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A “Feynman diagram” of finding New Laws



Not a review talk of pert. QCD.  
Excellent review talk by Thomas Gehrmann  in  

the 2013 meeting. 
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• Some highlights since then


• Focus on the youngest branch of pert. QCD computations: N3LO



Perturbative QCD
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NLO for very high 
multiplicities
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Figure 2 – (a) In the upper panel at left, the computed H jets
T distributions at NLO forW� production accompanied

by up to five jets; in the lower panel, ratios of these distributions (b) At right, the computed H jets
T distributions

at NLO for W� production with three to five accompanying jets, compared with an ratio-based parametrization,
along with the expolation to W� + 6-jet production.

in turn, allows us give a prediction [17] for the W + 6-jet production cross section,

W� + 6 jets: 0.15 ± 0.01 pb ,

W+ + 6 jets: 0.30 ± 0.03 pb ,
(2)

where the uncertainty estimates include only statistical uncertainties.

4 Extrapolating the H jets

T

Distribution

The total transverse energy in jets, H jets

T

, is a good probe into potential new physics at the
very highest center-of-mass energies accessible to the LHC. We have computed this distribution
for a W boson accompanied by up to five jets. The results are shown in the upper panel of
fig. 2(a). Let us try to predict the distribution for W + 6-jet production by extrapolating those
results. The H jets

T

distributions have a threshold, due to the minimum jet transverse momentum.

Combined with the decrease towards larger H jets

T

, due to the decreasing matrix elements and
the falling parton distributions, this leads to the appearance of a peak in the distribution. The
threshold, and hence the peak locations, are di↵erent for di↵erent numbers of jets. This makes
a simple extrapolation at each di↵erent value of H jets

T

problematic. Instead, we seek to fit a
functional form.

At small H jets

T

, we might expect the integral we are evaluating for n jets to have the following
form, ✓Z

dE

E
g(E)

◆m

, (3)

• Backgrounds to new physics


• Experiments can push their 
searches to small corners of 
phase-space 
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(c) τ+e mSUGRA SR, Njet ≥ 3
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Figure 6. Distribution of the final kinematic variables in the τ+e channel after all analysis require-
ments but the final SR selections on meff and Emiss

T . Data are represented by the points. The SM
prediction includes the data-driven corrections discussed in the text. The shaded band centred around
the total SM background indicates the statistical uncertainty on the background expectation. MC
events are normalized to data in the CRs described in the text. Also shown is the expected signal
from typical bRPV, GMSB, mSUGRA and nGM signal samples. The last bin in the expected back-
ground distribution is an overflow bin. There are no data events in the overflow bin after all analysis
requirements are applied.

Tables 6–9 summarize the number of observed events in the four channels in data and

the number of expected background events. No significant excess over the Standard Model

background estimate is observed. Upper limits at 95% confidence level (CL) on the number

of signal events for each SR independent of any specific SUSY model are derived using the

CLs prescription [109]. The profile likelihood ratio is used as a test statistic [110] and all

systematic uncertainties on the background estimate are treated as nuisance parameters,

neglecting any possible signal contamination in the control regions. The limits are computed

– 24 –

6



NLO for very high 
multiplicities

• Stability in varying 
renormalisation and 
factorisation scales.  


• Better modelling of jets, which 
at NLO acquire a structure with 
content, size and non-zero 
invariant mass. 


• Quantitatively accurate 
estimate of the cross-section

0.25 0.5 1 2 4 8

60

80

100

120

10

20

30

40

σ
  [

 p
b 

] LO
NLO

5

10

15

0

2

4

6

0.25 0.5 1 2 4 8
µr / µ0

-0.5

0

0.5

1

1.5

K
-fa

ct
or

W- + 2 jets + X
W- + 3 jets + X
W- + 4 jets + X
W- + 5 jets + X

W- + 2 jets + X

BlackHat+Sherpa

√
s   =  7 TeV

pT
jet  >  25 GeV,  | ηjet |  <  3 

ET
e   >  20 GeV,   | ηe |   <  2.5

ET
ν  > 20 GeV,   MT

W  > 20 GeV

W- + 5 jets + X

W- + 3 jets + X

R   =   0.5   [anti-kT]

W- + 4 jets + X

µ0 = 2 MW

FIG. 4: The renormalization-scale dependence of the total cross section using a fixed reference

scale of µ0 = 2MW . The top four panels give the renormalization-scale dependence at both LO

and NLO for W + 2-jets through W + 5-jets. The bottom panel shows the K factors for these

cases, with the top curve for W + 2-jets and the bottom one for W + 5-jets. The factorization

scale is held fixed.

the calculated order. In previous papers [22, 23], we have seen that the variability increases

substantially with a growing number of jets at LO, but stabilizes at under 20% at NLO.

This trend continues as the number of jets grows beyond the multiplicity considered in our

just-cited studies. In fig. 4, we show the variation of the total cross section for W− + n-

jet production with the renormalization scale around a central choice of µ0 = 2MW , for

n = 2, 3, 4, 5 at LO and at NLO, along with the so-called “K factor,” the ratio of the

NLO to LO cross sections. We vary the scale down by a factor of four and upwards by a

factor of eight. A fixed scale of O(MW ) is appropriate for the total cross section, as it is

13
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NLO merging with 
parton showers

•  Methods for merging parton showers and 
NLO calculations for final states with 
varying jet multiplicity. 


• Enormous progress in automation of  
NLO and NLO merging.  
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FIG. 1. Light-flavor jet multiplicity distribution (including c- but not b-jets) for transverse momentum thresholds of 40, 60 and
80 GeV (a) and transverse momentum spectra of the three leading light-flavor jets (b). Solid (red) lines indicate MEPS@NLO
predictions, and the full (orange) band shows the corresponding total theoretical uncertainty. Dashed lines indicate MEPS@LO
predictions, with the corresponding uncertainties shown as hatched (blue) bands. S–MC@NLO predictions are shown as dotted
histograms. Statistical uncertainties for each calculation are indicated by error bars.
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FIG. 2. Transverse momentum of the reconstructed top quark (a) and total transverse energy (b), see Fig. 1 for details.

Hoeche et al

pp ! tt̄+Njets

Process Syntax Cross section (pb)

Heavy quarks and jets LO 13 TeV NLO 13 TeV

d.1 pp→ jj p p > j j 1.162± 0.001 · 106 +24.9%
−18.8%

+0.8%
−0.9% 1.580± 0.007 · 106 +8.4%

−9.0%
+0.7%
−0.9%

d.2 pp→ jjj p p > j j j 8.940± 0.021 · 104 +43.8%
−28.4%

+1.2%
−1.4% 7.791± 0.037 · 104 +2.1%

−23.2%
+1.1%
−1.3%

d.3 pp→ bb̄ (4f) p p > b b∼ 3.743± 0.004 · 103 +25.2%
−18.9%

+1.5%
−1.8%

6.438± 0.028 · 103 +15.9%
−13.3%

+1.5%
−1.7%

d.4∗ pp→ bb̄j (4f) p p > b b∼ j 1.050± 0.002 · 103 +44.1%
−28.5%

+1.6%
−1.8% 1.327± 0.007 · 103 +6.8%

−11.6%
+1.5%
−1.8%

d.5∗ pp→ bb̄jj (4f) p p > b b∼ j j 1.852± 0.006 · 102 +61.8%
−35.6%

+2.1%
−2.4%

2.471± 0.012 · 102 +8.2%
−16.4%

+2.0%
−2.3%

d.6 pp→ bb̄bb̄ (4f) p p > b b∼ b b∼ 5.050± 0.007 · 10−1 +61.7%
−35.6%

+2.9%
−3.4% 8.736± 0.034 · 10−1 +20.9%

−22.0%
+2.9%
−3.4%

d.7 pp→ tt̄ p p > t t∼ 4.584± 0.003 · 102 +29.0%
−21.1%

+1.8%
−2.0% 6.741± 0.023 · 102 +9.8%

−10.9%
+1.8%
−2.1%

d.8 pp→ tt̄j p p > t t∼ j 3.135± 0.002 · 102 +45.1%
−29.0%

+2.2%
−2.5% 4.106± 0.015 · 102 +8.1%

−12.2%
+2.1%
−2.5%

d.9 pp→ tt̄jj p p > t t∼ j j 1.361± 0.001 · 102 +61.4%
−35.6%

+2.6%
−3.0%

1.795± 0.006 · 102 +9.3%
−16.1%

+2.4%
−2.9%

d.10 pp→ tt̄tt̄ p p > t t∼ t t∼ 4.505± 0.005 · 10−3 +63.8%
−36.5%

+5.4%
−5.7% 9.201± 0.028 · 10−3 +30.8%

−25.6%
+5.5%
−5.9%

d.11 pp→ tt̄bb̄ (4f) p p > t t∼ b b∼ 6.119± 0.004 · 100 +62.1%
−35.7%

+2.9%
−3.5% 1.452± 0.005 · 101 +37.6%

−27.5%
+2.9%
−3.5%

Table 5: Sample of LO and NLO total rates for the production of heavy quarks and/or jets, possibly within cuts, at the 13-TeV LHC;

we also report the integration errors, and the fractional scale (left) and PDF (right) uncertainties. Processes d.1 and d.2, as well as

processes involving at least a top pair, are computed in the five-flavour scheme. Processes that explicitly involve b-quarks in the final

state are calculated in the four-flavour scheme. For processes d.3–d.6 we require 2 (or 4) b-jets in the final state with |η| < 2.5. For

processes d.1–d.6, we require the (b)-jets to have pT > 80 GeV, with at least one of them with pT > 100 GeV. Calculations of cross

sections at the NLO for this class of processes are available in the literature as well as in public codes: from the seminal results for

the hadroproduction of a heavy quark pair [288–292], to their NLO+PS implementation in MC@NLO [172] and POWHEG [293], to

tt̄j [294] (also including top decays [257,295] and parton shower effects [296,297]), to the computation of tt̄jj [298]. Merged NLO+PS

results for tt̄ plus jets are also available [191,299,300]. NLO results for three jets [301], four jets [74], and up to five jets [302,303] have

been published. Two- and three-jet event generation is available in POWHEG [304,305]. Calculations for bb̄bb̄ [306,307], tt̄bb̄ [308–311],

and tt̄tt̄ [312] production have appeared in the literature.

–
78

–

Process Syntax Cross section (pb)

Heavy quarks+vector bosons LO 13 TeV NLO 13 TeV

e.1 pp→W± bb̄ (4f) p p > wpm b b∼ 3.074± 0.002 · 102 +42.3%
−29.2%

+2.0%
−1.6% 8.162± 0.034 · 102 +29.8%

−23.6%
+1.5%
−1.2%

e.2 pp→Z bb̄ (4f) p p > z b b∼ 6.993± 0.003 · 102 +33.5%
−24.4%

+1.0%
−1.4% 1.235± 0.004 · 103 +19.9%

−17.4%
+1.0%
−1.4%

e.3 pp→ γ bb̄ (4f) p p > a b b∼ 1.731± 0.001 · 103 +51.9%
−34.8%

+1.6%
−2.1% 4.171± 0.015 · 103 +33.7%

−27.1%
+1.4%
−1.9%

e.4∗ pp→W± bb̄ j (4f) p p > wpm b b∼ j 1.861± 0.003 · 102 +42.5%
−27.7%

+0.7%
−0.7% 3.957± 0.013 · 102 +27.0%

−21.0%
+0.7%
−0.6%

e.5∗ pp→Z bb̄ j (4f) p p > z b b∼ j 1.604± 0.001 · 102 +42.4%
−27.6%

+0.9%
−1.1%

2.805± 0.009 · 102 +21.0%
−17.6%

+0.8%
−1.0%

e.6∗ pp→ γ bb̄ j (4f) p p > a b b∼ j 7.812± 0.017 · 102 +51.2%
−32.0%

+1.0%
−1.5% 1.233± 0.004 · 103 +18.9%

−19.9%
+1.0%
−1.5%

e.7 pp→ tt̄W± p p > t t∼ wpm 3.777± 0.003 · 10−1 +23.9%
−18.0%

+2.1%
−1.6% 5.662± 0.021 · 10−1 +11.2%

−10.6%
+1.7%
−1.3%

e.8 pp→ tt̄ Z p p > t t∼ z 5.273± 0.004 · 10−1 +30.5%
−21.8%

+1.8%
−2.1% 7.598± 0.026 · 10−1 +9.7%

−11.1%
+1.9%
−2.2%

e.9 pp→ tt̄ γ p p > t t∼ a 1.204± 0.001 · 100 +29.6%
−21.3%

+1.6%
−1.8%

1.744± 0.005 · 100 +9.8%
−11.0%

+1.7%
−2.0%

e.10∗ pp→ tt̄W±j p p > t t∼ wpm j 2.352± 0.002 · 10−1 +40.9%
−27.1%

+1.3%
−1.0%

3.404± 0.011 · 10−1 +11.2%
−14.0%

+1.2%
−0.9%

e.11∗ pp→ tt̄ Zj p p > t t∼ z j 3.953± 0.004 · 10−1 +46.2%
−29.5%

+2.7%
−3.0% 5.074± 0.016 · 10−1 +7.0%

−12.3%
+2.5%
−2.9%

e.12∗ pp→ tt̄ γj p p > t t∼ a j 8.726± 0.010 · 10−1 +45.4%
−29.1%

+2.3%
−2.6% 1.135± 0.004 · 100 +7.5%

−12.2%
+2.2%
−2.5%

e.13∗ pp→ tt̄W−W+ (4f) p p > t t∼ w+ w- 6.675± 0.006 · 10−3 +30.9%
−21.9%

+2.1%
−2.0% 9.904± 0.026 · 10−3 +10.9%

−11.8%
+2.1%
−2.1%

e.14∗ pp→ tt̄W±Z p p > t t∼ wpm z 2.404± 0.002 · 10−3 +26.6%
−19.6%

+2.5%
−1.8%

3.525± 0.010 · 10−3 +10.6%
−10.8%

+2.3%
−1.6%

e.15∗ pp→ tt̄W±γ p p > t t∼ wpm a 2.718± 0.003 · 10−3 +25.4%
−18.9%

+2.3%
−1.8% 3.927± 0.013 · 10−3 +10.3%

−10.4%
+2.0%
−1.5%

e.16∗ pp→ tt̄ ZZ p p > t t∼ z z 1.349± 0.014 · 10−3 +29.3%
−21.1%

+1.7%
−1.5%

1.840± 0.007 · 10−3 +7.9%
−9.9%

+1.7%
−1.5%

e.17∗ pp→ tt̄ Zγ p p > t t∼ z a 2.548± 0.003 · 10−3 +30.1%
−21.5%

+1.7%
−1.6% 3.656± 0.012 · 10−3 +9.7%

−11.0%
+1.8%
−1.9%

e.18∗ pp→ tt̄ γγ p p > t t∼ a a 3.272± 0.006 · 10−3 +28.4%
−20.6%

+1.3%
−1.1%

4.402± 0.015 · 10−3 +7.8%
−9.7%

+1.4%
−1.4%

Table 6: Sample of LO and NLO total rates for the production of heavy quarks in association with vector bosons, possibly within cuts

and in association with jets, at the 13-TeV LHC; we also report the integration errors, and the fractional scale (left) and PDF (right)

uncertainties. Processes that explicitly involve b-quarks in the final state, and process e.13, are calculated in the four-flavour scheme,

while all of the others are in the five-flavour scheme. Results are available in the literature for Wbb̄ [68, 313–316], Zbb̄ [68, 315, 317],

tt̄γ [318], tt̄Z [68,319–322], tt̄W [68,322,323] production. For the majority of the processes in this table, NLO corrections are calculated

in this work for the first time.

–
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NLO: why is it 
solved?
•   One-loop amplitudes in gauge 

theories = (Tree-amplitudes in 
gauge-theories) and (Integrals in 
scalar field theories)


• Singularities of tree-amplitudes 
due to radiation of a single parton 
understood for arbitrary processes. 

9



From NLO to NNLO

• A very beautiful structure of perturbation 
theory at NLO, where we can reduce the 
cross-section calculations to a few scalar 
integrals and  LO calculations (infrared 
limits, master integral coefficients)


• It makes one dream that also higher orders 
NNLO, NNNLO, etc may be reduced to a 
few scalar integrals and LO calculations.  


• Such a structure has not arisen yet. 


• But progress is fast over the last decade 
with increasingly sophisticated methods.  
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“However, while the NLO program has been extremely  
successful in reducing the theoretical uncertainty,  

the improvements in the data are even more impressive,  
to the extent that the theoretical error tends to dominate.”

“One way to improve the theoretical predictions is to  
incorporate next-to-next-to-leading order (NNLO) effects.”

arXiv:hep-ph/9805481

“Although a complete NNLO jet calculation is some way off,  
and for 2 → 2 processes the two-loop double box integrals  
are not even known yet, some encouraging steps have been 

taken in this direction.”
11

http://arxiv.org/abs/hep-ph/9805481


gluonic

2

diagrams for each of the gluonic processes. The e↵ec-
tive interaction between gluons and the Higgs boson is
mediated by top quarks and is valid in the mt ! 1
limit. The ultraviolet renormalised matrix elements for
these processes are integrated over the final state phase
space appropriate to Higgs+jet final states. All three
types of contributions are infrared-divergent, only their
sum is finite. While infrared divergences from the vir-
tual corrections are explicit in the one-loop and two-loop
matrix elements, divergences from unresolved real radia-
tion become explicit only after phase space integration.
The divergences are usually regulated dimensionally, and
di↵erent methods have been used for their extraction
from the real radiation contributions. All these meth-
ods are based on a subtraction of divergent configura-
tions, which are then integrated over the phase space
and added to the virtual corrections to yield a finite re-
sult: sector decomposition [18], antenna subtraction [19],
qT -subtraction [20] and sector-improved residue subtrac-
tion [21] have all been applied successfully in the calcu-
lation of NNLO corrections to exclusive processes.

In this calculation we apply antenna subtraction, a
method for the construction of real radiation subtraction
terms based on so-called antenna functions, that each
describe all infrared singular limits occurring in between
two hard colour-ordered partons. For hadron-collider ob-
servables, either hard radiator can be in the initial or
final state, and all unintegrated and integrated antenna
functions were derived previously [22–25]. The gluonic
cross-section is given by,

d�gg,NNLO =

Z

d�3

⇥
d�RR

gg,NNLO � d�S
gg,NNLO

⇤

+

Z

d�2

⇥
d�RV

gg,NNLO � d�T
gg,NNLO

⇤

+

Z

d�1

⇥
d�V V

gg,NNLO � d�U
gg,NNLO

⇤
, (1)

where each of the square brackets is finite and well be-
haved in the infrared singular regions. The construction
of the subtraction terms d�S,T,U

gg,NNLO follows closely the
NNLO subtraction terms for purely gluonic jet produc-
tion [26].

Using the antenna subtraction method to cancel in-
frared divergent terms between di↵erent channels, we
have implemented all purely gluonic subprocesses to
Higgs-plus-jet production through to NNLO into a
parton-level event generator. With this program, we can
compute any infrared safe observable related to H + j
final states to NNLO accuracy. The Higgs decay to two
photons is included, such that realistic event selection
cuts on the photons can equally be applied once mul-
tiple di↵erential distributions become available. Renor-
malization and factorization scales can be chosen on an
event-by-event basis.

For our numerical computations, we use the
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FIG. 2. (a) Transverse momentum distribution of the Higgs
boson in inclusive H + 1j production in pp collisions withp
s = 8 TeV at LO, NLO, NNLO and (b) Ratios of di↵erent

perturbative orders, NLO/LO, NNLO/LO and NNLO/NLO.

NNPDF2.3 parton distribution functions [27] with the
corresponding value of ↵s(MZ) = 0.118 at NNLO, and
MH = 125 GeV. Default values for the factorization and
renormalization scales are µF = µR = MH , with the-
ory errors estimated from the envelope of a variation to
MH/2 and 2MH . To compare with previously obtained
results for the total cross section for purely gluonic H+j
production at

p
s = 8 TeV, we use the same cuts as

in [14]: jets are reconstructed in the kT algorithm with
R = 0.5, and accepted if pT > 30 GeV. With this, we
obtain the total cross section at di↵erent perturbative
orders as

�LO = 2.72+1.22
�0.78 pb ,

�NLO = 4.38+0.76
�0.74 pb ,

�NNLO = 6.34+0.28
�0.49 pb , (2)

in very good agreement with [14].
In our kinematical distributions and ratio plots, the

error band describes the scale variation envelope as de-
scribed above, where the denominator in the ratio plots is
evaluated at fixed central scale, such that the band only
reflects the variation of the numerator. Error bars on the
distributions indicate the numerical integration errors on
individual bins.

NNLO computations 
in 2014 for LHC
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Precise QCD predictions for the production of Higgs+jet final states

X. Chena, T. Gehrmannb, E.W.N. Glovera, M. Jaquierb
a Institute for Particle Physics Phenomenology, Department of Physics, University of Durham, Durham, DH1 3LE, UK

b Department of Physics, University of Zürich, CH-8057 Zürich, Switzerland

We compute the cross section and di↵erential distributions for the production of a Standard Model
Higgs boson in association with a hadronic jet to next-to-next-to-leading order in quantum chromo-
dynamics (QCD). In Higgs boson studies at the LHC, final states containing one jet are a dominant
contribution to the total event rate, and their understanding is crucial for improved determinations
of the Higgs boson properties. We observe substantial higher order corrections to transverse momen-
tum spectra and rapidity distributions in Higgs-plus-one-jet final states. Their inclusion stabilises
the residual theoretical uncertainty of the predictions around 9%, thereby providing important input
to precision studies of the Higgs boson.

PACS numbers: 12.38Bx

After the initial observation of the Higgs boson at the
CERN LHC [1], several measurements of its properties
(production and decay modes, spin) have provided the
first evidence for its nature [2], which is found to be
largely in agreement (still with substantial error mar-
gins) with the expectations of the Standard Model. Pre-
cision studies of Higgs boson properties will be among
the primary objectives of the upcoming run at the LHC,
allows searches for possible small deviations from the
Standard Model formulation of the Higgs mechanism of
electroweak symmetry breaking. The interpretation of
these precision data relies on a close interplay between
experimental measurements and theoretical calculations
for Higgs boson signal and background processes.

To obtain reliable theoretical predictions for hadron
collider observables, corrections from higher order pro-
cesses in QCD need to be accounted for. For the most
important Higgs boson production processes, impres-
sive progress has been made in recent years, such that
gluon fusion [3] and associated production [4] are de-
scribed fully exclusively to next-to-next-to-leading order
(NNLO) in QCD, and vector-boson-fusion [5] and asso-
ciated production with top quarks [6] to next-to-leading
order (NLO). For the gluon fusion process, which is the
largest contribution to Higgs production at the LHC,
NLO corrections have also been derived for Higgs bo-
son production in association with up to three jets [7–9].
Recently, the first steps towards the fourth-order QCD
corrections (N3LO) have been taken [10].

The number of jets produced in association with a
Higgs boson candidate is a very important discrimina-
tor between di↵erent production modes, and is utilised
in the optimization of signal-to-background ratios, for
example through the application of jet vetoes [11]. For
many Higgs boson studies, final states with H + 0 jets
and H + 1 jet contribute roughly equal amounts to the
total cross section. A comparable theoretical precision
for both processes in the dominant gluon fusion produc-
tion mode is therefore mandatory for precision studies
and to resolve potential correlations between both sam-

(a) (b) (c)

FIG. 1. Representative Feynman diagrams in the e↵ective
theory for (a) two-loop Higgs-plus-three-gluon amplitudes (b)
one-loop Higgs-plus-four-gluon amplitudes and (c) tree-level
Higgs-plus-five-gluon amplitudes.

ples [12, 13]. While the H + 0 jets process is described
to NNLO [3] accuracy, H + 1 jet production is known
fully di↵erentially only to NLO [7]. A first step towards
the NNLO corrections for this process has been taken
in [14] with the purely gluonic contribution to the total
H + 1 jet cross section. This work has highlighted that
NNLO contributions to H + 1 jet final states are of sub-
stantial numerical magnitude [14] and clearly called for
a more di↵erential description. In this letter, we report
on a new calculation of the gluonic NNLO contributions
to H + 1 jet production in gluon fusion, carried out in
the form of a parton-level event generator that provides
the corrections in a fully di↵erential form, including the
Higgs decay to two photons. An extension to di↵erent
Higgs boson decay modes is feasible. As pointed out in
Ref. [14], the gluonic process dominates over the other
subprocesses including the potentially large quark-gluon
channel. We note that the techniques employed here can
be applied to these other contributions.

The NNLO corrections to Higgs+jet production in
hadronic collisions receive contributions from the three
types of parton-level processes: (a) the two-loop cor-
rections to Higgs-plus-three-parton processes [15], (b)
the one-loop corrections to Higgs-plus-four-parton pro-
cesses [16] and (c) the tree-level Higgs-plus-five-parton
processes [17]. Figure 1 shows representative Feynman
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diagrams for each of the gluonic processes. The e↵ec-
tive interaction between gluons and the Higgs boson is
mediated by top quarks and is valid in the mt ! 1
limit. The ultraviolet renormalised matrix elements for
these processes are integrated over the final state phase
space appropriate to Higgs+jet final states. All three
types of contributions are infrared-divergent, only their
sum is finite. While infrared divergences from the vir-
tual corrections are explicit in the one-loop and two-loop
matrix elements, divergences from unresolved real radia-
tion become explicit only after phase space integration.
The divergences are usually regulated dimensionally, and
di↵erent methods have been used for their extraction
from the real radiation contributions. All these meth-
ods are based on a subtraction of divergent configura-
tions, which are then integrated over the phase space
and added to the virtual corrections to yield a finite re-
sult: sector decomposition [18], antenna subtraction [19],
qT -subtraction [20] and sector-improved residue subtrac-
tion [21] have all been applied successfully in the calcu-
lation of NNLO corrections to exclusive processes.

In this calculation we apply antenna subtraction, a
method for the construction of real radiation subtraction
terms based on so-called antenna functions, that each
describe all infrared singular limits occurring in between
two hard colour-ordered partons. For hadron-collider ob-
servables, either hard radiator can be in the initial or
final state, and all unintegrated and integrated antenna
functions were derived previously [22–25]. The gluonic
cross-section is given by,

d�gg,NNLO =

Z

d�3

⇥
d�RR

gg,NNLO � d�S
gg,NNLO

⇤

+

Z

d�2

⇥
d�RV

gg,NNLO � d�T
gg,NNLO

⇤

+

Z

d�1

⇥
d�V V

gg,NNLO � d�U
gg,NNLO

⇤
, (1)

where each of the square brackets is finite and well be-
haved in the infrared singular regions. The construction
of the subtraction terms d�S,T,U

gg,NNLO follows closely the
NNLO subtraction terms for purely gluonic jet produc-
tion [26].

Using the antenna subtraction method to cancel in-
frared divergent terms between di↵erent channels, we
have implemented all purely gluonic subprocesses to
Higgs-plus-jet production through to NNLO into a
parton-level event generator. With this program, we can
compute any infrared safe observable related to H + j
final states to NNLO accuracy. The Higgs decay to two
photons is included, such that realistic event selection
cuts on the photons can equally be applied once mul-
tiple di↵erential distributions become available. Renor-
malization and factorization scales can be chosen on an
event-by-event basis.

For our numerical computations, we use the
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FIG. 2. (a) Transverse momentum distribution of the Higgs
boson in inclusive H + 1j production in pp collisions withp
s = 8 TeV at LO, NLO, NNLO and (b) Ratios of di↵erent

perturbative orders, NLO/LO, NNLO/LO and NNLO/NLO.

NNPDF2.3 parton distribution functions [27] with the
corresponding value of ↵s(MZ) = 0.118 at NNLO, and
MH = 125 GeV. Default values for the factorization and
renormalization scales are µF = µR = MH , with the-
ory errors estimated from the envelope of a variation to
MH/2 and 2MH . To compare with previously obtained
results for the total cross section for purely gluonic H+j
production at

p
s = 8 TeV, we use the same cuts as

in [14]: jets are reconstructed in the kT algorithm with
R = 0.5, and accepted if pT > 30 GeV. With this, we
obtain the total cross section at di↵erent perturbative
orders as

�LO = 2.72+1.22
�0.78 pb ,

�NLO = 4.38+0.76
�0.74 pb ,

�NNLO = 6.34+0.28
�0.49 pb , (2)

in very good agreement with [14].
In our kinematical distributions and ratio plots, the

error band describes the scale variation envelope as de-
scribed above, where the denominator in the ratio plots is
evaluated at fixed central scale, such that the band only
reflects the variation of the numerator. Error bars on the
distributions indicate the numerical integration errors on
individual bins.

Chen et al,  
also by  

Boughezal et al
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diagrams for each of the gluonic processes. The e↵ec-
tive interaction between gluons and the Higgs boson is
mediated by top quarks and is valid in the mt ! 1
limit. The ultraviolet renormalised matrix elements for
these processes are integrated over the final state phase
space appropriate to Higgs+jet final states. All three
types of contributions are infrared-divergent, only their
sum is finite. While infrared divergences from the vir-
tual corrections are explicit in the one-loop and two-loop
matrix elements, divergences from unresolved real radia-
tion become explicit only after phase space integration.
The divergences are usually regulated dimensionally, and
di↵erent methods have been used for their extraction
from the real radiation contributions. All these meth-
ods are based on a subtraction of divergent configura-
tions, which are then integrated over the phase space
and added to the virtual corrections to yield a finite re-
sult: sector decomposition [18], antenna subtraction [19],
qT -subtraction [20] and sector-improved residue subtrac-
tion [21] have all been applied successfully in the calcu-
lation of NNLO corrections to exclusive processes.

In this calculation we apply antenna subtraction, a
method for the construction of real radiation subtraction
terms based on so-called antenna functions, that each
describe all infrared singular limits occurring in between
two hard colour-ordered partons. For hadron-collider ob-
servables, either hard radiator can be in the initial or
final state, and all unintegrated and integrated antenna
functions were derived previously [22–25]. The gluonic
cross-section is given by,

d�gg,NNLO =

Z

d�3

⇥
d�RR

gg,NNLO � d�S
gg,NNLO

⇤

+

Z

d�2

⇥
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gg,NNLO � d�T
gg,NNLO

⇤

+

Z

d�1

⇥
d�V V

gg,NNLO � d�U
gg,NNLO

⇤
, (1)

where each of the square brackets is finite and well be-
haved in the infrared singular regions. The construction
of the subtraction terms d�S,T,U

gg,NNLO follows closely the
NNLO subtraction terms for purely gluonic jet produc-
tion [26].

Using the antenna subtraction method to cancel in-
frared divergent terms between di↵erent channels, we
have implemented all purely gluonic subprocesses to
Higgs-plus-jet production through to NNLO into a
parton-level event generator. With this program, we can
compute any infrared safe observable related to H + j
final states to NNLO accuracy. The Higgs decay to two
photons is included, such that realistic event selection
cuts on the photons can equally be applied once mul-
tiple di↵erential distributions become available. Renor-
malization and factorization scales can be chosen on an
event-by-event basis.

For our numerical computations, we use the
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FIG. 2. (a) Transverse momentum distribution of the Higgs
boson in inclusive H + 1j production in pp collisions withp
s = 8 TeV at LO, NLO, NNLO and (b) Ratios of di↵erent

perturbative orders, NLO/LO, NNLO/LO and NNLO/NLO.

NNPDF2.3 parton distribution functions [27] with the
corresponding value of ↵s(MZ) = 0.118 at NNLO, and
MH = 125 GeV. Default values for the factorization and
renormalization scales are µF = µR = MH , with the-
ory errors estimated from the envelope of a variation to
MH/2 and 2MH . To compare with previously obtained
results for the total cross section for purely gluonic H+j
production at

p
s = 8 TeV, we use the same cuts as

in [14]: jets are reconstructed in the kT algorithm with
R = 0.5, and accepted if pT > 30 GeV. With this, we
obtain the total cross section at di↵erent perturbative
orders as

�LO = 2.72+1.22
�0.78 pb ,

�NLO = 4.38+0.76
�0.74 pb ,

�NNLO = 6.34+0.28
�0.49 pb , (2)

in very good agreement with [14].
In our kinematical distributions and ratio plots, the

error band describes the scale variation envelope as de-
scribed above, where the denominator in the ratio plots is
evaluated at fixed central scale, such that the band only
reflects the variation of the numerator. Error bars on the
distributions indicate the numerical integration errors on
individual bins.

• H+1jet with two different methods. 


• Reaching maturity in understanding the universal 
infrared structure of QCD radiation at NNLO. 


• NNLO effects are not cosmetic: large corrections


• More reliable modelling of “edges”   



Gehrmann et al

Cascioli et alpp ! ZZ
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Top-charge 
asymmetry

2 G. RODRIGO, and P. FERRARIO

⊗ ⊗

Fig. 1. – Origin of the QCD charge asymmetry.

Several models predict the existence of new electroweak W ′ and Z ′ gauge bosons,
colour-octet gauge bosons, coloured scalars or gravitons that should be detectable in
top-antitop quark events, particularly in those models where the coupling of the new
states to the third generation is enhanced with respect to the lighter fermions. Direct
searches at Tevatron [2] set lower bounds on the mass of colorons and flavour universal
axigluons at about 1.2 TeV, at about 700 to 800 GeV for extra weak boson, and at about
500 GeV for gravitons. An interesting and powerful observable to distinguish among
different models is the charge asymmetry.

2. – Charge asymmetry in QCD

At leading order in QCD the differential distributions of top and antitop quarks are
identical. But due to higher order radiative corrections (Fig. 1) a charge asymmetry is
generated at O(α3

S) in qq̄ events, and top quarks become more abundant in the direction
of the incoming light quarks. At Tevatron, the charge asymmetry is equivalent to a
forward–backward asymmetry, due to the charge conjugation symmetry. Chromoelectric
and chromomagnetic contributions do not generate any asymmetry. The QCD prediction
for Tevatron, including a small mixed QCD-electroweak contribution, is [3, 4, 5]

App̄ =
Nt(y ≥ 0)−Nt̄(y ≥ 0)

Nt(y ≥ 0) +Nt̄(y ≥ 0)
= 0.051(6) ,(1)

where y denotes the rapidity. The charge asymmetry can also be defined through ∆y =
yt − yt̄, which is equivalent to evaluate the asymmetry in the tt̄ rest frame because
∆y is invariant under boosts. In that frame the asymmetry is about 50% larger [3]:
Att̄ = 0.078(9). Recent threshold resummations [1, 6] shift the central values for the
inclusive asymmetries by a few per mille only.

The most recent measurements from CDF [7], with 5.3 fb−1, are in both frames

App̄ = 0.150± 0.050stat. ± 0.024syst. ,

Att̄ = 0.158± 0.072stat. ± 0.017syst. ,(2)

respectively. The measurement presented by D0 [8], with 4.3 fb−1 and in the observed
region, is

Att̄
obs. = 0.08± 0.04stat. ± 0.01syst. .(3)

With respect to the previously published results [9, 10], the new measurements are more
in agreement with the SM. If we take the CDF result as reference, the discrepancy with
respect to the SM has been reduced from 2σ to 1.7σ. Moreover, while vanishing or
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states to the third generation is enhanced with respect to the lighter fermions. Direct
searches at Tevatron [2] set lower bounds on the mass of colorons and flavour universal
axigluons at about 1.2 TeV, at about 700 to 800 GeV for extra weak boson, and at about
500 GeV for gravitons. An interesting and powerful observable to distinguish among
different models is the charge asymmetry.

2. – Charge asymmetry in QCD

At leading order in QCD the differential distributions of top and antitop quarks are
identical. But due to higher order radiative corrections (Fig. 1) a charge asymmetry is
generated at O(α3

S) in qq̄ events, and top quarks become more abundant in the direction
of the incoming light quarks. At Tevatron, the charge asymmetry is equivalent to a
forward–backward asymmetry, due to the charge conjugation symmetry. Chromoelectric
and chromomagnetic contributions do not generate any asymmetry. The QCD prediction
for Tevatron, including a small mixed QCD-electroweak contribution, is [3, 4, 5]

App̄ =
Nt(y ≥ 0)−Nt̄(y ≥ 0)

Nt(y ≥ 0) +Nt̄(y ≥ 0)
= 0.051(6) ,(1)

where y denotes the rapidity. The charge asymmetry can also be defined through ∆y =
yt − yt̄, which is equivalent to evaluate the asymmetry in the tt̄ rest frame because
∆y is invariant under boosts. In that frame the asymmetry is about 50% larger [3]:
Att̄ = 0.078(9). Recent threshold resummations [1, 6] shift the central values for the
inclusive asymmetries by a few per mille only.

The most recent measurements from CDF [7], with 5.3 fb−1, are in both frames

App̄ = 0.150± 0.050stat. ± 0.024syst. ,

Att̄ = 0.158± 0.072stat. ± 0.017syst. ,(2)

respectively. The measurement presented by D0 [8], with 4.3 fb−1 and in the observed
region, is

Att̄
obs. = 0.08± 0.04stat. ± 0.01syst. .(3)

With respect to the previously published results [9, 10], the new measurements are more
in agreement with the SM. If we take the CDF result as reference, the discrepancy with
respect to the SM has been reduced from 2σ to 1.7σ. Moreover, while vanishing or

A perturbative QCD effect

Sensitive to new physics
• Gluon excitations 

• Coloured scalars 

• New gauge bosons

Tevatron measurements left room  
for beyond QCD asymmetry
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Top-charge 
asymmetry

• NNLO is the first non-
trivial order. 


• An important missing 
piece of the puzzle for a 
long time.  


• Computed this Fall: brings 
Standard Model prediction 
in closer agreement with 
the final D0 and CDF 
measurements.  

NNLO: Czakon, Fiedler, Mitov
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Higgs at NNLO with 
Parton Shower
• Advances in merging parton shower 

and varying jet multiplicity at NLO. 


• Fully differential Higgs production at 
NNLO


• Merging of NNLO and parton-shower 
for Higgs and Drell-Yan production 
- Higgs+2jets @ LO + PS 
- Higgs +1jet @ NLO+PS  
- Higgs@NLO +PS 
- Higgs rapidity @ NNLO 

• A very important breakthrough for a 
very accurate description of Higgs 
signal events. 


• Before NNLOPS we were reweighing 
NLOPS to the NNLO cross-section. 
No need to do this anymore.
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Figure 7. The jet veto efficiency, " (pT,veto), is defined as the cross section for Higgs boson pro-
duction events containing no jets with transverse momentum greater than pT,veto, divided by the
respective total inclusive cross section. In both plots shown above we display the jet veto efficiency
as a function of the cut pT,veto. In the green shaded area, one can see the scale uncertainty band
obtained from the Nnlops simulation (see Sect. 3 for details regarding this uncertainty estimate),
with the NNLL+NNLO uncertainty band from the JetVHeto program [46, 59] superimposed in
red. The lower pane displays the same quantities as a ratio with respect to the central Nnlops
prediction. The Nnlops predictions here were obtained with the default profile function (� = 1

2 )
used in determining the NNLO reweighting W (y, pT).

generators. We see fair agreement between the Hnnlo and the Hj-Minlo-NLO predic-
tions, as expected, with previously discussed differences in scale assignments accounting for

– 17 –

Hamilton et al
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Commitment and 
breakthroughs

17

Process 2-Loop Monte-Carlo
H (gluon fusion) 1999 2005

Drell-Yan 1987 2006
LEP 3-jets 2002 2008
diphoton 2001 2011

WH 1987 2011
H (bottom fusion) 1999 2012

top-pair 2013 2013
WW 2014 2014
ZZ 2014 2014

H+1jet 2012 2013 (gluons)
jet inclusive 2001 2013 (gluons)



Future of NNLO precision QCD

• Spectacular results have been achieved at NNLO.  

• Understanding of infrared divergences and developing 
the subtraction formalisms for their cancelation is 
maturing.  

• Ever more powerful methods for the computation of two-
loop amplitudes are now emerging.  

• All 2->2 LHC processes can be computed at NNLO in 
the next few years.  First 2->3 processes by 2020?

18



“However, while the NNLO program has been extremely  
successful in reducing the theoretical uncertainty,  

the improvements in the data are even more impressive,  
to the extent that the theoretical error tends to dominate.”

“One way to improve the theoretical predictions is to  
incorporate next-to-next-to-next-to-leading order (N3LO) 

effects.”

“Although NNLO calculations for many basic LHC processes  
are missing and our NNLO methods are under development, 
some encouraging steps have been taken towards N3LO.”
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Higgs precision 
physics

• Higgs couplings: are there other 
fundamental sources to the mass 
of elementary particles other than 
the Higgs field?  


• Are there heavy particles which 
interact with the Higgs boson?


• Can the Higgs boson decay to 
dark matter? 


• What gives mass to the Higgs 
boson? Why 125 GeV?


• How does the Higgs boson 
interact with itself? 


• ….20



Higgs signals

21

BACKGROUND
MHiggs invariant 

mass

number  
of events

 proton+proton       Higgs known particles! !• Higgs mass 

• Signal strengths 

• Width and shape of  
resonance? 

• Differential distributions
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Other mass generation mechanisms? 
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New particles?

top

top

top X

X

X

+

New heavy particles may couple to the Higgs boson.  
Hard to produce directly. But can alter the cross-section: 

�(pp ! H) ⇠
����
(M

top

from Higgs field)

(M
top

from all sources)
+

(M
X

from Higgs field)

(M
X

from all sources)

����
2
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New particles?

+

New light particles may couple to the Higgs boson.  
Hard to detect (e.g. dark matter). Can alter the branching ratios: 

top

top

top

SM particle

SM particle

top

top

top

X−particle

X−particle

dark matter?

X

detectable signals

BR(H ! known particles) +BR(H ! dark matter) = 1
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Role of precise theory 
predictions

top
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top
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X

+
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Higgs boson precision physics
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What precision do 
we need?

• As good as we can!


• Well motivated models beyond 
the Standard Model can give 
cross-sections which are very 
different than the Standard 
Model


• but also very close to the 
Standard Model…


• better precision = better 
discriminating power

27

Figure 6. Left: Prediction for the production cross section times branching fraction for pp ! h ! ��
in the MCHM

5

relative to the SM versus the same ratio for pp ! h ! ⌧⌧ . The intersections with
the horizontal lines indicate the parameter (c⌧R)

2 that results in the corresponding prediction in the
(R5

⌧ , R
5

�)-plane. See text for details.

Figure 7. Production cross section times branching fraction for pp ! h ! �� in the MCHM
5+10

relative to the SM versus the same ratio for pp ! h ! ⌧⌧ . The experimental 1� contour from ATLAS
is again given as a green line. The best fit value (R� , R⌧ )exp ⇡ (1.8, 0.8) is shown as a green cross
and the SM prediction (R� , R⌧ )SM = (1, 1) as a red cross. The points correspond to a scan over the
parameter-space of the model.

shown in Figure 6 for illustration. The intersection of the straight lines, corresponding to

di↵erent c⌧R, with the prediction in the (R5
⌧ , R

5
�)-plane, depicted by the colored line, gives

– 21 –

Carmona, Goertz



Projection of precision in Higgs couplings

16 4 Higgs Boson Properties

fusion and via vector-boson fusion production [30–32]. The dimuon events can be observed as
a narrow resonance over a falling background distribution. The shape of the background can
be parametrized and fitted together with a signal model. Assuming the current performance of
the CMS detector, we confirm these studies and estimate a measurement of the hµµ coupling
with a precision of 8%, statistically limited in 3000 fb�1.
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Figure 12: Estimated precision on the measurements of k

g

, kW , kZ, kg, kb, kt and k

t

. The pro-
jections assume

p
s = 14 TeV and an integrated dataset of 300 fb�1 (left) and 3000 fb�1 (right).

The projections are obtained with the two uncertainty scenarios described in the text.
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Figure 13: Estimated precision on the signal strengths (left) and coupling modifiers (right).
The projections assuming

p
s = 14 TeV, an integrated dataset of 3000 fb�1 and Scenario 1 are

compared with a projection neglecting theoretical uncertainties.

4.5 Spin-parity

Besides testing Higgs couplings, it is important to determine the spin and quantum numbers
of the new particle as accurately as possible. The full case study has been presented by CMS
with the example of separation of the SM Higgs boson model and the pseudoscalar (0�) [7].
Studies on the prospects of measuring CP-mixing of the Higgs boson are presented using the
H! ZZ⇤ ! 4l channel. The decay amplitude for a spin-zero boson defined as

A(H ! ZZ) = v�1
⇣

a1m2
Ze

⇤
1e

⇤
2 + a2 f ⇤(1)

µn

f ⇤(2),µn + a3 f ⇤(1)
µn

f̃ ⇤(2),µn

⌘
. (2)

10 times more collisions 
~2 times more energy

100 times more collisions 
~2 times more energy
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Green bars: no improvement in theory precision 
Red bars: improvement in theory precision by factor of 2 



Gluon fusion cross-section in 
fixed order perturbation theory

LO

NLO

NNLO
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HOWTO compute the Higgs 
cross-section at N3LO

• Reduce the enormous amount 
of  Feynman integrals to a 
more manageable number of 
master integrals


• Compute the master integrals 
in a kinematic limit (threshold). 


• Use the kinematic limit as 
“boundary condition” and 
extend the calculation to 
arbitrary kinematics.  

few integrals 
in a limit

many more 
 master integrals

many more integrals 
in Feynman diagrams
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    Mathematics

Computing

Physics

N3LO TECHNIQUES

• Unitarity (“reverse”) 


• Intense Linear Algebra


• Solution of coupled systems  
of differential equations


• Algebraic properties of  
generalised polylogarithms


• Asymptotic Expansions


• Nested high-dimensionality 
integrations


• Numerical methods

Many methods originate from NNLO experience:  
can be applied at any perturbative computation. 31



Asymptotic expansions

I =

Z 1

�1
dx

1

(x2 + �

2) [(x� 1)2 + �

2]
=

2⇡

�(1 + 4�2)

An integral depending on a small parameter (             ): � ! 0+

Knowing the analytic result it is easy to expand:

I =
2⇡

�

⇥
1� (4�2) + (4�2)2 � (4�2)3 + . . .

⇤

If we did not know the answer, could we at least get a few terms of 
the expansion in the small parameter? 

NOT EASY: As � ! 0+ the integral diverges!  

Need to expand around an infinite value! 32
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• Slice the integration region: Hard+SoftA+SoftB 
• Hard: no denominator becomes singular. SoftA,B: one denominator 

becomes singular. 
• In each region, Taylor expansions are legitimate! We can expand the 

integrand and integrate within the boundaries of the region. 33



Strategy of regions
Let’s introduce some regulators 

and expand the integrand around the first singular point,  
without restricting the integration within the SoftA region:

Exchanging the summation and integration is illegitimate. 
But let’s go on! The a,b regulators allow to perform all integrations.   
After we do so we find that we can set the regulators to zero. We obtain:               

I =

Z 1

�1
dx

1

[(x2 + �

2)]1+a [(x� 1)2 + �

2]1+b
a, b small

x ⇠ � : I

x⇠�

=
1X

n=0

(1 + b, n)

n!

Z 1

�1
dx

�
2x� x

2 � �

2
�
n

[x2 + �

2]1+a

I
x⇠�

=
⇡

�

⇥
1� (4�2) + (4�2)2 � (4�2)3 + . . .

⇤
=

I

2
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Now expand around the second singular point:

Performing, an unrestricted integration and setting the regulators  
to zero:               

x ⇠ 1 + �

I
x⇠1+�

=
⇡

�

⇥
1� (4�2) + (4�2)2 � (4�2)3 + . . .

⇤
=

I

2

Now expand around a point away from the singularities:

I

x⌧0,1 =
1X

n,m=0

(1 + a, n)

n!

(1 + a,m)

m!

Z 1

�1
dx

(�2)n+m

(x2)1+a+n[(1� x)2]1+b+m

= 0,

as a, b ! 0.

I

x⇠1+�

=
1X

n=0

(1 + a, n)

n!

Z 1

�1
dx

�
2(1� x)� (1� x)2 � �

2
�
n

[(1� x)2 + �

2]1+b
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Strategy of regions (Beneke,Smirnov; Jantzen) 

• The total integral is the sum of all of its regions, where each 
one of them is extended to cover the full integration domain.   

• Counterintuitive: the integration domains are overlapping! 
Apparently, the overlaps vanish.  

• Not always clear why. Regularisation seems to play a role.  

• This observation appears to hold in general for all sorts of 
Feynman integrals.  

• Basis for the formulation of effective theories such as SCET 
and the proof of factorisation theorems

37



Application in Higgs 
production
• The equality of the full integral with the sum of 

regions is a statement valid at all orders in the 
small-parameter expansion, not just the zero 
limit. 


• Can be used to calculate as many sub-leading 
terms in the small parameter as we can 
technically calculate.  


• Small parameter in Higgs boson production: 
Recoil energy of the Higgs boson: 
 

• Final state gluon radiation is suppressed by this 
factor: 
 
 

P

P

P
Pg

1

2

h

� = 1� (P1 + P2)2

M2
h

Pg / �

38



P

P

P
Pg

1

2

h

P

P

P
Pg

1

2

h

P

P

P
Pg

1

2

h

P

P

P
Pg

1

2

h

P

P

P
Pg

1

2

h

= +

+ +

hard

coll. 1
coll. 2

soft

39



Progress in N3LO 
corrections

1st term 2nd term Full
VVV - - yes
RVV yes yes yes

(RV)(RV) yes yes yes
RRV yes yes no
RRR yes yes no

IR+UV yes yes yes

P (1)
gg

✏
⌦ �NNLO(✏)

VVV RVV (RV)(RV) RRV RRR IR+UV
40



Progress in N3LO 
corrections

1
(1�z)+

(1� z)0 ALL

�(1� z) � � yes

log

5
(1� z) yes yes yes

log

4
(1� z) yes yes yes

log

3
(1� z) yes yes yes

log

2
(1� z) yes yes no

log

1
(1� z) yes yes no

log

0
(1� z) yes yes no

These results constitute the state-of-the-art beyond NNLO

z =
M2

h

s
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1
(1�z)+

(1� z)0 ALL

�(1� z) � � 5.1%
log

5
(1� z) 93.72% 115.33% 205.63%

log

4
(1� z) 20.01% 101.07% 113.88%

log

3
(1� z) �39.30% �32.15% �78.50%

log

2
(1� z) �52.45% �89.41% ?

log

1
(1� z) �22.88% �55.50% ?

log

0
(1� z) �5.85% �14.31% ?

Progress in N3LO 
corrections

LHC 14TeV

µ = MH = 125GeV

MSTWNNLO2008
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Numerical impact
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What “easy things” to expect at N3LO

• Soon the full N3LO computation for the gluon fusion process.  

• Once this done, it is straightforward to compute the N3LO 
inclusive cross-section for all 2 to 1 processes: 
 
 
 
 

• Already, these have been extracted in the threshold  
limit from our gluon-fusion computation.   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pp ! W

pp ! Z

bb̄ ! H

pp ! WH

pp ! ZH

Ravindran et al



Differential distributions at N3LO for 2 to1 
processes?

45

Figure 3: The CMS rapidity distribution of an on-shell Z boson at the LHC. The LO, NLO, and
NNLO results have been included. The bands indicate the variation of the renormalization and
factorization scales in the range MZ/2 ≤ µ ≤ 2MZ.

range used in the rest of the paper, µF = µR = µ and M/2 < µ < 2M , provides a good

guide to the perturbative uncertainty remaining from the terms beyond NNLO.

In Fig. 5 we present the rapidity distribution for on-shell Z production at Run II of

the Tevatron. The scale variation is unnaturally small at LO; it is 3% at central rapidities,

and varies from 0.1% to 5% from Y = 1 to Y = 2. This occurs because the direction of

the scale variation reverses within the range of µ considered, i.e., dσLO/dµ = 0 for a value

of µ which satisifes MZ/2 ≤ µ ≤ 2MZ . This value of µ depends upon rapidity, leading to

scale dependences which vary strongly with Y . The scale variation exhibits a more proper

behavior at NLO, starting at 3% at central rapidities and increasing to 5–6% at Y = 2.5.

At NNLO the scale dependence is drastically reduced, as at the LHC, and remains below

1% for all relevant rapidity values. The magnitude of the higher-order corrections is slightly

larger at the Tevatron than at the LHC. The NLO prediction is higher than the LO result

by nearly 45% at central rapidities; this shift decreases to 30% at Y = 1.5 and to 15% at

Y = 2.5. The NNLO corrections further increase the NLO prediction by 3–5% over the

rapidity range Y ≤ 2.

This remarkable stability of the rapidity distribution with respect to scale variation

cannot be attributed to the smallness of the NNLO QCD corrections to the partonic cross

– 29 –

cross section vanishes in the limit ΓZ → 0. At higher orders, soft gluon effects are important
near this boundary. We expect the fixed-order result to be very accurate for values of pT,c

away from this boundary. Evidence for this is provided by the close agreement between
NLO and MC@NLO for a similar boundary at pb

T = MW /2 inW production [11].

• Below pT,c = 40 GeV, the NNLO results are absolutely stable with respect to scale varia-
tions, with residual uncertainties less than one percent, and are almost completely contained
within the NLO uncertainty bands.

• For higher values of pT,c, there are large shifts when going from NLO to NNLO, and the
scale uncertainties underestimate the corrections. This is not too surprising; in the limit
ΓZ → 0 the LO result vanishes in this region since an additional radiated gluon is needed to
have pT > MZ/2, and what we call NLO is the first term in the perturbative expansion. The
absolute magnitude of the shift is also consistent with an O(α2

s) effect.

FIG. 2: The production cross section (left panel) and the acceptance (right panel) as functions of the lepton
transverse momentum cut for neutral current l+l− production at the LHC. The two charged leptons are
required to have |η| < 2.5, and their invariant mass is constrained to 66 < Ml+l− < 116 GeV. The dotted
green lines refer to the LO result for µ = MZ/2 and µ = 2MZ , the solid red lines indicate the NLO result,
and the dashed blue lines denote the NNLO result.

We now discuss a Tevatron analysis of the W -boson cross section. CDF recently presented a
measurement of the W → eν cross section in the forward rapidity region, 1.2 < |η| < 2.8, and
compared this result to the central cross section [24]. Different values of Bjorken-x contribute to
each rapidity region, and measuring the central/forward cross section ratio may provide a useful
constraint on parton distribution functions. The geometric and kinematic cuts in each region on
the charged lepton pseudorapidity and transverse momentum, and on the missing energy, are listed
below.

• Forward: 1.2 < |η| < 2.8, ET > 20 GeV, E̸T > 25 GeV;

• Central: |η| < 1.1, ET > 25 GeV, E̸T > 25 GeV.

In the central cross section analysis there are additional selection cuts requiring the electron to be
in the fiducial region of the calorimeter, and for the tracker to find an electron with pT > 10 GeV

8

• Distributions give us more 
information, but they require further 
development of our mathematical and 
computational tools.  


• The established Drell-Yan precision at 
NNLO is astonishing.  


• N3LO computations will bring theory 
uncertainties to per mille level.  


• Many applications: pdf’s, electroweak 
precisions measurements.


• Necessary to maintain high precision 
for elevated lepton triggers. 


• CAN IT BE DONE?

CA,Dixon,Melnikov,Petriello

Melnikov, Petriello



N3LO cross-sections for 2->2 processes?

46

• Experimental precision has already 
surpassed NNLO theoretical precision 
for top-pair production.


• In quark initiated processes, (e.g. 
WW,ZZ, etc) the gluon-gluon channel 
only opens at NNLO.  Enhanced by 
pdf’s.  N3LO is needed to stabilise 
this contribution.  


• Another leap in computational 
methods is needed; barely achieved 
at NNLO. 


• CAN IT BE DONE?

Top Cross Sections Summary

Exp: 3.5%
Th: 5.7%

Gehrmann et al

from Albert’s talk



CONCLUSIONS

• LHC offers great opportunities for precision studies with the discovery of the 
Higgs boson.  

• Answer important questions:  
- is the Higgs mechanism the main source of mass for elementary particles? 
- does the Higgs couple to more complicated physics, like light dark matter and 
heavy new particles?   
- what gives mass to the Higgs boson itself? 
- etc 

• Enormous progress in perturbative QCD. 
- NLO solved  
- NNLO maturing 
- new chapter started at N3LO  

• High precision theory + High precision experiment = Progress 
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