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IR SINGULAKRITIES

Motivation

IR singularities are key to cross section calculations
(subtraction, resummation)

Window to all-order structure of scattering amplitudes

Strategy w
Compute the renormalization Z of a product of ~ %%

non-lighlike Wilson lines (%81 ® ¢35, © ---93,) /

dz
= —ZTI'
dln p

The soft anomalous dimension
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FROM W¢EBS TO POLYLOGS

Part I: The non-Abelian exponentiation theorem

Part II: evaluating gluon-exchange webs
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DINGRAMMATIC
SOFT GLUON €EXPONENTIATION

S=expw = <¢51 =Y Cbﬁg & ---¢Bn>

Abelian case (1961)

Yennie-Frautschi-Suura

Non-abelian, colour singlet (two-line) case (1983)
Gatheral, Frenkel-Taylor

Non-abelian, multi-line case (2010-2013)
EG-Laenen-Stavenga-White & Mitov-Sterman-Sung

EG-Smillie-White
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EXPONENTIATION IN AN ABELIAN THEORY

» The exponent only receives contributions from connected diagrams:
(“connected” is defined after removing the Wilson lines!)

» Expanding the exponential exactly reproduces all disconnected diagrams:

4 ¢4
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NON-ABELIAN €EXPONENTIATION
IN THE TWO-LINE CASE

» Diagrams fall into two categories:

Reducible colour structure -

Has a cusp-related subdivergence -

Irreducible - No subdivergences - Contributes to exponent Dabscind oo bt

Diagrams contributing to the exponent (webs) have a non-Abelian colour factor
and no subdivergences!

» This goes hand-in-hand with the renormalization of the cusp: webs have a single

overall divergence

PEIRZ22 N i i 73
Zi— exp{§/u2 VFS(QS(AQ))} = exp{ 2—€Fé)as+ 4—€Ff§)a§—l— &Fg)ai’ + O(al)
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NON-ABELIAN €EXPONENTIATION:
VR TSl e @ C AN E

In the multi-leg case this separation breaks down:

reducible diagrams do contribute to the exponent ...

Is the colour factor still non-Abelian?
How can we compute the exponent directly? if so what do we gain?

Reducible diagrams have subdivergences - how is this consistent with
renormalizability of the vertex?
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GENERALISED NON-ABELIAN
EXPONENTIATION THEOREM

S =expw = (g, ® g, Q ...035.)

Theorem: all colour structures in the exponent w

correspond to connected graphs

EG-Smillie-White (2013)
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NON-ABELIAN €EXPONENTIATION: MULTI-LEG CASE

Are reducible graphs reproduced by exponentiating lower order ones ?

Exponentiating;: j - >é
(la) (1b)
At 2-loops, do we get % + % 7
(2a) (20)
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NON-ABELIAN €EXPONENTIATION: MULTI-LeG CASE

1 1 2
Exponentiating:
D(14) +D(1b)— i >§ Fla)TWT® + F(16)TY TY

1
At 2-loops we get: D(la i3 D(lb) P D(la)D av) + D) Dta) + -]
— —F(la)]—"(lb) T{® [T(Q)T(b) + 19180 | T

F(2a) + F( 2b (2a) = C(2b)]

While
% F(2a) C(2a) + F(2b) C'(2b)
(2a) (2b)
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NON-ABELIAN €EXPONENTIATION: MULTI-LEG CASE

Exponentiating 1-loop diagrams yields:
1 1
5 [D(la) s D(lb)] i 5 []-"(Za) T, .F(Qb)] [C’(Za) o C(Zb)}

While the 2-loop amplitude is:

e = F(2a) C(2a) =+ F(20)C(2b)
(20) (2%)

The 2-loop contribution to the exponent is therefore:

% F(2a) - F(20)] [C(20) — C(20)]

In the multi-leg case, reducible diagrams do contribute to the exponent!
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NON-ABELIAN €EXPONENTIATION: MULTI-LEG CASE

The 2-loop contribution to the exponent

1
T F(2a) — F(2)|x | C(2a) - C(2b)
e e ey

O(1/e) { paber (@) PO p(e)

These properties (single pole, maximally non-Abelian colour structure)
are familiar from the two-line case.
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NON-ABELIAN €EXPONENTIATION: MULTI-LEG CASE

> In contrast to the 2-line case, reducible diagrams enter the exponent.

» Individual diagrams do not have ““web properties”.
Only particular linear combinations that do - enter the exponent:

S=exp|) W, Wi= > F(D)C(D)
i {D},

Each diagram enters the exponent with a modified colour factor C(D)

> modified colour factors C(D) are linear combination of (ordinary) colour factors
of diagrams that are obtained by permuting attachments to the Wilson lines, so:

Wi — 2 )N i € (D) — EERE
D D’

GEILES e

c¢(D)  web mixing matrix

» Using the replica trick we derived a general combinatorial formula for R
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THREE-LOOP WEB: EXAMPLE

(@) (b) (©) (d)

The entire web contributes:

FBa) \ G e e | C(3a)
e R L L L e ) C(3b)
B 3e) G e ) iy D Ei3c
F(3d) 7t o E C(3d)

L] | L]

Kinematics Web mixing matrix R Colour
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1
6

THREE-LOOP WEB: EXAMPLE

[ S ] C(3a)
b e aE s ) D, C(3b)
N s D )36 ) @3c)

e el C(3d)

(f(3a) _2F(3b) — 2F(3c) + ]—"(Sd)) X (C(Ba) —O(3by=C(3e) C(Bd))

= \

subdivergences cancel

Ve
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MIXING MATRICES: FOUR-LOOP EXAMPLE

[[1,2].,[3,2],[3,4],[4,1]]

=

[[1,2],[1,3],[4,3],[4.2]] [[1,2],[3,2],[3,4],[1,4]]

4

[[1,2],[1,3].[3,4],[2,4]]

[[1.2].[2,3],[4,3],[4,1]]

[[1,2],[8,11,[3,41,[4,2]] [[1,2],[8,2],[4,31,[4,1]] [[1,2],[3,1],[4,3],[2,4]] [[1,2],[2,3],[3,41,[4,1]]
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PROPERTIES OF WEB MIXING MATRICES

A. ltis idempotent: P2 _ B
R is diagonalisable, with all its eigenvalues 0 or 1.
B. Its rows sum to zero:

E Ippr—0

D/

C. Its columns, weighted by a symmetry factor s(D), sum to zero:

Z S(D) RDD’ =i}

)
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FOUR-LOOP eEXAMPLE

L 4
L]

MIXING MATRICES

The resulting mixing matrix:

ST SR AU AR SSHETRASTTIR MG R ALSTA SRS GU S SR STt ST R TGN = AT
A T o g el e e R i SN b g s WS S
ST~ o T T~ R~ e s T o B~ RS T~ RS TR~ B~ RS
B8,V sed Aol S o M e bed W i et el ST ed
SR o Bl o S o e e i e o e e e R e
Cac o W B Nz R e O R e 2 O e M TR IR R M MR
R R T T e TR o A o L o A T I R - T R o
e Db e T NG P PR S i I D i b M W i
Oy O Q
000000000000000%
OOOOOOOOOOOOOOMO
S LRSS HIN = T S T S B S RS TSI SRS TSR CO R SO IS HE RS GBI G
e | | | | gl g oy
S S b s SR L e ' ©2 L @0 Sl sl ol Sy SNl Y Sl T @ | L Y]]
| | N _ i
SoSOOOSL S eTeE e S aSsa Sy e waSie § ®Y
f h A f | i S
St L B T AR T ) B =) S 1 R R T o A G I N OV A G
I | | , (SRS
e e R S e A A A G AN A D
|
P AL e U T N W e P SN T I
|
N el LA Tt b T Ak feae TR S AR T 42
|
S S e S o D sk S S Sl tS ey @6 @ @ B0 YY)
| IR vt b8l il ey
L S S S S T S T S ST RS TR SN = B o B ) N = R G\ B G|
f RS R I
R AE R S NSO N O (A R L e e
|
A e A B R T R T A T T T D e e o
|
RS Py RN AR O W T AR g M R e
|
Bl o S AR R 1 R N DS AT A s R e Tl
|
TRl B RV RS N R R A O AN TR R R <A T
|
<t
172
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MIXING MATRICES: FOUR-LOOP EXAMPLE

This mixing matrix has rank 5 (5 eigenvectors with eigenvalue 1, the rest 0)
corresponding to the colour factors:
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RENORMALIZATION OF WILSON LINES

dz
dln p

= 2T

In the multiparton case:

i b
A= exp{ o ngl) B HE <4€ F(Q) 460 F(1)> G

b2
+ (66 T 486 [ng”,r(”] = (b Bt F(l)) + 6—31“(1)) a® + (’)(oz;l)}

multiple poles occur due to two distinct reasons:
1) running coupling
2) commutators (only in the multi-leg case, and beyond the planar limit)

Specific subdivergences of the multi-eikonal vertex survive in the exponent,
BUT all multiple poles are pred1cted by lower orders. Only O(1/¢€) are new.
In particular, thereno 1/€" at O(ay).
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RENORMALIZATION OF WILSON LINES

To compute the anomalous dimension

1) — _9yy(L=1)

e e [wa,—l),w(lm}

F(3> = —6w(3’_1) _|_ gbo |:w(17_1)’w(171)i| _|_ 3 |:w<170)7w(27_1):| + 3 |:w(2’0),w(1>_1):|

o [wu,o), {w(l’_l),w(l’o)ﬂ % [w(l,—l), [w(1,—1)7w(1,1)H

k

w™*) is the coefficient of ae® in the exponent of the

[R-regularised Wilson line correlator expw = (¢p, ® ¢p, ® ...d3, )

Mitov-Sterman-Sung
EG-Smillie-White
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CLES RPN S NG AR,

IR regularized one-loop calculation

o T
(1) e—1
FID 2y, = 25N 5oy [ o [t (- (o8~ 18,7 )
26@6] 5 5 : e—1
AT —):ﬁ:%j/ da/ d’i’ O’ el —%;jUT—le) T B
\/ 55 B; 0 0
1
i A —):K,F(QE)’)/ZJ/ dasP(x,’yZ])
I, 0
x_0+7

Al [xQ el is} -

Korchemsky-Radyushkin (1987)
Cusp known to two loops since 1987 Kidonakis (2009)

Recent formulation in terms of iterated integrals Henn-Huber (2012)
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CUSP UV SINGULAKITY

Convenient kinematic variable: Im(e)

B By i
Sy 1

= i T
N z i,
Ve 20 "

2 1 . . . :
7 9575 threshold lichtlike straight line
B ) 16 5/ dz Po(x,ij) g S
™ Jo
g5 (Oéz'j i a1~> ; 1
B 7 d
1672 /0 2 I — )2+ x(1 —z)(a;; + 1fos;) =ie

(
2 L
1672 1 — a2 Jo T e 0

2
il s r . ] 2
B 27(a;j) In (azj +10) e e e
g/ 1 — a?j

Note how the symmetry @ — 1/« is realised.
Generalises to all multiple exchanges: each exchange yields r(«;;) times polylogs!
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SOFT ANOMALOUS DIMENSION AT 2-LOOPS

Two-loop three-leg contributions: i J

S 25
wz(fq’_l) = —ifabCTiaijTk‘f 2 <1g;2> r(ag;) In o In? Qi

Ferroglia-Neubert-Pecjak-Yang (2009)
Mitov-Sterman-Sung (2010) k

Here we are interested in double gluon- j 1 j
exchange diagrams:

e %\[]—"(Qa) - F@)| [oea) - o)

7 \ 7

0(1/6) ifabcha)Téb)Téc) k k

2 2
O 3 aoc a C gS
w (o, op) = — if°T TETE (W) T(Oéij)r(@jk)(1n(04z'j)51(04jk) —1H(Oéjk)51(04ij))a

S1(@) is a pure function of transcendentality 2.
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SOFT ANOMALOUS DIMENSION AT 2-LOOPS

Defining the subtracted web:
P& = Cty 2T gD w(l’_l),w(l’o)] i ? %
ST 27

w
2
[w(1,—1)’w(1,0)] o _4ifabcTiaTJ{)T]§ ( Is > r(ou;) (o) (ln(ozij)R1(Oéjk) —ln(Ozjk)R1(Oéq;j))
2

— s S c r£aoc a C gS
wia Y = _jfaber 1K (167r2) ’/“(Oéz'j)T(Oéjk)<1n(047;j)U1(Oéjk) o ln(Oéjk:)Ul(Oéz'j)>

i = =A== A )

Is this a function of a2 2

Is there a symmetry under & — — Q¢ ?
Recall that this would mean symmetry under 28, - B; 1

crossing particles from initial to final state, or et e O s
relation between timelike and spacelike kinematics
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SOFT ANOMALOUS DIMENSION: 0 — — Q¢ SYMMETRY

Consider the expansion near the lightlike limit:

J W“p:
N

o5
(21% pg)

—2p; - p;
Only the logs are sensitive to the sign, so at Symbol S = i)
level the @ — — symmetry must be restored

2
for m; — 0 Olij =

S[S1(a)]=4a® (1 —a) —2a® «
S[Ri(a)] =20 (1+a)—a®a«a

S[Ul(oz)]=4[a®(1—a)+a®(a—i—1)—a®a] =2[a’®1-0c’] —a’®a?,

The Symbol alphabet is {042, 5= 042} realizing o — —a and @ — 1/ symmetries.
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MULTIPLE GLUON €XCHANGE GRAPHS

General structure of the integral for gluon exchange diagrams:

e ['(2ne) /d:cld:vg 0 o 0 s B s A e D) H p(xg, ag)

['(2ne) <H Oék) ({axt;e)

)\7; = Oi+Ti
oF
T, =
0; + T

The kernel ¢, _1(x1, xs, ..., T,;€)is obtained after / d\;

We showed:
(1) the kernel is a pure function of weight . — 1
(2) Sy is a pure function of weight 2n — 1 (Goncharov multiple-polylogs)

But there is no need to integrate individual diagrams...
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MULTIPLE GLUON €XCHANGE WEBS

Subtracted webs are much simpler than individual diagrams:

n

G oN\'%
]_"(n) 9—(71 =L A (E) C’él,ig,...in+1 /dxlde...dxn X “hpo(.il?k,Oék) X
el

gn—l (xla L2,...,Tns(q (xla al) (ZCQ, 052), P Q(xny an))

Conjecture:

(1) Un—1is made exclusively of powers of logs

Or, equivalently,

2) W™~V isasum of products of polylogs each depending on a single (¥
each having a Symbol with alphabet {a2, 1=
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THREE-LOOP WEB RESULT

(@) (b) (©) (d)

2

&
wg)m T fabedeeTfLszT?,ch (#) 7“(0412)7“(0423)7'(0434)

N 8U2(0412) In 23 In 34 — 8U2(0434) In 192 In 23 —1F 16<U2(0423) 5 222(0&23)) In 12 In 34
=0l 192 U1(0423) U1 (0434) —21n 34 U1 (Oélg) U1 (&23) EE 41n Q923 U1 (0412) Ul(()é34>]

EG (to appear)

Friday, 27 September 13




CONCLUSIONS: WEBS

The non-Abelian exponentiation theorem has been generalised to any number
of Wilson lines in arbitrary representations

We can directly compute the exponent in terms of webs.

Webs include sets of non-connected diagrams related by permutations.
These involve web mixing matrices with rich combinatorial complexity.

Colour factors in the exponent - connected graphs!

Subdivergences cancel by mixing matrices and subtraction of commutators
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CONCLUSIONS: POLYLOGS

We developed a method to compute multiple gluon exchange webs, and
computed all three-loop 4-leg diagrams in this class. More soon.

Contributions to the soft anomalous dimension (Subtracted webs) are

simple: there is a marked advantage to computing these combinations
directly!

This class of subtracted webs can be written in terms of polylogarithmic

functions of a single variable, each having Symbol with the alphabet: {042- = }
realizing the symmetries: v L

Ol 4 S l/ozij

Al — 0l at Symbol level
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