New 3-loop Wilson coefficients for deep-Inelastic
heavy flavor production

A. De Freitas!, J. Ablingerz, A. Behring?, J. Bliimlein?,
A. Hasselhuhn?, A. von Manteuffel®, C. Raab!, C. Schneider?,
M. Round?, F. WiBbrock!

'DESY, Zeuthen
2 Johannes Kepler University, Linz
3J. Gutenberg University, Mainz

26.09.2013

1/41



Contents

1. Introduction.
» Motivation
» Factorization of the structure functions.
» Wilson coefficients at large Q2.
» Variable flavor number scheme.
» Status of OME calculations.

2. Calculation of the 3-loop operator matrix elements.

> Integration by parts.

> Calculation of master integrals
> Hypergeometric functions and Sigma.
> Mellin-Barnes integral representations.
> Hyperlogarithms.

3. Main results.

4. Conclusions.

2/41



Introduction

Unpolarized Deep—Inelastic Scattering (DIS):
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Structure Functions: Fp 1
contain light and heavy quark contributions.
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Deep—Inelastic Scattering (DIS):
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NNLO:
S. Alekhin, J. Bliimlein, K. Daum, K. Lipka, Phys.Lett. B720 (2013) 172
[1212.2355]

+0.00

me(me) = 1.24 £0.03(exp) ‘005 (scale) 1000 (thy),

as(M2) = 0.1132 +0.011
Yet approximate NNLO treatment [Kawamura et al. [1205.5227].
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as(M2) from NNLO DIS(+) analyses [from ABM13]

as(M2)
BBG 0.1134 *990 valence analysis, NNLO
GRS 0.112 valence analysis, NNLO
ABKM 0.1135 4+ 0.0014 HQ: FFENS Nf =3
JR 0.1128 4+ 0.0010 dynamical approach
JR 0.1140 4+ 0.0006 including NLO-jets
MSTW 0.1171 4+ 0.0014
MSTW 0.1155 — 0.1175 (2013)
ABM11, 0.1134 — 0.1149 £+ 0.0012 | Tevatron jets (NLO) incl.
ABM13 0.1133 +0.0011
ABM13 0.1132 +0.0011 (without jets)
CTEQ 0.1159..0.1162
CTEQ 0.1140 (without jets)
NN21 0.1174 4 0.0006 + 0.0001
Gehrmann et al. | 0.1131 ~ 9% ete™ thrust
Abbate et al. 0.1140 £ 0.0015 ete™ thrust
BBG 0.1141 *9920 valence analysis, N>L.O

A']‘]](l,s = (\,S(A\]:)'L()) - rl‘\(A\]A\VL()) - A]]Q = +(J.('J0l')€) + (’J.()(’J(’)()‘][Q

NNLO accuracy is needed to analyze the world data. = NNLO HQ
corrections needed.
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Goals

» Complete the NNLO heavy flavor Wilson coefficients for twist-2 in
the dynamical safe region Q% > 20GeV/? (no higher twist) for
Fa(x, Q?)

» Measure m. and as as precisely as possible

» Provide precise CC heavy flavor corrections

» Consequences for LHC:

» NNLO VFNS will be provided
> better constraint on sea quarks and the gluon
> precise m: and as on input
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Factorization of the Structure Functions

At leading twist the structure functions factorize in terms of a Mellin
convolution

Q2 m> 5
F.u)(x, @) Z G X2 ®  filx,p7)

nonpert.

perturbative

into (pert.) Wilson coefficients and (nonpert.) parton distribution
functions (PDFs).
® denotes the Mellin convolution

F(x) @ g(x) = /0 dy /0 dz 6(x — y2)F(y)g(2) .

The subsequent calculations are performed in Mellin space, where ®
reduces to a multiplication, due to the Mellin transformation

?(/\/):/0 dx xN7f(x) .
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Wilson coefficients:

Q2 m2 Q2 Q2 m2
Cj20) (N7 W =Gyl N, uz + Hj e [ N, W E)

At Q? > m? the heavy flavor part
Q2 m2 Q2 m2
Hi@.) (N’ ?v ? = Z[: G [ N, F Aj F., N

[Buza, Matiounine, Smith, van Neerven 1996 Nucl.Phys.B]
factorizes into the light flavor Wilson coefficients C and the massive
operator matrix elements (OMEs) of local operators O; between partonic
states j

m2 . .
AU(/?,N):MOM.

— additional Feynman rules with local operator insertions for partonic

matrix elements.

The unpolarized light flavor Wilson coefficients are known up to NNLO
[Moch, Vermaseren, Vogt, 2005 Nucl.Phys.B].

For Fa(x, @%) : at @2 2> 10m? the asymptotic representation holds at the

1% level.
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The Wilson Coefficients at large Q?

NS ~(2),NS
Lyeny(Ne+1) = a [Af,?,g (Np+1) 62+ CS?()Q.NL)(NF)}
+ al[ AN (NE +1) 62 + ALY (e + DO (Ve + 1) + C (Ve
PS A A(3),PS
LIPS, ,(Np+1) = ag[ ADES(Np +1) 82+ AL G(Np) NpCY)y 1) (Np+1) + NFCS(QYL)(NF)]

LS on(Ne+1) = a2AR)o(Ne + DNFCY), 1) (Ne+1) + a2 [ A o(Np +1) 82
AL G(Np+1) NpCE, | (Np+ 1)+ AL (Np+1) Ny (Ne +1)
+ AQ)(NF + 1) NeCOFS (Np 1) + Npé;?gz_m(zvp)} ,

HS (e +1) = a2[ AGP(Ne+1) G2+ COUT (N + 1)) + a2 [ 4G (Np +1) 5

~(3),PS (2) A(1)
+ Cq.(Z,L)(NF +1)+ Ay, o(Nk + 1) Cg_’(QvL)(Np +1)

(2),PS (1),NS
+ADPS(Np +1) OO (Np + 1)} ,

Hy 50y (NF +1)

1 ~(1 2
as[ AG)(Np +1) 6+ C0, (N + 1)] + az[ AD (NP +1) 6

+ AL (Np +1) COGE (Np + 1)+ AL o (Np +1) €, 1 (N +1)

~ 3 3 ,NS
+ Oty (N + )] + a2 [ AGY (N 1) 8+ AG(Ne +1) O (Ne +1)

+ A2 G (Np+1) G, 1) (NP 4 1)+ AG)(NF + 1){05?35?‘5(% +1)

+ 6@PS (N 1 1)} + AN (Np 1) €

(2) ~(3)
o N+ 1)+ G (Np+ 1)]

9

J. Ablinger, J. Bliimlein, S. Klein, C. Schneider and F. WiBbrock, Nucl. Phys. B 844
(2011) 26;
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The Wilson Coefficients at large Q?

S s
LIE‘,S(Z,L)(NF +1) = «q [Au) o (Np+1) 82+ qu()QNL (NF)]
s s S ( >
N [A<3)N (Np +1) 6 + A2 (Ve + DO (NP + 1) + OGN (v )}
L;S(Z,L)(NF 1)) [ A<3) PS(NF +1) 2 + gqu(NF) NFC(Al 20y (NP + 1)+ NFC(S)QPLS)(NF)}

LS oy WNp+1) = a2A0) (Np + DNpCl)y 1 (Np +1) +a [ AP L (NF + 1) 6,
+Agg)Q(NF +1) NpCPl  (Ne + 1) + A% o (Ne + 1) NeCll, 1 (N +1)
+ AD(Np +1) NeCEFS (Np+1) + NpC, (NF)} :

HE% (N +1)

a.(2,L)
(3),PS 2) ~(1
+ OO (Ve + 1)+ AR (Np +1) O, (NP +1)

FAGPS(Np +1) COBNS (N + 1)} ;

H o (Ne+1) = oo AQY(Np+1) G2+ C, 1y (N +1)] +a2[ 4) (NF +1) 8

m(Np +1) COUN (e + 1)+ AD) o (Ne +1) C1, L (Np+1)

g S
+C2, (Ve + 1)} +a [ AS)(Np+1) 6+ AS) (N +1) OO (Np +1)

+ AR G(Np +1) Oy 1y (Np + 1) + AQ) (N + 1){0 N (NE + 1)

as[ ADPS(Np+1) G+ COFS (Ve + 1)} . [ ADPS(Np +1) 6

(2),PS (2) (3)
+ OO e+ 1)+ AL (Ve +1) €, (Np+ 1)+ CF, 1) (Ne+1)

J. Ablinger, J. Bliimlein, S. Klein, C. Schneider and F. WiBbrock, Nucl. Phys. B 844
(2011) 26;
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The Wilson Coefficients at large Q?

Lg'jl Ve +1)

LZYS(ZYL)(NF +1)

L;@YL)(NF +1)

HE% ) (Ne+1)

Hgs,(z.L)(NF +1)

o [A“) Y (Ne +1) 6+ COG (NF)]
3),NS (2),NS 1),NS 3),NS
a? [AQ (Np +1) 82+ AN (Vg + DOV (N 4 1) + O L)(NF)}

a3 ADES(Np +1) b3+ AL (Ne) NpClY, 1) (N + 1) + NeCS (V)]
@2AL) o (Np + DNpCY, | (Np +1) + afj[ AL G (NF 4 1) 6,

+AL) (Ve +1) NeC), | (Np+1) + AL ((Np+1) NpCll,  (Np+1)
+ AG)(Np + 1) NpCOFS (Np +1) + NpC), (NF)] :

as[ AGYPS(Np +1) 63+ O3P8 (NP + 1)} [ ABYPS(Np 4+ 1) 6
+ COUS (Np + 1) + A2 (Np 4+ 1) O, 1) (Np + 1)

FADPS (Np 4 1) c“g’“j)(NF + 1)} :

as[ AQ) (NP +1) 8+ C, ) (Ne + 1))+ A<2>(NF+1) &

+ AN+ 1) COGE (Ve + 1)+ A (Ve +1) C, (Ve +1)

+ C e+ 1)) + al[ AG)(Ne +1) 62+ AG)(Np +1) O35 (Nr +1)

+ AL (Ve +1) O, (N + 1)+ A (NF+1){C(2)2NLS)(NF+1)

(2),PS
+ COT e+ Db+ ARG (Ni +1) €2 ) (Ni+ 1)+ C%, 1) (Ne+1)

J. Ablinger, J. Bliimlein, S. Klein, C. Schneider and F. WiBbrock, Nucl. Phys. B 844
(2011) 26; J. Ablinger et al., 2013

11/41



Variable Flavor Number Scheme

2
filng +1, 12) + Fe(ne + 1, %) AN, (ne, ) ® [fi(nr, 12) + fi(ne, 1)
qq, m2

2 2
2PS M 2 S| [
+ Aqq’Q<nf7 ;) ® X(nf, 1) + Aqgﬁg("h ﬁ) ® G(nr, #2)

2 2
#PS H % [t
fQ‘Q(nf+1,’[12) = AQq (nf,m) ®Z(n;,/42)+A(SJg<nf,?) ®G(nf7/l/2) .
2 S I 2 S I
G(ns+1,p%) = Ago (nf7 ﬁ) ® X(nf, pu°) +Agg’0<nf, ﬁ) ® G(nr, 1) .
ng+l
S(ne+1,4%) = > [fk(nf+17/L2)+f;(nf+1,u2)]
k=1
NS IS APS s APS IS
= Aqqu(nf,ﬁ) + nf AeqQ(n,r,ﬁ) +AQq (n,—,ﬁ)
2
®X(nr, p°)

. [ 3 oo 22 + 5, (o g;)} ® Glor 1)

The choice of matching scales is not free and varies with the process in
case of precision observables. Bliimlein, van Neerven [hep-ph/9811351]
— More complicated for 2 masses J. Bliimlein, WiBbrock, 2013
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Status of OME calculations

Leading Order: [Witten 1976, Babcock, Sivers 1978, Shifman, Vainshtein, Zakharov 1978,
Leveille, Weiler 1979, Gliick, Reya 1979, Gliick, Hoffmann, Reya 1982]

Next-to-Leading Order:

[Laenen, van Neerven, Riemersma, Smith 1993]

Q2 > m2: via IBP [Buza, Matiounine, Smith, Migneron, van Neerven 1996]
Compact results via ,Fg's [Bierenbaum, Bliimlein, Klein, 2007]

O(a2¢) (for general N) [Bierenbaum, Bliimlein, Kiein 2008, 2009]
Next-to-Next-to-Leading Order: QR? > m?

Moments for Fo: N = 2...10(14) [Bierenbaum, Bliimlein, Klein 2009]
Contributions to transversity: N = 1...13 [Bliimlein, Klein, Tédtli 2009]

Terms o nf to F, (general N): [Ablinger, Bliimlein, Klein, Schneider, WiBbrock 2011]

At 3-loop order known

> APS o) Agg.q: complete

> A2 o, Agq.@ and transversity: also complete (This talk)
> AQg,AFC’fq: all terms of O(ns T2Ca/r)

> Agg.q: all terms of O(ng T2Ca/p) — Hasselhuhn's talk
» First contributions to O(TZCa/r) — Hasselhuhn's talk
» Two masses m; # mp — Hasselhuhn's talk
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2. Calculation of the 3-loop operator matrix elements

The OMEs are calculated using the QCD Feynman rules together with
the following operator insertion Feynman rules:

poyb g P LD jab (A p)N2

[0 PP = Qup+ Dp) A - p+ P8, N 22

i 2.
SR (AN N> 1
o -
Piojis @ Pa e
h (e = a9 ) i+ By pr B = piad) (A p)¥ 2
P P2 - . Pl LMD i A papr = A A pag = 1 1
GNP ST (A p) (A )V N =2 s i
X (A (A )N
R fincnc vl SR s }) Nz2
i P2.d PARAK 2 (ApoY(Apy) V12 = . o (o
[y + Apaf =" + (1) Ay + Ay 1] T pond GG pate peie),, (b, pa. po, pi)
Do A pyvb N=3 1 P Opinii (P, s pos pa) + [ ?“"(),mm(npzu.n.»m)) .
prb  pnAc )
— - e Opro (1P 12, 09) = o] ~ g0 (A py+ A - p)¥=2
m el 9 BB AT TG G S (AP (Ap) Y

[ ()i (Aps + Aps + Apr ) (Aups + Apy)mt1
Pata  puLub P pc F(E00) ju(Aps + Aups + Apr) I Ay + Ayt s
(A + Ay + Apy) T Ay + Ayl —[Produ = A pr,e) DI (A p) (A ps+ A p)N T
)i

Hlpala = A pagae] SIS pat A pa) (A )N
(

(
F(E 1) ji(Aps + Aups + Apr) I Apy + Apy)

(i

(

HA - DIA - Pagya + 1 paduBo = A pipraly = A pipagdds]
()i Aps + Apa+ Apy) T (Apa+ Ay
+ t'f"i”),,[.\m+A;:,+A;;‘}”/"(A;;<—_\,p,‘g'”’”‘]. )V (A )Y Ay A pa) (A 1‘»)’}
N>4
o prom | e, prons >
=1 = (o= {nom e {mm e} vz
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The diagrams are generated using QGRAF [Nogueira 1993 J. Comput. Phys].

AGINS T A(3) ABLPS T 403) AG)
q99,Q gq Q Qq gg Q Qg_
No. diagrams 110 86 123 642 1233

A Form program was written in order to perform the y-matrix algebra in

the numerator of all diagrams, which are then expressed as a linear

combination of scalar integrals.

(3),NS
Aqq Q

A(3)
(3),PS
AQq

— Need to use integration by parts identities.

— 7426 scalar integrals.
wQ 12529 scalar integrals.

— 5470 scalar integrals.
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Integration by parts

We use Reduze [A. von Manteuffel, C. Studerus, 2012] to express all scalar
integrals required in the calculation in terms of a small(er) set of master
integrals.

Reduze is a C++ program based on Laporta's algorithm. It is somewhat
difficult to adapt this algorithm to the case where we have operator
insertions, due to the dependance on the arbitrary parameter . For this
reason we apply the following trick:

1
L
%ZX 1Ak

This can be then treated as an addltlonal propagator, and Laporta’s
algorithm can be applied without further modification.

If we denote the master integrals by M;, then the reduction algorithm will
allow us to express any given integral /| as

I = Z ci(x)Mi(x)
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In fact, any given diagram D will be written this way: D = ", ¢j(x)M;i(x)
In general the coefficients c;(x) will be functions of the form

n
a;
Ci(X)*Zm+ Z (xA - pY

J= Jj=—n
where a; and b; depend only on ¢, and n;, n and n3 are non-negative
integers.
We want to obtain each diagram D(N) as a function of N. We proceed
as follows:

1. Calculate the master integrals M;(N) as functions of N.
2. Evaluate M;(x) = Y n_o x" M;(N).
3. Insert the results in D(x) = ", ci(x)M;(x).
4. Obtain D(N) by extracting the Nth term in the Taylor expansion of
D(x).
Step 1 is done using a variety of techniques to be described shortly.
Steps 2 to 4 are done using the Mathematica packages

"HarmonicSums.m”, " SumProduction.m” and " EvaluateMultiSums.m”
by J. Ablinger and C. Schneider.
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Number of master integrals:

Ag?’gs — 35 master integrals.
AS;)@ — 41 master integrals.
ASZ’PS — 66 master integrals.

If we also include Ago and Ag’;, there is a total of more than 600

master integrals for the entire project.

24 integral families are required and implemented in Reduze.
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Calculation of the master integrals

For the calculation of the master integrals we use a wide variety of tools:

» Hypergeometric functions.

» Summation methods based on Zeilberger's algorithm, implemented
in the Mathematica program Sigma [C. Schneider, 2005-].

> Reduction of the sums to a small number of key sums.

> Expansion the summands in ¢.

» Simplification by symbolic summation algorithms based on MX-fields
[Karr 1981 J. ACM, Schneider 2005-].

» Harmonic sums are algebraically reduced using the package
HarmonicSums (Ablinger) [Ablinger, Bliimlein, Schneider 2011].

» Mellin-Barnes representations.

» In the case of convergent massive 3-loop Feynman integrals, they
can be performed in terms of Hyperlogarithms [Generalization of a

method by F. Brown, 2008, to non-vanishing masses and local operators].
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Hypergeometric functions and Sigma

Consider the following master integral:

/d% dPky dPks (A k)N
(27)P (27)P (27)P D2D,D5D4Ds

where
Dy = (ki —p)°, Dy=(ke—p)’, Ds=Kk;—n?,

D4 = (kl — k3)2 — m2 and D5 = (k2 — k3)2 — m2
After Feynman parametrization we obtain

/ dx/ dy/ dzl/ dz F(e)z ( ) J=1te/2(1 — x)</?

j=0
A e

3¢
X y 2
0(1 —z — 1
x6( 71 22)< +211—x+z21—y)
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Now we use the following integral representation of the Appell
hypergeometric function:

/dw/ dw 0(1 —wy — wo)wy™ 1W2 11— wy — wy)e b b'—1
! 2 (1—W1X—W2y)
bb/ _ _ /
_F[’ ’ Cb b]ﬁ[a;b,b’;c;x,y].

so, our integral becomes

[ Lo (S

J

=0
1—¢/2,—€/2,j+1 3 x y
r F(=2c1—e/2— -
X { 2 13 61l—¢€/2,—€/2;j+2—¢ pogy Khva
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we want to expand the F; function, so we use the following analytic
continuation:

n {a;’b’bl;q — 1{y] = (1= x)°(L = y)* Fule —ab, by cix,y]

so, our integral is now

— /01 dx /01 dy T <—§e> ﬁ:(_1)f<7>xfl+f/2(1 — x)y“/?

Jj=0

1—¢€/2,—€/2,j+1
xr[ €/2,—€/2,j +

it2-e }Fl(j+2+e/2;1—e/2,—e/2;j+2—e;x,y)

We can now use the series representation of the Appell hypergeometric
function. We obtain
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3\ & N S T(m4j+e/2) 1
-f (2€> Z(*ly(/\/ Y m% F(m+j+2+¢/2) (n+1+¢/2)
F(m+n+j+2+e/2)T(m+1—¢/2)l(n—e/2)

mnlT(G+2+¢/2)[(m+n+j+2—¢)

We can now expand in ¢, and the resulting sums can be performed using
Sigma. The final result is

8 4 [ N 1 (2(N —1)Si(N) ,
“3 a0 (s s0) + 5 (TR S0 s

2N (=N —7)Sy(N)  4N%2 4+ 9N +7
W 3¢(2) - 8) + ( S 12) U ) Si1(N)
¢(2) N Si(N)* | (1= N)Si(N)* | (=5N —T7)S(N)
T <51(N) TNT 1) =gt 6(N +11) 6(N + 1)2
(N—8)S3(N) (N+4)S,1(N) N (4N2+8N+5) 2NC(3)  5¢(3)

o(N + 1) 3(N+1) SINF1P T Nt1 3
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Mellin-Barnes integral representations

Let's consider now the following master integral:

/d% dPky dPks (A k)N
(27)P (27)P (27)P D2D,D5D4Ds

where
Dl - (kl - P)2 - m27 D2 = (k2 - P)2 - m27 D3 = k?%7
Dy = (ki — k3)® and Ds = (ko — k3)?

After Feynman parametrization we obtain

1 1 1 1 3
—/ dx/ dy/ dzl/ dz T <—7e) (x — y)VxHe2(1 = x)</?
0 0 0 0 2

e/2(1 e/2, 5/ 1- 1-e/2,~1=¢/2(1 _ , N z1 1—-2
e ) ) (e

Nlw

€
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Now we make use of

1 _1/"°°d F(—7)F(r+v) AT
(A+ By 2ir T W) BT

—ioco

to express our integral as

o X (N F(=7+j +€e/2)T(—7 + 1+ ¢/2)
/_,-oo dr ;(—1) (J_)r(-ﬂr(w R e e
Mr+N—j+1l—-elf(r+1—e)l(r+1—¢€/2)[(—7+¢€)
Frer+N-—j+2-2¢ M1+e¢/2)
(14 e/2)(N + 1)
TN+ 2+¢/2)

We use the Mathematica MB.m package by M. Czakon
[Comput.Phys.Commun. 175 (2006)] together with the MBresolve.m addition
of V. Smirnov et. al. [Eur.Phys.J. C62 (2009)], to resolve the singularities in
€ = D — 4 for this expression, after which we can expand in e.
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After we expand in ¢, we solve the resulting integrals by closing the
contour to the right and taking residues. This leads to a linear
combination of several multiple sums. For example,

2n  [N/2] ek N M2k —2n—1)[(—k +2n+ 1)l (k —2n+ N)
> 2. (N_z,,> (N+ D)2k —2n+ N+ 1)

k=n+1 n=0

X <21/)(2k —2n—1)—yY(—k+2n+1)
(k= 2n+ N) — 205(2k — 2n + N + 1))

Here [N/2] is the integer part of N/2. Other sums arising in this example
are even more complicated. Individually, they lead to cyclotomic sums:

S{al,bl,cl},...{a/,b/,cl}(517 < SI N) =
k

S
kZ: (iki+ b)o i by Stan bty {anbiey (52,551, N)
1=1
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However, when we combine all the sums to obtain the final expression for
our master integral, the result turns out to be expressed in terms of
standard harmonic sums:

1+ (—1)V 8 8 1
(N +1)(N +2) _¥_362(/v+2) ( S-2(N) = 25(N) = ¢(2)
8(2N2+6N+5)> 1

N+ 4
3N+ 12(N+2)2) 3°-3(N) 4 5-2(N) (Sl(N) - 3(N+1)(N+2))

NS, (N) 1
=5_1(N)S(N) — m - 553(N) = S2-1(N) + S,-1(N)
8(2N2+6N+5)  ((2)  8(3)
C3(N+12(N+23 N+2 3

These methods were enough to calculate ASq)ANS, AS-,) and transversity.
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Methods for the future: Convergent 3-loop integrals

Many of the Feynman integrals appearing in the calculation of the
massive 3-loop operator matrix elements are finite.

We have generalized a method originally proposed by F. Brown [Comm.
Math. Phys. 2008] to the case where we have masses and operator
insertions in order to find general N representations for all convergent
3-loop topologies.

Here we work in the a-representation to calculate the integrals.
The corresponding graph polynomials of a graph G are given by

> U=> "+ ngTa/, where T denotes the spanning trees of G

> V= Z/Emassive 27
» Dodgson polynomials arise from the operator insertions.

28/41



» Feynman parameter integrals are performed in terms of
Hyperlogarithms,
[Brown 2008 Comm. Math. Phys.]
L(W,z): C\X — C, where
» ¥ = {00,01,...,0n} are distinct points in C which may contain
variables
> W is a word over the alphabet 2 = {40, a1, ..., an } where each letter
a; corresponds to a point o;

» L (W,z) is uniquely defined by the following properties

L L({},z)=1 and L(0",2,) = L log"(2) for n > 1

2. %L ({a;W} 7z) = zja,-L (W,z) for z € C\X
3. If W is not of the form w = (0,0, - - - ,0), then lim, o L (W,z) —0

> eg. L(a;,z)=log(z—o;) — log(o})
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1
(14 N)2 + N)x
+2L({—1,0,1,1},x) — 2xL({0,0,1, 1}, x) + 3xL ({0, 1,0, 1}, x) — xL ({0, 1,1, 1}, x)
+(—=3+2x)L({1,0,0, 1}, x) +2xL ({1,0,1, 1}, x) — (=1 +5x)L ({1,1,0,1}, x) + xL ({1, 1,1, 1}, x)
—20({1,0,0,1,1},x) + 3L ({1,0,1,0,1},x) — L({1,0,1,1,1}, x) + 2L ({1,1,0,0,1}, x)

{<3 [ZL({—I}, x) — 2(—1+ 2x)L ({1}, x) — 4L ({1, 1},x)] —3L({—1,0,0,1}, %)

+2L({1,1,0,1,1},x) —5L({1,1,1,0,1},x) + L({1,1,1,1, 1},x)}

1 { 648 + 1512N + 1458N2 + 744N3 + 21204 + 32n5 4 2n0
(N + 1)(N + 2)(N + 3) (1+ N3+ N33+ N)3

2(—1+(—1)N+N+(—1)NN) N 1
N 3 4
- ¢ —(-Vs_g - ——s¥ 4+ —st
(1+n) 6(1+ N) 2
(7+22N+10N2)$ 9, 1+aN+202 o, (m9+am)
T oo %2 T Y YN + -5 - ———33
21 + N32@2 + N) 8 2 20+ N2@+N) T g 3(1+N)
1 N (—1+ 6N) 54 + 207N + 246N2 4 130N3 + 3204 4 3N°
——5y —2(-1)Ns_5 1 + Sp1+ = > > s
4 (1+nN) 1+ N3@2+ N2E + N)
(—2+7N) 13
H4C3S] — 5,51 + — 535 — 7Sy 1) — 7531 +10S) 1 1
2(1 + N) 3
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1 2 (1 Z13(—1)V 4 (—1)V2P N f N — 7(—1)VN + 3(*1)N21”"N>
IN) = {

(N+1)(N +2) ATNET ¢
1 )" 5 (=nVE+2N) 5(—1)V
+(2+N)53+ 2(2+ N) 1_2(1+N)2(2+N)52+ > s?
(-3 +2n) , (=DM L 3(—1)(a 4 3N) ) ,
BTTRREI N 2 S T T ma ) 2 T S oy S

2(-D)VE+ N)

N
msm —12(=1)"5:G

+2(-1)"G81(2) +
2(1+ N)(2+ N)
4 ()" —3(-2)VN +3(-1)2N) W

B T+ N2+ N) S12 <§ 1) —5(—1)"S,1.1
2 <—(—1)N22+N —13(—2)"N + 5(_1)N21+NN) )

! 1+ N)2+N) S11a (—,1,1)

—2(=1)¥s; 1, (2, %1) —(-)"S1 111 (2. % 1, 1)}

515 +3(—=1)VS$, S5 + 4(—1)VS$,151 — 4(—1)"S3 4
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V-Topology

It

» This graph receives a natural and a more difficult contribution. The
latter one led to a new function class : nested generalized cyclotomic
sums, weighted with binomials and inverse binomials of the type (2,')

» At the side of the iterated integrals many root-valued letters appear
(around 30).

» The scalar diagram exhibits terms growing like 8,4V 2N N — oo.
The growth 2V survives in the scalar case.

» Asymptotic representations can be constructed analytically to
arbitrary precision.

» Various special new numbers appear, the simplest of which is 7,
through which (3 is no longer and elementary constant here.
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Emergence of new nested sums :

N

S (oS s on

i=1

oxN 1 X . .
= [ S g o oaa) ~ 2 10

1 Y
+%/o dX( >><<)+1 : 8_);X[H;2(X)—2Hf3(x)]

1 N
—8x)V —1
+c3/ e (58%) - x|
0 x+35 1—-x

1 1
T A T 2 0V/xB )
- g = —— L
M X)) 2+ x)/x(8 £ x)

~ 100 associated independent nested sums. The associated iterated

integrals request root-valued alphabets with about 30 new letters. J.

Ablinger, J. Bumlein, J. Raab, C. Schneider 2013.
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Main Results:

- 3 Loop Anomalous Dimensions
- Wilson Coefficients and OMEs
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3-Loop Anomalous Dimensions o< Tg
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- 1203.1022.
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Wilson Coefficient LS%’PS

LEYPS(N) = CpNpT2 x
RN+ N+2) s (m2\ 32P, W (m
IN—DNIN+ 12N +2)  \ Q%) O(N —)NI(N +13(N + 22 " \ @2
B 325 N 64P;
27(N = NN + D' (N +2)°  3(N — DN*(N + 13(N + 2)?

+ 5

‘ 32(N? 4+ N +2)° ) 2
VDN v g S| (Q2>
32P, 16,

— _ 2
BN -DN(N+F(NT2) TN DNV + PV 2!
B 16P, . 327,
27(N —1)N3(N + 1)3(N +2)272 7 |81(N — )N (N + 1)4(N + 2)?
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Wilson Coefficient L,
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3-Loop OME: Non-Singlet
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3-Loop OME: Transversity
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3-Loop OME: qu

o = P+ N+2) BTN E2) o s (N2 4+ N+2)  16(8N? 4 13N 4 27N + 16)
o DNN+ 1) SN - DN+ 1) 21N - DN(N + 1) '
2(275N* 4 472N N + 598N + 96) 14(N? + 8(8N® 4+ 13N? + 27N + 16) 012(N2+ N+2)
IV — NN T 1) q(v —) 9 @ |50

4R
243(N — )NI(N +1)*

2P,
SV - DNV 1P

St +

2(209N% 4 376N2 + G6IN + 418) 2Py 3 2P
27(N - N(N +1) SV - VN T RN 72 T[SV S DENRN + 1RV 2
_ 2P S8(N* 4+ N+2) g2 4Py
N = 2)(N = 12N3(N + 1)5(N +2) AN - DON(N 1) 27t 203(N — 1)2NI(N + DI(N +2)°
2P, 64(N?+ N +2) 5 2 LN 49
. . - 5,15, 2Py . (N2 4N +2)
BI(N —2)(N — 12NI(N + DI(N +2)? C1ENE(N + (N v 2)7 2 = + e 1)\,(W,+)1)A +3 1

4Py . 110(N? + N +2)
zu(.\u1)2.\w(,‘v+1>J N+2) u(,‘wul)x(‘v“) N

16(N? + N +2)

§ BL(N2 4+ N+2) ,  16(N?+
N-DN(N+ 1) “}5”9(.\"71).\‘ *

ER T

152(N2+ N +2)

BRI N
BN - H(N NN T DN+ 27 |9 NTn!

s

Ty 5073+ 35 8Py St 2Py
TN -V PN ) |0 T TN o) (N S 1PNV F 1PN 4 2
—Saaal| =2| 32(N?4 N +2) s 8Pis
- — S 18— - 3
(TN £ BN 4 GON? 6N +24) Py (N - 12NN +1P(N +2) LN — 1PN (N +1P(N +2)
9V — NN 1) H NN TV 2R | I8N N+2) o [ SN N+2) o sl
9N -1 T DN DNV ) T
» 2 +N+2) ] 4 137N - 36
SN 1NN 1PN T D) N GED R +210N? + 137N +so) 8P
TN NI TEN oo PN + 27
N 416

FN+2)
+12(N +2)

160(N? 4 N 4 2)

9N - DN(N + 1)

10N +88) xz(vz +2)

+2) TTINCENE(N S (N 1 2)

I6(26N" + 49N? + 126N? 4 85N 4 36)
20(N - DNA(N + 1) .
32(N?+ N +2) . 1

2V T 'Z(NH)Z(NH)”“’D(

, S(N?4+N+2) ., S(SN®+13N+
w72l an, 3
“”T"{ 2N [27, NN+ 1)t 27(N - 1)1

,\]b 2+ 1

16(35N1 +0m‘+11& +ISON +70)  8(N%+

*{ = DN(N 17 MY

4 861N + 11668N + 823
243(N — )N(N + 1)

16(N?+ N +2) }72{ L6(V? 4N £2) o I6(SN°+ 13N+ 2TN +16) o

-1

16(1138N° 4 423

(N2 + N +2)
—DN(N+TH

27(N = )N(N +1)" NN+ T N(N +1)% !

N+78) | 16(N+ N +2) ,]S DIPI 24N +2)
TN DN D NN+ M TN 1) NN+
8(1120N% 4 3814N" 4 8618N* + 11884N2 + 8425 + 2258) x (Esf +28+48. ) _2(59N° + 9 84N — 24N + 168) X
203(N — DN(N + )T 3 N PV T (N F D)
16(8NY 13N 27N 16) o 32NN +2) } 2Py }Q { 2P L 6V N +)
NN TN -DNN +1)° (N = )N3(N + 1) (N +2)2 SN IV TN T2 O DNV D)

I

40/41



4. Conclusions

» 2009: 10-14 Mellin Moments for all massive 3-loop OMEs, WC.
2010: Wilson Coefficients L( )P (N)j L?)’S(N).

» 2013: Ladder, V-Graph and Benz-topologies for graphs, with no
singularities in £ can be systematically calculated for general M.

» Here new functions occur (including a larger number of root-letters
in iterated integrals)

> LqNS’(3), AS(’I(Q nd AZI:(;FR( ) were completed.

» The corresponding 3-loop anomalous dimensions were computed,
those for transversity for the first time ab initio.

> HCP,)S’(S) is underway.

» Different new Computer-algebra and mathematical technologies
were developed.

» More results: talk by A. Hasselhuhn.
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