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          Recent progress with 
or

casting perturbative calculation as event 
generators



There	  are	  two	  very	  different	  ways	  of	  making	  theore5cal	  
predic5ons:	  perturba5ve*	  calcula5ons	  and	  event	  generators
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* Can mean either fixed order or resummed 

Perturbative calculations Event generators

Can typically be performed with 
higher accuracy

Are fully differential, more similar to 
experimental data

Typically, observables have to be 
chosen before running code

Can just generate events, define 
observables later

Intrinsically, has only information on 
partonic final states

By attaching hadronization model, 
provides fully hadronized final state



To	  cast	  perturba-ve	  calcula-ons	  as	  event	  generators,	  separate	  
the	  total	  hadronic	  event	  into	  different	  jet	  mul-plici-es
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• Create phase 
space for jet 
event

�2 �3 �4

Dealing	  with	  these	  MC	  cross-‐sec5ons	  makes	  the	  interface	  
with	  a	  Parton	  shower	  straighBorward
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• Create phase 
space for jet 
event

�2 �3 �4

• Calculate 
cross section 
and assign to 
partonic event

• Let parton 
shower fill jets 
with radiation

Dealing	  with	  these	  MC	  cross-‐sec5ons	  makes	  the	  interface	  
with	  a	  Parton	  shower	  straighBorward



The	  main	  ques5on	  is	  what	  expression	  to	  use	  for	  the	  
differen5al	  MC	  jet	  cross-‐sec5on
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Before	  one	  starts	  any	  calcula5ons,	  a	  clear	  idea	  of	  the	  desired	  
accuracy	  is	  required
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Before	  one	  starts	  any	  calcula5ons,	  a	  clear	  idea	  of	  the	  desired	  
accuracy	  is	  required
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Fixed order

Resummation



Before	  one	  starts	  any	  calcula5ons,	  a	  clear	  idea	  of	  the	  desired	  
accuracy	  is	  required

Relative accuracy if 
αs Log2 ~ 1

αsk
FO Accuracy Resummation 
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Total area under the curves represents the 
inclusive cross-section

Want inclusive cross-section to 
fixed order accuracy, but each 

contribution dominated by 
resummation accuracy



THIS GOES ON PAGE 22

d�mc
2

d�2
(T cut

2 ) = [B2 + V2] (�2) +

Z
d�3

d�2
B3(�3) ✓

⇥T2(�3)  T cut
2

⇤

THIS GOES ON PAGE 22

d�mc
�3

d�3
= [B3 + V3] (�2) +

Z
d�4

d�3
B4(�4)

THIS GOES ON PAGE 23

d�mc
�3

d�2dT2 =

Z
d�3

d�2dT2
d�mc

�3

d�3

T2 < T cut
2

T2 � T cut
2

T3 < T cut
3

T3 � T cut
3

T4 < T cut
4

d�mc
4

d�4
(T cut

4 )

d�mc
N

d�N
(T cut

N )

d�mc
�N+1

d�N+1

d�

dTN TN T cut
N

2

THIS GOES ON PAGE 22

d�mc
2

d�2
(T cut

2 ) = [B2 + V2] (�2) +

Z
d�3

d�2
B3(�3) ✓

⇥T2(�3)  T cut
2

⇤

THIS GOES ON PAGE 22

d�mc
�3

d�3
= [B3 + V3] (�2) +

Z
d�4

d�3
B4(�4)

THIS GOES ON PAGE 23

d�mc
�3

d�2dT2 =

Z
d�3

d�2dT2
d�mc

�3

d�3

T2 < T cut
2

T2 � T cut
2

T3 < T cut
3

T3 � T cut
3

T4 < T cut
4

d�mc
4

d�4
(T cut

4 )

d�mc
N

d�N
(T cut

N )

d�mc
�N+1

d�N+1

d�

dTN TN T cut
N

2

THIS GOES ON PAGE 22

d�mc
2

d�2
(T cut

2 ) = [B2 + V2] (�2) +

Z
d�3

d�2
B3(�3) ✓

⇥T2(�3)  T cut
2

⇤

THIS GOES ON PAGE 22

d�mc
�3

d�3
= [B3 + V3] (�2) +

Z
d�4

d�3
B4(�4)

THIS GOES ON PAGE 23

d�mc
�3

d�2dT2 =

Z
d�3

d�2dT2
d�mc

�3

d�3

T2 < T cut
2

T2 � T cut
2

T3 < T cut
3

T3 � T cut
3

T4 < T cut
4

d�mc
4

d�4
(T cut

4 )

d�mc
N

d�N
(T cut

N )

d�mc
�N+1

d�N+1

d�

dTN TN T cut
N

2

Before	  one	  starts	  any	  calcula5ons,	  a	  clear	  idea	  of	  the	  desired	  
accuracy	  is	  required

11

If only have LL accuracy, will have 
problems beyond  LO calculations



THIS GOES ON PAGE 22

d�mc
2

d�2
(T cut

2 ) = [B2 + V2] (�2) +

Z
d�3

d�2
B3(�3) ✓

⇥T2(�3)  T cut
2

⇤

THIS GOES ON PAGE 22

d�mc
�3

d�3
= [B3 + V3] (�2) +

Z
d�4

d�3
B4(�4)

THIS GOES ON PAGE 23

d�mc
�3

d�2dT2 =

Z
d�3

d�2dT2
d�mc

�3

d�3

T2 < T cut
2

T2 � T cut
2

T3 < T cut
3

T3 � T cut
3

T4 < T cut
4

d�mc
4

d�4
(T cut

4 )

d�mc
N

d�N
(T cut

N )

d�mc
�N+1

d�N+1

d�

dTN TN T cut
N

2

THIS GOES ON PAGE 22

d�mc
2

d�2
(T cut

2 ) = [B2 + V2] (�2) +

Z
d�3

d�2
B3(�3) ✓

⇥T2(�3)  T cut
2

⇤

THIS GOES ON PAGE 22

d�mc
�3

d�3
= [B3 + V3] (�2) +

Z
d�4

d�3
B4(�4)

THIS GOES ON PAGE 23

d�mc
�3

d�2dT2 =

Z
d�3

d�2dT2
d�mc

�3

d�3

T2 < T cut
2

T2 � T cut
2

T3 < T cut
3

T3 � T cut
3

T4 < T cut
4

d�mc
4

d�4
(T cut

4 )

d�mc
N

d�N
(T cut

N )

d�mc
�N+1

d�N+1

d�

dTN TN T cut
N

2

THIS GOES ON PAGE 22

d�mc
2

d�2
(T cut

2 ) = [B2 + V2] (�2) +

Z
d�3

d�2
B3(�3) ✓

⇥T2(�3)  T cut
2

⇤

THIS GOES ON PAGE 22

d�mc
�3

d�3
= [B3 + V3] (�2) +

Z
d�4

d�3
B4(�4)

THIS GOES ON PAGE 23

d�mc
�3

d�2dT2 =

Z
d�3

d�2dT2
d�mc

�3

d�3

T2 < T cut
2

T2 � T cut
2

T3 < T cut
3

T3 � T cut
3

T4 < T cut
4

d�mc
4

d�4
(T cut

4 )

d�mc
N

d�N
(T cut

N )

d�mc
�N+1

d�N+1

d�

dTN TN T cut
N

2

Before	  one	  starts	  any	  calcula5ons,	  a	  clear	  idea	  of	  the	  desired	  
accuracy	  is	  required

12

Varying each contribution by 
amount allowed by LL 

screws up inclusive 
cross section

beyond 
LL

If only have LL accuracy, will have 
problems beyond  LO calculations



THIS GOES ON PAGE 22

d�mc
2

d�2
(T cut

2 ) = [B2 + V2] (�2) +

Z
d�3

d�2
B3(�3) ✓

⇥T2(�3)  T cut
2

⇤

THIS GOES ON PAGE 22

d�mc
�3

d�3
= [B3 + V3] (�2) +

Z
d�4

d�3
B4(�4)

THIS GOES ON PAGE 23

d�mc
�3

d�2dT2 =

Z
d�3

d�2dT2
d�mc

�3

d�3

T2 < T cut
2

T2 � T cut
2

T3 < T cut
3

T3 � T cut
3

T4 < T cut
4

d�mc
4

d�4
(T cut

4 )

d�mc
N

d�N
(T cut

N )

d�mc
�N+1

d�N+1

d�

dTN TN T cut
N

2

THIS GOES ON PAGE 22

d�mc
2

d�2
(T cut

2 ) = [B2 + V2] (�2) +

Z
d�3

d�2
B3(�3) ✓

⇥T2(�3)  T cut
2

⇤

THIS GOES ON PAGE 22

d�mc
�3

d�3
= [B3 + V3] (�2) +

Z
d�4

d�3
B4(�4)

THIS GOES ON PAGE 23

d�mc
�3

d�2dT2 =

Z
d�3

d�2dT2
d�mc

�3

d�3

T2 < T cut
2

T2 � T cut
2

T3 < T cut
3

T3 � T cut
3

T4 < T cut
4

d�mc
4

d�4
(T cut

4 )

d�mc
N

d�N
(T cut

N )

d�mc
�N+1

d�N+1

d�

dTN TN T cut
N

2

THIS GOES ON PAGE 22

d�mc
2

d�2
(T cut

2 ) = [B2 + V2] (�2) +

Z
d�3

d�2
B3(�3) ✓

⇥T2(�3)  T cut
2

⇤

THIS GOES ON PAGE 22

d�mc
�3

d�3
= [B3 + V3] (�2) +

Z
d�4

d�3
B4(�4)

THIS GOES ON PAGE 23

d�mc
�3

d�2dT2 =

Z
d�3

d�2dT2
d�mc

�3

d�3

T2 < T cut
2

T2 � T cut
2

T3 < T cut
3

T3 � T cut
3

T4 < T cut
4

d�mc
4

d�4
(T cut

4 )

d�mc
N

d�N
(T cut

N )

d�mc
�N+1

d�N+1

d�

dTN TN T cut
N

2

Before	  one	  starts	  any	  calcula5ons,	  a	  clear	  idea	  of	  the	  desired	  
accuracy	  is	  required

13

Varying each contribution by 
amount allowed by LL 

screws up inclusive 
cross section

beyond 
LL

If only have LL accuracy, will have 
problems beyond  LO calculations



THIS GOES ON PAGE 22

d�mc
2

d�2
(T cut

2 ) = [B2 + V2] (�2) +

Z
d�3

d�2
B3(�3) ✓

⇥T2(�3)  T cut
2

⇤

THIS GOES ON PAGE 22

d�mc
�3

d�3
= [B3 + V3] (�2) +

Z
d�4

d�3
B4(�4)

THIS GOES ON PAGE 23

d�mc
�3

d�2dT2 =

Z
d�3

d�2dT2
d�mc

�3

d�3

T2 < T cut
2

T2 � T cut
2

T3 < T cut
3

T3 � T cut
3

T4 < T cut
4

d�mc
4

d�4
(T cut

4 )

d�mc
N

d�N
(T cut

N )

d�mc
�N+1

d�N+1

d�

dTN TN T cut
N

2

THIS GOES ON PAGE 22

d�mc
2

d�2
(T cut

2 ) = [B2 + V2] (�2) +

Z
d�3

d�2
B3(�3) ✓

⇥T2(�3)  T cut
2

⇤

THIS GOES ON PAGE 22

d�mc
�3

d�3
= [B3 + V3] (�2) +

Z
d�4

d�3
B4(�4)

THIS GOES ON PAGE 23

d�mc
�3

d�2dT2 =

Z
d�3

d�2dT2
d�mc

�3

d�3

T2 < T cut
2

T2 � T cut
2

T3 < T cut
3

T3 � T cut
3

T4 < T cut
4

d�mc
4

d�4
(T cut

4 )

d�mc
N

d�N
(T cut

N )

d�mc
�N+1

d�N+1

d�

dTN TN T cut
N

2

THIS GOES ON PAGE 22

d�mc
2

d�2
(T cut

2 ) = [B2 + V2] (�2) +

Z
d�3

d�2
B3(�3) ✓

⇥T2(�3)  T cut
2

⇤

THIS GOES ON PAGE 22

d�mc
�3

d�3
= [B3 + V3] (�2) +

Z
d�4

d�3
B4(�4)

THIS GOES ON PAGE 23

d�mc
�3

d�2dT2 =

Z
d�3

d�2dT2
d�mc

�3

d�3

T2 < T cut
2

T2 � T cut
2

T3 < T cut
3

T3 � T cut
3

T4 < T cut
4

d�mc
4

d�4
(T cut

4 )

d�mc
N

d�N
(T cut

N )

d�mc
�N+1

d�N+1

d�

dTN TN T cut
N

2

Before	  one	  starts	  any	  calcula5ons,	  a	  clear	  idea	  of	  the	  desired	  
accuracy	  is	  required

14

Need a correlation between  the 
two pieces  to ensure correct 

inclusive cross-section
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To summarize:

• For each dσNMC, need accuracy in at 
both FO and Res (NnLO / NkLL)N

• Need to ensure that inclusive cross-
sections are still correct to NnLON

Careful with second condition, since integrals 
individually are determined by Res accuracy k
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First	  results	  of	  GENEVA	  have	  accuracy	  to	  (NLO	  /	  NNLL’)N	  
(NLO	  /	  NNLL’)N+1

19

Main new calculational ingredient is higher logarithmic 
resummation

Combination of multiple NLO’s almost a side-effect of 
the resummation (albeit a very important one)
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First	  results	  of	  GENEVA	  have	  accuracy	  to	  (NLO	  /	  NNLL’)N	  
(NLO	  /	  NNLL’)N+1

Resummation accuracy better 
than fixed order accuracy

Same precision over the 
entire spectrum

Inclusive cross-section 
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First	  results	  of	  GENEVA	  have	  accuracy	  to	  (NLO	  /	  NNLL’)N	  
(NLO	  /	  NNLL’)N+1

Resummation accuracy better 
than fixed order accuracy

Same precision over the 
entire spectrum

Inclusive cross-section 
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NLO/
NNLL’

Need a jet resolution variable 
that is resummable
Choose N-Jettiness
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Required	  expressions	  can	  be	  obtained	  rela5vely	  
straighBorwardly
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Fully differential fixed order result can be obtained using 
standard techniques

Most easily done with FKS subtractions, which we choose 
in Geneva
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Fully differential resummed result can not be obtained 
easily

Expression that can be resummed is the 2-jettiness 
distribution and cumulant

Procedure to resum to arbitrary accuracy is known using 
SCET and results up to (N)NNLL are available
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Required	  expressions	  can	  be	  obtained	  rela5vely	  
straighBorwardly
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Combine fixed and resummed order
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Properly interpolates between fixed order result for large τ 
and resummed result for small τ
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To	  match	  onto	  parton	  shower,	  need	  to	  fill	  jets	  with	  radia5on,	  
without	  changing	  the	  thrust	  distribu5on	  we	  carefully	  worked	  out
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From	  e+e-‐	  to	  pp	  Collisions

So far,we have shown complete results only 
for ee collisions

Extension to pp is theoretically straightforward, 
but requires lots of code improvements

Currently finishing the implementation for 
Drell-Yan production



Two	  obvious	  ways	  to	  improve	  the	  current	  situa5on:	  More	  
fixed	  order,	  or	  more	  logarithms

28

Powheg and MC@NLO have
N1LO / N0.5LL

Go beyond (N)LL 
in resummation

Two obvious ways to go beyond:

Go beyond NLO 
in fixed order



Before	  one	  starts	  any	  calcula5ons,	  a	  clear	  idea	  of	  the	  desired	  
accuracy	  is	  required

σ

τ

NNLO
/ LL

NLO

LL
Not too hard to derive expression for 

N that is accurate to NNLO/LL, 
and one for (N+1) that is 

correct to NLO/LL

But how to  ensure inclusive remains correct?
"Area" determined by LL, no better  than LO



Proceed	  in	  three	  steps	  to	  the	  final	  expression

1. Get an expression for σMCN (ΤNcut) which is 
accurate to NNLO/LL

2. Get an expression for σMC≥N+1 that is correct 
an NLO/LL  and integrates correctly

3. Divide the σMC≥N+1 into σMC≥N+1 and σMC≥N+1 
correct to NLO/LL and LO/LL respectively

Let’s do this one by one...



The	  N-‐jet	  cross-‐sec5on	  needs	  to	  be	  correct	  to	  NNLO	  /	  LL
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4 Merging NNLO with PS

To merge NNLO calculations with parton showers, we need to define the three MC cross

sections d�mc
N (T cut

N ), d�mc
N+1(T cut

N+1) and d�mc
�N+2. In order to do this, we proceed in three

steps: First, we define the N -jet MC cross section d�mc
N (T cut

N ), ensuring that it is correct to

NNLO/LL accuracy. In a second step we define the inclusive � (N + 1)-jet cross section

d�mc
�N+1, ensuring that it is correct to NLO/LL, and that there are no rogue T cut

N dependent

terms left over after it is combined with the N -jet MC cross section to give the inclusive

N -jet distribution. Finally, in a third step, we divide the inclusive � (N +1)-jet cross section

into d�mc
N+1(T cut

N+1) and an inclusive d�mc
�N+2 cross section. We discuss these three steps in the

following subsections in turn.

4.1 The N-jet cumulant at NNLO/LL

We use the notation of section 3 to split the MC cross-section into a resummation part and

a remainder term
d�mc

N

d�N
(T cut

N ) =
d��

N

d�N
(T cut

N ) +
d�F��

N

d�N
(T cut

N ) (4.1)

In principle there is an infinite number of how to do this split, and we consider here two

interesting limiting cases. The first is where the we set the remainder piece to zero, which

implies that all fixed order terms are multiplied by the Sudakov factor. In other words

Limiting case 1

d��
N

d�N
(T cut

N ) =
d�NNLO

N

d�N
(T cut

N )�N (T cut
N )

d�F��
N

dTN (T cut
N ) = 0 (4.2)

where d�N is defined such that the expansion of its product with the Sudakov factor gives

d�N (T cut
N )



d�NNLO
N

d�N
(T cut

N )�N (T cut
N )

�

NNLO

=
d�NNLO

N

d�N
(T cut

N ) . (4.3)

Here we have defined the notation [A]exp to mean the expansion of A to order exp. There are

various ways to define the d�N (T cut
N ). The three obvious possibilities are

d�NNLO
N

d�N
(T cut

N ) =

d�NNLO
N
d�N

(T cut
N )

⇥

�N (T cut
N )

⇤

NNLO
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d�N
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�N (T cut
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�

NNLO

d�NNLO
N

d�N
(T cut

N ) =

2

4

d�NNLO
N
d�N

(T cut
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�N (T cut
N )

3

5

NNLO

(4.4)

– 19 –

dσMC

N

dΦN

(T cut

N
) =

dσNNLO

N

dΦN

(T cut

N
)Δ(T cut

N
)

The simplest way to  achieve this is by writing

Since we only require LL accuracy, any Sudakov 
factor will do

The σN is defined such that the it removes the 
expansion of the Sudakov factor 



The	  ≥N+1-‐jet	  cross-‐sec5on	  needs	  to	  be	  correct	  to	  NLO	  /	  LL,	  
but	  also	  combine	  with	  N-‐jet	  cross	  sec5on	  to	  ≥N	  inclusive
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Let’s explain why this is correct

The following definition for the cross-section gives the 
required correlation

Limiting case 1
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The N -jet Sudakov form factor multiplies the NLO cross section with the
O(↵s) expansion of �N removed to maintain NLO accuracy. The inclusive
(N + 1)-jet spectrum is found via the derivative of the N -jet cumulant
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d�NLO
N

d�N
=


d��

N

d�N
(T cut

N )

�

NLO

+

Z
d�N+1

d�N

d��
�N+1

d�N+1
(TN > T cut

N )

�

LO

.

1

Limiting case 1

d�mc
N

d�N
(T cut

N ) =
d�NNLO

N

d�N
(T cut

N )�N (T cut
N ) (1)

where d�N is defined such that the expansion of its product with the Sudakov
factor gives d�N (T cut

N )


d�NNLO

N

d�N
(T cut

N )�N (T cut
N )

�

NNLO

=
d�NNLO

N

d�N
(T cut

N ) . (2)

Z
d�N+1

d�NdTN
d��N+1

d�N+1
=

d

TN
d�mc

N

dTN (TN ) . (3)

d�mc
�N+1

d�N+1
=

d

dTN
d�mc

N

d�N
(TN )D(�N+1;�N , TN ) (4)

where

D(�N+1;�N , TN ) =

d�NLO
�N+1

d�N+1h
d

dTN
d�mc

N
d�N

(TN )
i

NLO

(5)

Z
d�N+1

d�NTN


d��N+1/d�N+1

d��N+1/d�NdTN

�
= 1 . (6)

d�mc
N

d�N
(T cut

N ) =

⇢
d�NLO

�N

d�N
�
Z

d�N+1

d�N

h
BN+1 � SN+1

i
✓(TN > T cut

N )

�
�N (T cut

N ) .

The N -jet Sudakov form factor multiplies the NLO cross section with the
O(↵s) expansion of �N removed to maintain NLO accuracy. The inclusive
(N + 1)-jet spectrum is found via the derivative of the N -jet cumulant
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The	  ≥N+1-‐jet	  cross-‐sec5on	  needs	  to	  be	  correct	  to	  NLO	  /	  LL,	  
but	  also	  combine	  with	  N-‐jet	  cross	  sec5on	  to	  ≥N	  inclusive
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First, expanding dσMC≥N+1 to NLO accuracy, one finds
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O(↵s) expansion of �N removed to maintain NLO accuracy. The inclusive
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(N + 1)-jet spectrum is found via the derivative of the N -jet cumulant
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The	  ≥N+1-‐jet	  cross-‐sec5on	  needs	  to	  be	  correct	  to	  NLO	  /	  LL,	  
but	  also	  combine	  with	  N-‐jet	  cross	  sec5on	  to	  ≥N	  inclusive
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Second, integrating over ΦN+1

Limiting case 1
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The N -jet Sudakov form factor multiplies the NLO cross section with the
O(↵s) expansion of �N removed to maintain NLO accuracy. The inclusive
(N + 1)-jet spectrum is found via the derivative of the N -jet cumulant
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One can check that the NLO N -jet cross section is reproduced by the sum
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The	  ≥N+1-‐jet	  cross-‐sec5on	  can	  now	  be	  split	  into	  an	  N+1-‐jet	  
and	  ≥N+2-‐jet	  cross-‐sec5on
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Following the same logic as before, one can write
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This again integrates to the correct inclusive (N+1)-jet 
cross-section derived on the last slide
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In	  conclusion,	  the	  GENEVA	  framework	  allows	  to	  cast	  higher	  
order	  perturba5ve	  calcula5ons	  (fixed	  order	  and	  
resumma5on)	  in	  terms	  of	  MC	  cross-‐sec5ons.	  These	  can	  be	  
interfaced	  with	  parton	  shower	  algorithms	  to	  obtain	  fully	  
inclusive	  event	  generators.

Questions?


