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N —
Outline

@ Considered problem: Resummation of log 9%

© Approach: TPDFs

© Contribution: Calculation to NNLO in as
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gt spectrum, pp -+ Z+ R

o Consider production of
massive, color neutral final
state at hadron collider,

@ inv. mass M, transverse
momentum ¢gr.

e Eg. p+p—>Z+X.
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g7 resummation at hadron colliders

gt spectrum, pp -+ Z+ R

o Consider production of
massive, color neutral final
state at hadron collider,

@ inv. mass M, transverse
momentum ¢gr.

e Eg. p+p—>Z+X.
e Focus of talk: g% < M2,
= Need to resum log 9~

= resummed result

[Becher, Neubert, Wilhelm]
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Notation

Directions of incoming hadrons and outgoing vector boson:
qu
L

' — _fy «—T7

o With n2, "2 =0,n-7=2; qi qgr 0.
o Decompose v* = (fiv)% + (nv) 3 + vi'.
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Notation

Directions of incoming hadrons and outgoing vector boson:

H”—) f (—E‘u

o With n2, 72 =0, n-n=2; —qi:qz-r>0.
o Decompose v* = (fiv)% + (nv) 3 + vi'.
o Expansion parameter A\ = 7.
collinear (c): pe = (Ap,np,p1) ~ M(1,)2,\)
@ Regions: anti-collinear (¢):  pe ~ M(X\21,))
soft (s): Ps ~ M(X AN

o SCET, for each region, fields with corresponding momentum scaling.
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Factorized differential cross section

For gr < M, do can be factorized:

2
ew ‘C\/(—MZ, M)’z/dZXL e_iqLXl Zgg
q

d?oy _ ((ﬁ-) e’

dqgrdy M?2 Ncs

X [S(XJJM)Bq/Nl (21, X1, 11)Bgn, (22, X1, 1) + (g El)] .

Cv(—M?, 1) hard function.

S(x1, ) soft function.

Bq/Nl(zl,xl,u) transverse PDF, collinear.

B_q//\b(zz,xl,,u) TPDF, anti-collinear.

For last three operator definitions via SCET [Becher, Neubert].

z10 =T, 7= (M? + q%)/s.

Thomas Liibbert (ITP Ziirich) TPDF at NNLO 23.09.2013 5/21



Factorized differential cross section, pictorial

Bg/n, (21, x1, 1) Cv(—M?, ) Bg/n, (22, 15 1)

"hard function’

"transverse PDF’ "transverse PDF’
S(XJ_a M)
nt —» <—— nt
c C

'soft function’
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Transverse PDF

e Collinear (c) quark and gluon fields: 1-(x), A% (x).
@ Wilson line W,(x) = Pexp [igsfi)oods n-Ac(x + sn)]

e Gauge invariant combination x(x) = (chc) (x).
e TPDF (¢):
Bq/N(Z XJ.vM)

dt e zth P¥ 750‘5 P)| Xa(tn +x1) | Xc) <XC‘X5(0)‘N(P)>‘

@ In contrast to normal collinear PDF:
¢q/N Zz N)

dt e zj P (N (p)] T (£5) 1X) (Xl x5(0) IN(P)
@ Anti-collinear l’)’c—,/,\,2 correspondingly with n <+ n, g <> g.
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g7 resummation at hadron colliders
Gluons

For processes initiated by gluon-gluon-fusion, analogous factorization
formula holds with [Becher,Neubert,Wilhelm]:

BZ;/N(Zv X1, /’L) =

zn- —izth- = v
- face zj (NP A2 (£ + x1) 1Xe) (Xl AZ2(0) IN(p))
0 v By
_ 81 81 X1 X1
_d_2Bg/N(Z,XJ_7M)+(d_2_ Xi )Bg{/N(Zaxl_au)a

gauge invariant
1 .
Ag (x) = E[WCT(’DgL Wc)} (x)
)
constructed from ¢ gluon fields.

Projectors to B and BB’ proportional to extracted tensors.
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Regularization

e For B,y replace hadron N by parton k
= perturbatively calculable Bj.

@ Naive definition of individual TPDFs problematic: Rapidity
singularities.
= Need regulator in addition to dim. reg..
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Regularization

e For B,y replace hadron N by parton k
= perturbatively calculable Bj.

@ Naive definition of individual TPDFs problematic: Rapidity
singularities.
= Need regulator in addition to dim. reg..

@ We chose analytic regulator o [Becher, Bell],

for each emitted parton:

/ddk 5T (K2) = [d¥ ot (k?) (%)a

@ Mass independent.
No new denominators.

S(xi,p) = 1.
Can expand in a (for NNLO only need up to o).
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Collinear anomaly

e Individual B, B contain poles in .
@ Poles cancel in BB.

@ Obtain dependence on M?.

@ Due to broken rescaling invariance.
°

[Becher,Neubert]: 'Collinear anomaly’.
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Collinear anomaly

e Individual B, B contain poles in .
@ Poles cancel in BB.

@ Obtain dependence on M?.

@ Due to broken rescaling invariance.
°

[Becher,Neubert]: 'Collinear anomaly’.

Refactorize BB:

Fr(x1.m)
_ X2 M2 i
[Bi/k(z1, x1, ) B7 (22, X1, )] o = <T)

X Bijk(z1,x1, 1) By (22, x1, 1) -

o Defines TPDFs B, independent of hard scale M?. F parametrizes M?
dependence.
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Matching kernel

o Perturbatively calculate B;/, and ¢; /.

o For x-,_-2 > /\éCD, have relation

Matching kernel /;_; .
dz
Bi/k(pyx1, 1) = E / ?Ii/j(zaxla/ﬁ)@/k(P/zaM) + O(Nx7)
j P

=Y (@ qﬁj/k)p , in short notation.
e Extract [;/; from calculation of B;/, and ¢y ;.
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Matching kernel

o Perturbatively calculate B;/, and ¢; /.

o For x-,_-2 > /\éCD, have relation

Matching kernel /;_;

1 dz
Bi/k(pyx1, 1) = Z/p ?Ii/j(zaxla/ﬁ)@/k(P/zaM) + O(Nx7)
J

=Y (@ qﬁj/k)p , in short notation.
e Extract [;/; from calculation of B;/, and ¢y ;.

@ Renormalization: l.(/b.)(z) =78y, (II.( (Z¢)k/1)
= Obtain I}, ZB and ¢{/) = P;/;

i/
(b)
e Last two from UV/IR poles of I
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Overview: Perturbative determination

e Aim: do/dgt at N2LO+N3LL for g7 < M.

Calculate Bj/; and ¢;/; to N2LO regulated by a & .

BI/JB7/k = ( .. Mz)_F'TB,'/jB?/k. a—0.

Obtain [;/; from B,/ = ZJ- lii ® sk -

Renormalize /;;; and Fi;. € = 0 .

With /.(/2.)
ifj

obtained new generic ingredients for N3LL resummation.
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RG evolution & application

§ In factorized result each function depends only on its typical mass
Mtypical and K.

— Consistently determine each function in fixed order perturbation
theory at p ~ Miypical-

— Subsequently evolve to common scale pi,, with RG evol. egns.

= Resums logarithms.

LF Cy

| |
| — —> 2
0 97 gz mg ¥
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Results to NNLO

Perturbative calculation

Expansion to NNLO: f= Z (:—s)nf(”) +0(a?)
n=0,1

™

LO trivial: B,(?J( ), ¢>,/J( z), /,(/OJ( ) = 6i6(1 - 2)

NLO: example diagram

General gauge: Wilson line W

= any number of gluons can couple to ® .
Choose: LCG = W = 1.

s ddk vy \¥ ikT-x
= (B190)) / mya @M (K) (5) " 0(rt=1=2pl) (777, 1) M
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Results to NNLO

Perturbative calculation

Expansion to NNLO: f= Z (:—s)nf(”) +0(a?)
n=0,1

™

LO trivial: B,(?J( ), ¢>,/J( z), /,(/OJ( ) = 6i6(1 - 2)

NLO: example diagram

General gauge: Wilson line W

= any number of gluons can couple to ® .
Choose: LCG = W = 1.

o (88 46)) = oy o 0) (5) 6ok (77 2) M

Solve in closed form. Extract /. With L, = Iog( il ) and

4e=2VE

PR (2) = [1/(1 - z)], +1/z-2+z-2" haveeg. :

1z 00) = G| = 4L PR(2) — 6(1 - 2)(G - 13)].-
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Example diagrams at NNLO

Virtual-Real contribution:
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Example diagrams at NNLO

Virtual-Real contribution:

AYA

Real-Real contribution:

A A

n & 7 in denominators and d-fct.
n through LCG or Wilson line.
Frame dependent em*T.

Two regulators.

Non-integer denominators.
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Results to NNLO

Example integral

After parametrization and some work a typical class of integrals for double
real emission reads:

1 1
~ / dy dtyl—az—a3—a5—e(1 _ y)l—al—ag—as—e{l 1 _ Z) 1 _ }_37
0 0

X (1 — f)1_232_262F1(1—32—e,1—32—26;1—e t |: BT 6{1 1 — t)}

+A-t ™ 1-(1-y)1- t)}b]  b=-2+a;+a+as+2.

exponent ENEEE" s
integer part ni n3 ng ng
regulatorpart | @« « —e—ma €, m=2.0
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NNLO results

i’

ia.j S {g7 qquflvaquf’}
@ Published so far g + g, [Gehrmann,TL,Yang] 1209.0682.

(2)
Ig/g

o Determined /;/;, /i, Fs ZB up to a2 for all

(z,L;1 = 0) on next slide.

L, =log (W) dependence implied by RG evol. eq.:

d

A
mlg/g(z, Ly, aS) = [rcusp(as)LL — 2’yg(as)} Ig/g(za Ly, as)

—Z <g/k®Pkg) -
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Results to NNLO

Example: Scale independent part of lg(er
(w0 =cilsa-a( 5 - Te- Tor 2a)

808
+ PR (2) (8’40,1,0 + 8Ho,1,1 — 8H1,00 + 8H1,01 + 8H1,10 — 4Ho,0,0 + 52¢3 — ?)

+ Pég)(—z) (8H—1,0,o + 16Ho,—1,0 — 16H_1,—1,0 — 4Ho,0,0 — 8Ho,1,0 — 8C2H-1 + 4(3)

50 — 22z + 8822 701 + 149z + 53622 2

—16(1 + z)Ho0.0 + §+ 2 oo — A 92+ ZHof—?’ZHl
88 232 784 248 844

—32[1 — —[1/z- 2% ) (H i g R

-‘r( [ z]+3[/z z])( 0+ C) + 3 9z 3z—i— gz}
28 10 328 224 (o)

C.TeNf|8(1 —2) [ = ol — =

+ G Ty f[( Z)(9C3+ 342 81>+ > ez (2)

8 4
+ (5(1 +z)Ho0 + —zH +

52 + 40z 260 332 2):|
3 9

H0—8(1—Z)+E—7Z
8
+ Cr TeN¢ [8(1 +2Z)Ho0,0 + (12 + 42)Ho 0 + 24(1 + z)Ho + 64(1 — z) — g(1/z - 22)] )

where Pég)(z) =[1/(1- z)]+ +1/z—2+z— 22
and HPL Hy,y = H({m}, 2).
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Checks

e H({n},z) up to weight 3.
a~" cancel in BB.

Consistent renormalization with same Z52, (Zf}j)*l for all functions.

P,-/j ~= gb,-/j <« (Zlf‘i/)j)_:l agree with literature.

° /i/j(Z, L, as) obey RG evol. eq.:
d . i
ngu/i/j(L LJ_; Oés) = [rcusp(as)LJ_ - 2’)’ (Oés)] /,~/j(z7 LJ_7 as)

. Zz(/,-/k ® Pk/j)z
k

® Fug, Fgg agree with [Becher,Neubert].

@ Using our results combined with known Cy/, C; andCy, confirmed
”HD_Y(Z.E. d HH(2) - in [Catani,Cieri,de Florian,Ferrera,Grazzini].
qG4—ij gg<ij
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/
Note on /g/j

o Recall: [ — &L o (& XXty
“lgli T d-2'8/j d—2 X2 ) 'gli
i i - uv
@ Discussion above for lg/J = gL;ng/j-

. ) ,
@ Similar for 2nd function Ig/j.

Found: /(7 =0, ' agrees with [Becher,Bell,Neubert]
Sufficient for doyy/dgr at N?LO+N3LL.

(2)
General case, need lg/j.

Work in progress.

— Publication in preparation.
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Conclusions

@ g7 resummation requires TPDFs.

@ Can calculate partonic TPDFs and matching kernels perturbatively.

o Definition & calculation suffer from rapidity singularities.
@ NNLO calculation using analytic regularization completed for all /; ;.
o Generic ingredients to obtain do/dgt at small g7 to N2LO-+N3LL

precision for processes with color neutral final state.
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Appendix

Appendix
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RG evolution equations

d Y
Fiog s VM 1) =|iuplas) og S +29%(as) | Cu(- M2, ).
d F
qua(XJ_» 1) :2rcusp(a5(:u’)) )
d F xqu q
Tiog laalexin) =|Tuup(as) 10g 2225 +219(0s) | lpq(ex1.0)

1
d
- 22/ flqek(&XLnU‘)Pk(—q(z/gnu) )
k z

where Py 4 are DGLAP kernels from RG evol. eq. of usual PDFs.
Taken together, differential cross section RG invariant.
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Rephrased factorization formula

At A < g7 < M rephrased factorization formula [Becher, Neubert]:

s _ o E 2 (Ldz (ldz (o o—igixs
szdqg-dy - 3NCM25 Zq eq ffl Z1 ffz b} fd XL €

i,Jj=a,9.8

X |:qul<—ij(zl7227XL7M27M)¢1'/N1 (51/217M)¢j/N2(f2/22aM) + (q¢3) | ,

where

qu](—U(Zl’227XJ_:M2’#)

2 2 Y Faatx )
= 1Oy (m)P () " i ) e (zeocin).
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Relation to formula by Collins, Soper, Sterman

Eqa<—ij'(217227>&7/\/’27u)

2 02N Fagix | )
= ‘CV(*MZ,#)F (xcg) o Iq%i(ZLXJ_,#)/c‘;ej(zz,xj_,#)7

compare this to [Collins, Soper, Sterman, 1985]:

2 -
= exp { — [, % [log M A(as(m) + Blos()] }

x Cgi(z1, avs(pp)) Cgj(22, avs(p))
xT1 dependence via up = box7 ! (bo = 2e7 7).
Relations:

o qu(27 O[S(Nb)) — ‘CV(_Hivub)‘ /q/,'(Z,XJ_,Hb),
@ A & B related to F and RG evol. eq. of F & Cy.
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Dictionary CSS vs BN

Using bg = 2e7 7%, up = box-F1 and X7 = bojii L

Caiz, aus(uw)) = | Cu(—pp, )| lgyi(z, X1, 1)

_ dFgz )_<J_Ha
A(as(ﬁ)) = r(I:__usp(O‘S) - :u2qq;/12) )

- - _,dlog|Cy (=%, i)|?
B(as(m)) = 2v9(as) + Fyg(X0, i) — 2 gl ZE_; i) |

where I'F and v9 appear in RG evol. eq. of Cy, F&/I.

cusp
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Appendix

NLO results
¢W(z) = 0 in dim. reg. L, =log (4:%5;)
(W, = eleralli—(er2ape (Cema) (Fo N (VT vap
Bjexin) = e Fare )\ (1-2)*f/i(z,€) ,
BY 1) = LT (— (M) () L) fy(z,)
e (L) (2) a0 fytz.0
fa/q(z,€) = Ce(1 - 2) 4z +2(1 - €)(1-2)?],
2
f,e(z,€) = 2Tk [1 - —2(1- z)] :
B 1+(1-2)? : :
fe/q(z,€) = C¢ [2f — 262} , 'gi-part’,
_ 1—z+22)? , ,
fe/g(z,€) = Ca(l - 2) ' {4(2)} ;  &L-part.
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Appendix

Another example: Scale independent part of /(55)

q
() —
Iq/q(z’0)7
5¢ 3032 67¢ 266(3 832 10,  28(3
25C4 2
61—z C—+CC<77777+5 >+CTn(7—+ +7>
( ){F PN 6 9 o) FCrTEm ~ g T 9

3
+ ng)(z) |:CF (12C3 +4Ho + - Ho.o +4Ho,1,0 +2Ho, 1.1 — 2H10,0 +4H 01 + 4H1,1,o)

202 38 11
+Ca ((3 — — — —Ho— —Ho,o — Ho,0,0 —2Ho,1,0 — 2H1,0,1 — 2H1,1,o)
27 9 6
T <56+10H+2H ) +P(0)()C{ 08 A 32 ot Tk ]
nel —+ — — z - — — - - —
Fre{ o7+ 5 Ho+ SHoo P F 2 3 o Ho = gHoo+ SHio

() 86 4( 4 5
+ Pgg (2)TF I ng,O + Cr|(2 — 24z)Ho + (3 +72)Ho 0 + 2(1 + 2)Ho 0,0

+2zH + (1 — 2) (6C2 — 224+ 4Hy 1 + 12H1,0)] + CeCap [(2 +102)Hy — 4zHg o — 22zH;

—50 + 38z 20 + 8z 2 — 22z

+ CrT, + Ho + H
FF|: 9 ) 0 3 0,0

44
+(1— z)(; —6Cp — 4H1’0)

+4(1+ Z)Ho‘o,o] - gCFTF"f(l —-z),
where P{9(2) = 2Cr [(1 4+ 22)/(1 — 2)],, PQ(2) = 2T [22 + (1 — 2)°], P9 (2) = 2C¢[1+ (1 — 2] /2,
and Hypy = H({m}, z).
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