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SOFI-COLLINEAR FACTORIZATION




& Divergences arise in scattering amplitudes

from leading regions in loop momentum space.

& Power-counting arguments show that soft
gluons decouple from the hard subgraph.

& Ward identities decouple soft gluons from jets
and restrict color transfer to the hard part.

& Jet functions ] represent color singlet
evolution of external hard partons.

& The soft function S is a matrix mixing
the available color representations.
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In the planar limit soft exchanges are confined
to wedges: S is proportional to the identity.
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Beyond the planar limit S is determined by an
anomalous dimension matrix [s.

& The matrix I's correlates color exchange with
kinematic dependence.

Soft-collinear factorization

Leading integration regions in loop momentum space
for Sudakov factorization



Color flow

In order to understand the matrix structure of the soft function it is sufficient to consider
the simple case of quark-antiquark scattering.
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At tree level

Tree-level diagrams and color flows for quark-antiquark scattering

For this process only two color structures are possible. A basis in the space of available
color tensors is
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The matrix element is a vector in this space, and the Born cross section is

.'.
R D, Y ME =Y MM G [nggd (c2),) ] = [ms]
YsE

abce
color

A virtual soft gluon will reshuffle color and mix the components of this vector

QED : Mdiv o SdivMBorn; QCD : [Mdiv]J i [Sdiv]JL [MBorn]L



Soft-collinear factorization: pictorial

A pictorial representation of Sudakov factorization for fixed-angle scattering amplitudes
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The Dipole Formula

For massless partons, the soft anomalous dimension matrix obeys a set of exact equations
that correlate color exchange with kinematics.

The simplest solution to these equations is a sum over color dipoles (Becher, Neubert;
Gardi, LM, 09). It gives an ansatz for the all-order singularity structure of all multiparton
fixed-angle massless scattering amplitudes: the dipole formula.

& All soft and collinear singularities can be collected in a multiplicative operator Z

M (ﬁ%(ﬁ)ﬁ) =7 (pi,ozs(ufc),e> H (pi, W,Ozs(MQ),E) ,

puf p'op

& Z contains both soft singularities from S, and collinear ones from the jet functions. It
must satisfy its own matrix RG equation

a2 (Botine) = =2 (Fraine) T (Brentid)
Z —, 0\ ), € =] —, s\ ), € I —, U\ W :
7 2 (o) (%)) T (2 (0)

The matrix [ has a surprisingly simple dipole structure. It reads

Ldaip (ZZ’ Oés(ﬂ2)> — —i S lﬂ( ] pj) T, -T; + z”: s ) -

=) gl

Recall that all singularities are generated by integration over the scale of the coupling.



Features of the dipole formula

& All known results for IR divergences of massless gauge theory amplitudes are recovered.
& The absence of multiparton correlations implies remarkable diagrammatic cancellations.

& The color matrix structure is fixed at one loop: path-ordering is not needed.
& All divergences are determined by a handful of anomalous dimensions.

& The cusp anomalous dimension plays a very special role: a universal IR coupling.

Can this be the definitive answer for IR divergences in massless non-abelian gauge theories?
B> There are precisely two sources of possible corrections.

e Quadrupole correlations may enter starting at three loops: they must be tightly
constrained functions of conformal cross ratios of parton momenta.

Pi 2 Pi 9 2 Pi - Pj Pk - Dl
B —, O\ U )ZFdi (_7as,u )""A Piikly Cs\ U ; Piikl =
(M (42) o (B + A (pins an4?) = BT

* The cusp anomalous dimension may violate Casimir scaling beyond three loops.
7%)(043) = Ci ¥k (as) + /’7%)(053)

* The functional form of A is further constrained by: collinear limits, Bose symmetry,
bounds on weights, high-energy constraints. (Becher, Neubert; Dixon, Gardi, LM, 09).

e A four-loop analysis indicates that Casimir scaling holds (Becher, Neubert,Vernazza).
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Regge Poles

& Studies of the high-energy limit of scattering amplitudes predate the construction of the
Standard Model of particle physics.

& A powerful tool in S-matrix theory is the analytic continuation to complex angular
momentum. Start with the well known partial wave expansion

A(s,t) =16 i (21 + 1) a;(s) P(cos ;)
=0

& Moving to the crossed (t-) channel, using dispersion relations and overcoming several
technical subtleties one finds a representation for the t-channel partial wave amplitude

1 @)
W) = / D*® (cosg. ,t) Qi(cosbs)dcos b,
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& Singularities of a/(t) in the L plane determine the high-energy behavior of the amplitude:
In the case of simple poles one gets

O~ e A DD [0,

& The above is derived from the analiticity of the S-matrix,
with no reference to a Lagrangian field theory.

& In perturbation theory, the same high-energy behavior is
recovered through the summation of ladder diagrams.

& The Regge trajectory O(t) starting at one-loop is given by
an IR divergent transverse momentum integral.




Perturbative Reggeization

& In perturbative QCD the high-energy limit is governed by t-channel parton exchange.
& In the t/s — 0 limit gluons in the t-channel "Reggeize’ with a computable trajectory.

® Large logarithms of s/t are generated by a simple

o replacement of the t-channel propagator,

1 e
G ¥_>Z<—_t)

o ® The Regge trajectory has a perturbative

expansion, with IR divergent coefficients

2
—% 1
Quark-quark scattering: the t-channel gluon Reggeizes o) = i <4 ) alt) 4 (as (4 ’6)) @ (042)
s s

& The gluon has been shown to Reggeize at NLL, and the two-loop Regge trajectory is known.
& For example, for gluon-gluon scattering the matrix element obeys Regge factorization

S

a(t)
S
M?L?(I_;ggazl(s?t) = 293 ; [(Tb)a1a3C>\1>\3 (k17k3)] (—t) [(Tb)a2a4C>\2>\4(k27k4)]

with the perturbative coefficients
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Regge Cuts

& One may wonder how the breakdown of simple Regge factorization can be put in the
context of the general results of Regge theory.

& Reggeization follows from the assumption that the only singularities in the complex
angular momentum plane are isolated poles.

& From the early days of Regge theory it was understood that the the picture would
become more intricate in the presence of cuts in the L plane

& Regge cuts can arise when at least two ‘Reggeons’ are exchanged in the t channel
(two ladders in perturbation theory)

On general grounds one can show that:

® Regge cuts do not arise in the physical region
from planar diagrams.

® The first nontrivial contribution from a Regge
cut arises from the three-loop non-planar
Mandelstam double-cross’ diagram.

® Regge cuts in the physical region arise at leading
power in s only if the high energy limit picks up
the discontinuity of an energy logarithm.

These properties are in agreement with our findings
Mandelstam’s “double-cross’ diagram at three loops and beyond.



HIGH-ENERGY DIPOLES




Del Duca, Duhr, Gardi, LM, White 201 | The dlpole formula at h|gh enel’g)’

& Introducing ‘Mandelstam’ color operators, and using color and momentum conservation

i T, — — (T3 +Ty) s+t+u=0

Tt = T1—|—T3:—(T2—|—T4), 4

T, = T 4o G e dECRaE LT = D O
P

it is easy to see that the infrared dipole operator Z factorizes in the high-energy limit
0 = t
Z <%7as(u2),e> =7 G,as(ﬁ),e) A (P,Ozs(/f),e)

® The operator Z1 is s-independent and proportional to the unit matrix in color space.

0

where the coupling dependence is (once again!) completely determined by the cusp
anomalous dimension and by the B function, through the function (Korchemsky 94-96)

® Color dependence and s dependence are collected in the factor

7 (ﬁ,as(pﬂ),e) = 5D {K(as('f),g) {ln (%) A0 L fy 10

t

K(ozs(/f),e) — —i /OM2 d)\—)\;‘y\K (as (A%, €))

& The simple structure of the high-energy operator governs Reggeization and its breaking.



Reggeization of leading logarithms

& At leading logarithmic accuracy, the (imaginary) s-channel contribution can be dropped, and
the dipole operator becomes diagonal in a t-channel basis.

M (%%(ﬂﬁ) = eXp{K(as(MQ),e) In (_%) T?} Z1H (%,ozs(ﬁ),e)

& If, at LO and at leading power in t/s, the scattering is dominated by t-channel exchange,
then the hard function is an eigenstate of the color operator T/

|t/s|—0
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& Leading-logarithmic Reggeization for arbitrary t-channel color representations follows

7 H99—>99
¢ 1 7%

AMII—99 ( S )CA K (as(4?)€)

& The LL Regge trajectory is universal and obeys Casimir scaling.

“€C

Scattering of arbitrary color representations can be analyzed
Example: let 1 and 2 be antiquarks, 4 a gluon and 3 a sextet; use

36 = 3915 38, =346915

LL Reggeization of the 3 and 135 t-channel exchanges follows.

Scattering for generic color exchange



Beyond leading logarithms

& The high-energy infrared operator can be systematically expanded beyond LL, using the
Baker-Campbell-Hausdorff formula. At NLL one finds a series of commutators

iy K(as,e)Tf P
2ol = () {irinano [12- Kot (2) o

1

A (;;876) In® (—it) o3, [mh ] | + ]}

& The real part of the amplitude Reggeizes also at NLL for arbitrary t-channel exchanges.

NLL

& At NNLL Reggeization generically breaks down also for the real part of the amplitude.

® At two loops, terms that are non-logarithmic and non-diagonal in a t-channel basis arise

£ (@, 6) = — 572 K?(ap,) (T2)’

® At three loops, the first Reggeization-breaking logarithms of s/t arise, generated by

2

&1 (;,043,6) = — %K?»(as,e) In (it) [Ti, [Tf,TgH

& NOTE e In the planar limit (Nc =) all commutators vanish and Reggeization holds
also beyond NLL (as perhaps expected from string theory).
® Possible quadrupole corrections to the dipole formula cannot come to the rescue.
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Master formulas: infrared

€ We consider quark and gluon four-point amplitudes in QCD. Soft-collinear factorization

leads to a master formula’ for these amplitudes valid to leading power in t/s.

ISl i i
e i lsy = Z T o9 Wgy |:__K S CO}
M ( i Q e) IR (NQ Q e) exp | —ig @ @l Gt

L
S Ok Sl
x exp 4 K (as, €) |log o T; +inTs| ¢ H E,F,as,e + O

4
€ We have made explicit an important *Coulomb’ phase, where  Ciot = ZCM
i=1

» |

)

€ The color-singlet Z1r factor is real and collects factors associated with the four ‘jets’.

L 1 — 7
Zl,R (/ﬂaa&e) — &40 {2 |:K (04876) log (2) —|—D<Oés,€)

i

4
Ciotr == ZBz' (aus, €) }

=1l

€ Each function in the exponent has an expansion known to three loops. For example

R 7 Ak T 8¢ 32¢2 T 1172 48¢2 192¢3 s



Master formulas: high-energy

& Regge factorization, under the assumption of “only poles’ in the L plane, and including

crossing information, also leads to a ‘master formula’ for color-octet t-channel exchange.
3 [ S 0),[8
/\/l([lg ( as,e) = Ve, HC(Lb) 8

t t
,UJQ’ ,UJZ’ CCL (/LZ’OQ” )A—I— (t g, € )Cb (,UJ ()5876)
0 S t (8] t t
—|_K'Ca<lu27a87€>A— (t’aS’ )Cb(’u » Mg,y € )_I_R (/’1‘27/’1‘27QS’ >+O<S>:|’

4— N2
e

& Here the signature factor = for quarks, while Kk =1 for gluons.

& The Regge trajectory appears in the (anti)symmetrized factors

e (Gend = (3)7 ()"

& Regge factorization is proved only at LL and at NLL for the real part of the amplitude, but it

is valid for finite terms as well.

8

& We have introduced a color-octet non-factorizing remainder function I =

€c

€ The remainder function starts at NNLL for the real part, but could in principle have NLL

imaginary parts. They will turn out to vanish.



Finite order expansions

& To proceed, we expand all factors in powers of the coupling and of the high-energy logarithm.

£ (biane) = 53 () ket (5) 2000

M=0C1=0
oo n—2

8 o) - S 2 (5) 5 ()

e =201 H



Finite order expansions

& To proceed, we expand all factors in powers of the coupling and of the high-energy logarithm.

£ (biane) = 53 () ket (5) 2000
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o0 nN—2
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R (o) - EE ) () 7 ().
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& At one loop, for example, soft-collinear factorization yields
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Finite order expansions

& To proceed, we expand all factors in powers of the coupling and of the high-energy logarithm.

£ (biane) = 53 () ket (5) 2000

oo n—2
i
R[8b] (8 @ > Z Z (@s) log" ( )R(n),z,[ ] ( 6)
a D sy € ab 29 )
“ 'u =201 H

& At one loop, for example, soft-collinear factorization yields

1
e — [ng{ +inK; (T§ ~ §ctot>] HO 4+ gL

A1 KleH(O) SESERCH
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One-loop results

& A comparison of the two factorizations, even in this simple setting, yields interesting results.

-

» Obviously, the LL hard imaginary part vanishes Im [H(l),l,[Sl] e

€c

€ The Regge trajectory has the expected expression

K1 T?2HO)
@yl [ <1>,1,[8]} B
o 77(0) 8] + Re |H CpaK1+ O (6) ;
& The NLL hard imaginary part shows interesting structure
(1)709[8] R z (1),1,[8] i, E 3 () (O) [8]
Im [H } = (1+ ) Re [H } - K ([Ct0t+2TS+(1+m)Tt]H )
& Finiteness of H requires a “curious identity* c S 2 5
which is indeed satisfied for both quarks and gluons ror 12 SR SR 8], (8] =
& . i 1 1~
$ One-loop impact factors can be computed C’él) 8 52&217& i §H§,?’O’[8] |

& NLL hard real parts are constrained

o 1 = =
B s R 1),0,[8 1),0,[8
Re (Hég) | ]) =3 [Re (Hg(g) [ ]) + Re (H(gq) | ])}
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Two-loop results

& At two loops, for leading logarithms, we find the expected pattern of exponentiation

m [H?28) =0, Re[F®28] = L [f[m,l,mr ~ 0(&) .
’ 2
& At NLL, the hard imaginary part appears to have a more elaborate structure
w 2 8] Ctot A
e (T —co T B [<T2 - > H<1>,1]

o §<1 e (a<1>)2 77(0).[8)

& We can however use a simple color identity, octet dominance at tree level, and the
one-loop curious identity’, to get

R ez () it 200 = p (OB e Al ) (2
t S S

[8],[8]
& The Regge trajectory can be extracted from the NLL real part, and has the predicted form
a® = CuK; + Re [Flﬁ)’l’[&] G

& The NNLL hard imaginary part is related to the NLL hard real part

i

Im [H(2),0,[8]] — = (0L Re [H(g)@,[sq
2



Two loops: universality breaking

& At two loops and at NNLL the impact factors display universality breaking

1 S A 1
T et 3 (Zl(,lf){,aa) o ZZf,ll)z,aa Re {Hc(,,}z)’o’[ﬂ s




Two loops: universality breaking

& At two loops and at NNLL the impact factors display universality breaking

o 1 1 2 ISe] A 1
5 2
e, 2 NP 9 1 (A 0
3 _Kl{ T 0a) }[8],[8] Crot.aa [ T5,aa] 8],8] 4Ct°t’“a % Il

Universal, real, color singlet, from jets



Two loops: universality breaking

& At two loops and at NNLL the impact factors display universality breaking
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Universal, real, color singlet, from jets

Define as proper impact factor



Two loops: universality breaking

& At two loops and at NNLL the impact factors display universality breaking
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, Non universal, from phases, color-mixed
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Two loops: universality breaking

& At two loops and at NNLL the impact factors display universality breaking

1
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i (O (60)

Universal, real, color singlet, from jets

, Non universal, from phases, color-mixed
Define as proper impact factor

Assign to non-factorizing remainder

& Quark and gluon impact factors derived from qq and gg amplitudes must properly form the
qg amplitude. Assuming factorization this fails (Del Duca and Glover 2001). Indeed defining

7.‘.2
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e e e
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Two loops: universality breaking

& At two loops and at NNLL the impact factors display universality breaking
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Universal, real, color singlet, from jets

, Non universal, from phases, color-mixed
Define as proper impact factor

Assign to non-factorizing remainder

& Quark and gluon impact factors derived from qq and gg amplitudes must properly form the
qg amplitude. Assuming factorization this fails (Del Duca and Glover 2001). Indeed defining
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Three loops: factorization breaking

& At three loops, the NLL hard imaginary part requires a new color identity, but ends up
being constrained as at lower orders ... generalization is to be expected.

[(<T2)2T2 SRR L T2 (T2)2) H(O)}[S] = SV () OE e [ﬁ](B),Q,[S]} = O
t S RS e s t = e r = 2 )

[8],(8]



Three loops: factorization breaking

& At three loops, the NLL hard imaginary part requires a new color identity, but ends up
being constrained as at lower orders ... generalization is to be expected.

[(<T2)2T2+T2T2T2+T2 (T2)2 H ) 8] — 312 (T?) gOLBl o GGz El SR
() 7O - m [A9#4] = 0 ()

[8],(8]

& The real contribution at NNLL should give the Regge trajectory at three loops. As expected,

fitting the coefficient of the single log we find a non-universal result. Using

KT% GREE 2T (T, T?) H(O)][S] = 5" (2N, +Cp) |(T§)[8],[n]|2 17(0),[8]
we find &
Oégi) — (GG, : [Ctot,ich (Tg,z‘j)[s],[g] — = t’4'7 i 5 NS

LIS @ 4870 | — R®LE L o (2
3 n) i3/ 8],n



Three loops: factorization breaking

& At three loops, the NLL hard imaginary part requires a new color identity, but ends up
being constrained as at lower orders ... generalization is to be expected.

[((TQ)2 T -T + T (T2)2) H(o)} Bl SN ) AOHEL [ﬁ(s)g,[ﬂ — (&
t S RS e s t = e r = 2 )

[8],(8]

& The real contribution at NNLL should give the Regge trajectory at three loops. As expected,

fitting the coefficient of the single log we find a non-universal result. Using

(T2 (12)” + 22202 4+ (T)° T2) HO] = 3 (2Ne + Cpy) [(T2) g g | HOH
we find .
7T2K3 CQO ,i'NC 1+ K
Oégi) — CAKS Sl 9 : [Ctot,ich (Tg,z’j)[g])[g] — = t4] np 9 J\fc::3
1 — 2 3
universal 0 Z (2Ne + Cny) ‘(Tg,ij)[S],n ] = ROl e

non universal



Three loops: factorization breaking

& At three loops, the NLL hard imaginary part requires a new color identity, but ends up
being constrained as at lower orders ... generalization is to be expected.

[((Tgf T A O e I i (T§)2) H(O)}H — 3N (T?) FOEL . T [ﬁ(:&)g,[g]} _ 0()

[8],(8]

& The real contribution at NNLL should give the Regge trajectory at three loops. As expected,

fitting the coefficient of the single log we find a non-universal result. Using

KT? GREE 2T (T, T?) H(O)][S] = 5" (2N, +Cp) |(T§)[8],[n]|2 17(0),[8]

n

we find
2Nras CQ 1
(e A o8 tot,ij SE
7
.1 [ 8
universal __Z (2Ne + Cpuj ‘( sw)[s] ]_R() []+O(€ )

non universal

& We define then a single-logarithmic three-loop non-factorizing remainder as

Bt CZ
(3)717[8] NES 2 3 2 O BT
i s [Cmt’” Ne (Teis) g1 ~ 47

1+ k il 2 &
LN = 3 3 N+ ) [(T2) | |+ O ()
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Predictions at three loops and beyond

€c

€ Explicitly, the non-factorizing remainders at three loops for qq, gg and qg amplitudes are

2 2 2
FowE _ 22ps 2N2-5 P 2NZ-5
e 3 N, =2 120,
s 16 7T2 2
3),1,8 il 2173 s
Rgg) 8] = —gﬂ' Kl NC — —6—3§NC
= i 7T2 N
YIS S i 3 S5 T St PN
R s laESt

Note that all remainders are subleading in N¢ as they must.

& Furthermore, one can prove a sequence of all-order identities for the hard parts

Im(}/\](n)vna[S]) B 0
X il N n
@heShes = 0 (EOFEE = n
Re(H - - (H ) = O(")
Im(l_:f(")’"_l’[8]) - _7T1 r (nf{(n),n,[S]) = O(e")
Re(ﬁ(n),n—l,[8]) il Re(ﬁ(Z),l)ﬁ(n—2),n—2 i (2 = n)Re(]:[(l)’O’[S])]:I(n_l)’n_l
_ b

proving a strong vanishing’ of the hard part up to NLL.



OUTLOOK




Summary

& The dipole formula may encode all infrared singularities for any massless gauge theory, a
natural generalization of the planar limit.

& The study of possible corrections to the dipole formula is under way.

& The high-energy limit of the dipole formula provides insights into Reggeization and beyond,
at least for divergent contributions to the amplitude.

& Leading logarithmic Reggeization is proved for generic color representations.

& Regge factorization generically breaks down at NNLL, with computable corrections which
may be related to Regge cuts in the angular momentum plane.

& We have studied in detail the combined consequences of Regge and soft-collinear
factorizations on four-point multi-loop QCD amplitudes

& Infrared information provides a natural way to identify non-universal contributions beyond
Regge factorization: these could be the leading terms of a Regge-cut resummation.

& We recover from first principles the non-factorizing non-logarithmic two-loop
remainder of Del Duca and Glover.

& We explicitly predict the leading non-factorizing high-energy logarithms at three loops
for qq, gg and qg amplitudes in QCD.

& All-order identities strongly constrain the hard, finite contributions to the amplitude
at LL and NLL, and weaker constraints at NNLL and beyond.

& Similar results can be derived for multi-parton amplitudes in multi-Regge kinematics.
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