0.35
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