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| Why CPN-1?
— 2DCPN s cheap toy model for 4D YM :
m non-trivial vacuum structure,
m confinement,
m asymptotic freedom.
B Why consider (new) worm algorithm?
— Dual formulation of CPN ™ lattice model with N2 d.o.f. per link [chancrasekharan, Pos 2006
m worm algorithm found to be non-ergodic [Vetter, 2011 (semester thesis)],
® meantime found solution to ergodicity problem, < topic of this talk
m can easily be generalized to finite densities.
— Loop algorithm based on dual formulation with one d.o.f. per link (woit, arxiv:1001.2231]:
m no critical slowing down, but alg. can scale badly in some regions of config. space,
m (can it be generalized to finite density?)
— Most recent dual formulation in terms of 2 N d.o.f. per link (gruckmann et al., arxiv:1507.04253]:
m has not been tested so far,
m already allows for finite densities,

m is it more efficient than the N2 d.o.f. per link version?
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1. The CP"Y~! Model: the two standard formulations (continuum)

m CPN~! model as U(1) gauged non-linear SU(N') sigma model:

m in d-dimensional continuous space:

= **/dd D/1 Du )

with:
mz:RY— CN, a N-component complex scalar field with 2tz = 1,

m Dy = 9y + iAy: covariant derivative with respect to auxiliary U(1) gauge field Ay,

B and coupling strength g.

m Using Euler-Lagrange equation for auxiliary gauge field — Quartic formulation:

m in d-dimensional continuous space:

So = —%l/ddx ((ayzf) “(9p2) + %(Zf (Opuz) — (a,,z*)~z)2>

with:
mz:RI N2tz =1,

B coupling strength g.
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1. The CP"Y~! Model: the two standard formulations (lattice)

m CPN~! model as U(1) gauged non-linear SU(N') sigma model:

m on a d-dimensional lattice:
= *ﬁZ( ()20 + ) + 2 (UL (x - W)z(x — 1) - 2)

with:
m z(x) € CN, a N-component complex vector with z* (x) - z(x) = 1,

m auxiliary link variable: Uy (x) € U(1),

®m and dimensionless coupling f3 .

m Quartic formulation:

m on a d-dimensional lattice:

So=-BY |z"(x) z x+]4)‘

XH
with:
m z(x) € CV, a N-component complex vector with z* (x) - z(x) = 1,

® and dimensionless coupling f3 .
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1. The CPY ! Model: flux-variable representation of partition function

m Quartic version: [c. Chandrasekharan, PoS LATTICE 2008 (2008) 003]

m Partition function

Zo = [Pl el e (BT 2+ )

X

where D[z',z) = T16(|2(x)[* — 1)dVz(x) dNz(x) .
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1. The CPY ! Model: flux-variable representation of partition function

m Quartic version: [c. Chandrasekharan, PoS LATTICE 2008 (2008) 003]

m Partition function

Zg= /D[Zf'z] exp<ﬁgz i

n=la

(2a0)20(2) s + Pzl 7))

1

where D [z',z] = T16(|z(x)[* — 1)dVz(x)dNz(x) .
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1. The CPY ! Model: flux-variable representation of partition function

m Quartic version: [c. Chandrasekharan, PoS LATTICE 2008 (2008) 003]

m Partition function
i N

2o = [ [T T exp (Blao)zn(0) Gatx + Pzt + 1) )

X p=lab=1

where D|[z*,z] = H&(\z(x)|2 —1)dNz(x)dNz(x) .
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1. The CPY ! Model: flux-variable representation of partition function

m Quartic version: [c. Chandrasekharan, PoS LATTICE 2008 (2008) 003]

m Partition function

x
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1. The CPY ! Model: flux-variable representation of partition function

m Quartic version:

o BB )

(ki % =1 (3( |+kx,l)+l§3l)!
(o0, 2 et - ki%))(}gé(%(\kiﬁll+\kibwh“ih l:m)w)}
(V=1 £ 2 (KI5, + 15+ 25,)) '
m with:
ngh, =l =kl ez , %((,,Jrn — |Kt]) =12t e Ny,
ie.

1
nth, = SRS+ 12
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1. The CPY ! Model: flux-variable representation of partition function

m Quartic version:

(kgL |4kl )18t

;o d N 182 X, X,
@ H{<HH (3 \k"’u+kw,>+lﬂb>>

X0

=1b=1

N d N
(00 £, £ et - ,0) (£ £ i+ 62,0+ 5+ 1225,)))
d }’
(N71+yzlcz (% (\h}f‘+‘kk\b 11;4D+lib}l+l§cbyy))

m with:

nnb nbn 7kab z ,

T M (n3h, +nbs, — k&%) = 185 € No,

1

2
1

g = E(|k"”} + k) + 1

m N(N —1)/2 anti-symmetric k‘\'/’“, subject to constraints.
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1. The CPY ! Model: flux-variable representation of partition function

m Quartic version:

Zg = H{(ﬁﬂﬁ 1

frl} x

p2 0%k

+k48,)+14

h:l 2

(;4 )
,bul +k?:b}l> l%l)

N d N

(o0, 2 et - ki"w))(}glb;(%(\kiﬁll+\kibm 14+ lfm)w)}
d

(N71+P>:“Z (3 RSkl + e D)+ 15k + 1))
m with: 1
nh -t =Kk ez, E( bl — kb)) =18k e N,
i.e. 1

g = E”kWHk R

m N(N — 1)/2 anti-symmetric k2", 1 subject to constraints.

m N(N +1)/2 symmetric lf@f;,, free from constraints.
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m Quartic version:

Zg = H{(ﬂﬁaﬁ 1!;2 o kkff’; (ll:b>>

b
(ki) x p=1 (3 (K45, [ + K25, S

1. The CPY ! Model: flux-variable representation of partition function

N d N
(G -5 G0t ¢t i+ libw‘”')}
d
(N-1+ % g Gkl I g )+ 185+ 125,))
n=lcb
with: 1
mg =y =k €2, (g i — [K]) = I € No,
ie.

1
g = 3 ([ksh,| +k55) + 155,
N(N — 1) /2 anti-symmetric k%" 1 subject to constraints.
N(N +1)/2 symmetric lﬁf;‘, free from constraints.

in total N degrees of freedom per link.
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The CP™ ! Model: flux-variable representation of partition function

m Auxiliary U(1) version v1:

m Partition function

Z4 = /D[z*,z, U exp (5 Y (U ()2(x + ) + 2 (U (x — fz(x — ﬁ))) ,
. X H
where

® D[ztz,U] = [16(2(x)2 ~ 1)dNz(x) dNz(x) dUu (x)

m dUy(x) : U(1) Haar measure for link variable Uy (x) .

Southampton 2016 T. Rindlisbacher & P. de Forcrand Worm Algorithm for Lattice CPN —1 Model



The CP™ ! Model: flux-variable representation of partition function

m Auxiliary U(1) version vi:

m Partition function

Zaw = [ DT @Bl () 2+ D)) e 2},
XH
where

) [z*,z] =T16(j2(x) 2 = 1)dNz(x)dNz(x) ,

X

~ )
m haveused e¥(t1/H) — ¥ [ (2x)t* andintegrated out Uy (x) = elfxn
k=—o00
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The CP™ ! Model: flux-variable representation of partition function

m Auxiliary U(1) version v1:

m Partition function

d 026 N U121
Zam = ZH{(H N (H T (|jab ab 1))
{kl} x n=1 < Z (% ‘/czél;{‘ + [gl:l))] a,b=1 (E (I ;4‘ Jfkwi) Ix,y)'

a,b=1

K+ 12 5, 1) + 10+ 1525 )

X—Jiu X—Jipu }

N d N d N
To( . B (ke — k) (Z & G

a u=1b=1

d N
(N_1+/Elcb2:1(%(| l?u“"‘kx ﬂ}[‘) ld;x ltbli;l))'

m same as Z except for additional link weight .

m In total also N2 degrees of freedom per link.
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1. The CPY ! Model: flux-variable representation of partition function

m Auxiliary U(l) VErsion V2: [Bruckmann et al., arXivi1507.04253]

m Partition function

ZA 2 = Z {H<Heizﬁ(5 Zk Heﬁ“kg’rv‘fv/d 4‘3‘1([},1/“21;!,1/ )
” . (k2| +1a,)t12 1

{hl}

TTo(L (ke = kio)) (T (K [ + (K g, [) + By +15,))!
)

(N_1+§Z % ‘k ‘+‘kx v»| +l;1/+1x vv)
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1. The CPY ! Model: flux-variable representation of partition function

m Auxiliary U(l) VErsion V2: [Bruckmann et al., arXivi1507.04253]

m Partition function

Zam =), {H<He’255 yoke ) et vtva 75‘]4'1/'”1;{” )
' . (ke +1g,)t0,!

{hl}

TTo(L (ke = kio)) (T (K [ + (K g, [) + By +15,))!
)

(N_1+§Z % ‘k ‘+‘kx v»| +l£n/+l; vv)

= In total only 2 N degrees of freedom per link: N constrained kf, and N unconstrained I{ , variables.
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1. The CPY ! Model: flux-variable representation of partition function

m Auxiliary U(l) VErsion V2: [Bruckmann et al., arXivi1507.04253]

m Partition function

Zam =), {H<He’25(5 yoke, ) [Tefe vtva 75‘]4'1/'”1;{” )
' . (ke +1g,)t0,!

{hl}

Hé(z(kl\’ 7kk\l f) (}le/lJrlkt v|f|)+lzyv+li—?v))!
)

(N_1+§Z % ‘k ‘+‘kx v»| +l£n/+l; vv)

= In total only 2 N degrees of freedom per link: N constrained kf, and N unconstrained I, variables.

m Two types of constraints: new on-link constraint and usual on-site constraint.
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1. The CPY ! Model: flux-variable representation of partition function

m Auxiliary U(l) VErsion V2: [Bruckmann et al., arXivi1507.04253]

m Partition function

Zam =), {H<He’25(5 yoke ) et vtva 75‘]4'1/'”1% )
' . (ke +1g,)t0,!

{hl}

Hé(z(kl\’ 7kk\l f) (}le/lJrlkt v|f|)+lzyv+li—?,v))!
(N—1+ZZ 3 \k",v + |k +, 1) }

x— VL|

= In total only 2 N degrees of freedom per link: N constrained kf, and N unconstrained I, variables.
m Two types of constraints: new on-link constraint and usual on-site constraint.

m Chemical potentials fi, couple only to k% , variables = on-site constraint represents charge
conservation.
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1. The CPY ! Model: flux-variable representation of partition function

m Auxiliary U(l) VErsion V2: [Bruckmann et al., arXivi1507.04253]

m Partition function

Zam =), {H<He’25(5 yoke ) et vtva 75‘]4'1/'”1% )
/ g (CHEIIN

{hl}

TTo (T (K, — ko)) (Z(5 (ke | + [k g, ) + 15, +15,))!
(N—1+ZZ 3 \k",v + |k +, 1) }

x— VL|

= In total only 2 N degrees of freedom per link: N constrained kf, and N unconstrained I, variables.
m Two types of constraints: new on-link constraint and usual on-site constraint.

m Chemical potentials fi, couple only to k% , variables = on-site constraint represents charge
conservation.

m Shortcut derivation for how to couple Zg and Z 4 51 to chemical potentials fi,: identify k3., %k"fv

=> additional weight for temporal links:
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1. The CPY ! Model: flux-variable representation of partition function

m Auxiliary U(l) VErsion V2: [Bruckmann et al., arXivi1507.04253]

m Partition function

Zam =), {H<He’25(5 yoke, ) [Tefe vtva 75‘]4'1/'”1% )
/ g (CHEIIN

{hl}

TTO(E (4, — K_) (E( (K |+ K g, )+ 5, + 2 5,))!
(N-1+LE(( \k",v )

FlR ) A, )

x— VL|

= In total only 2 N degrees of freedom per link: N constrained kf, and N unconstrained I, variables.
m Two types of constraints: new on-link constraint and usual on-site constraint.

m Chemical potentials fi, couple only to k% , variables = on-site constraint represents charge
conservation.

m Shortcut derivation for how to couple Zg and Z 4 51 to chemical potentials fi,: identify k3., %k"fv

=> additional weight for temporal links:

= Note: due to anti-symmetry of k2%, in indices (a,b), on-link constraint which is present in Z q is
automatically satisfied in Z 1 -
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2. Simulation Methods: ordinary worm algorithm for simulating Z 4 .

Southampton 2016

: i,y Bl
Zase = T {TT(TTe (i [T )
z c c

(&1 v ke, | 418, ) 1E !

(T, )
(3

+ ‘kl l/|/|) +I§1/+IZ l/l/))

)

sz
. (N71+;Z ;('k |+|kz Lv|)+1§1/+lc

m can be simulated by ordinary worm.
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2. Simulation Methods: ordinary worm algorithm for simulating Z 4 ,»

2p ’ ﬁlkgbl+2[ll/
Zam = 2o (YK e e
an = L {H(He (L4 TTe (s, +l§,v)!l§,y!)

(K1} v
~ (rcm‘z/(kz,v k)
T (0] + 8 5, ) 41+ 5,)
i)

( 71+ZZ (|k |+|kz Lv|)+1§1/+lc

2=V

m can be simulated by ordinary worm.

m Due to on-link constraint: always two k variables of the same link have to be updated simultaneously in
opposite directions, e.g. . .
Koy = ki, 1, ki, —ky,—1 , a#b.
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2. Simulation Methods: ordinary worm algorithm for simulating Z 4 ,»

Y s ‘B|”\+21
Z% 00 (x,y) { 1}{2(He 52[{ Hlfzvldm>
( TTo((6% =6 (622 — by +Z vk g )
(o
(N

%(5(n+5L )(0\'/Z+‘>V %('k {+{kz uv| +l§1+lz Ll’)) }

I( )+
c
71+(5~"/3+§!/r5+§2(%(|k ‘+ ‘kz |,,,|) +l§'/+l§ LI’))

m can be simulated by ordinary worm.

m Due to on-link constraint: always two k variables of the same link have to be updated simultaneously in
opposite directions.

4
N ? where ¢2¢ = z,(x) Zy(x)
2 o

o |y"
1 1
0
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2. Simulation Methods: ordinary worm algorithm for simulating Z 4 ,»

Y s ‘B|”\+21
Z% 00 (x,y) { 1}{2(He 52[{ Hlfzvldm>
( TTo((6% =6 (622 — by +Z vk g )
(o
(N

%(5(n+5L )(0\'/Z+‘>V %('k {+{kz uv| +l§1+lz Ll’)) }

I( )+
c
71+(5~"/3+§!/r5+§2(%(|k ‘+ ‘kz |,,,|) +l§'/+l§ LI’))

m can be simulated by ordinary worm.

m Due to on-link constraint: always two k variables of the same link have to be updated simultaneously in
opposite directions.

b b
v by”
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2. Simulation Methods: ordinary worm algorithm for simulating Z 4 ,»

t .
Zha(xy) =

{1 (Hem Y T )
2 (ke | 12, ) 0E !

( 5 ol /;7& (r) B 0,/ +Z 7k[ )
)3
(N

) %('k {+{kz uv| +l§1+lz Ll’))
71+(5~"/3+§!/r5+22(%(|k ‘+‘kz |f|f|)+l§'/+l§ LI’)) }

{k1}

TT(XZ(3 (6% +6) (by2 + 6y 2
¢

m can be simulated by ordinary worm.

m Due to on-link constraint: always two k variables of the same link have to be updated simultaneously in
opposite directions.

? kja = kg +1 k;,lﬁkz,lfl L y—oy+1?
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2. Simulation Methods: ordinary worm algorithm for simulating Z 4 ,»

Y s ‘B|”\+21
Z% 00 (x,y) { 1}{2(He 52[{ Hlfzvldm>
( TTo((6% =6 (622 — by +Z vk g )
(o
(N

%(5(n+5L )(0\'/Z+‘>V %('k {+{kz uv| +l§1+lz Ll’)) }

I( )+
c
71+(5~"/3+§!/r5+§2(%(|k ‘+ ‘kz |,,,|) +l§'/+l§ LI’))

m can be simulated by ordinary worm.

m Due to on-link constraint: always two k variables of the same link have to be updated simultaneously in
opposite directions.
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2. Simulation Methods: ordinary worm algorithm for simulating Z 4 ,»

Y s ‘B|”\+21
Z% 00 (x,y) { 1}{2(He 52[{ Hlfzvldm>
( TTo((6% =6 (622 — by +Z vk g )
(o
(N

%(5(n+5L )(0\'/Z+‘>V %('k {+{kz uv| +l§1+lz Ll’)) }

I( )+
c
71+(5~"/3+§!/r5+§2(%(|k ‘+ ‘kz |,,,|) +l§'/+l§ LI’))

m can be simulated by ordinary worm.

m Due to on-link constraint: always two k variables of the same link have to be updated simultaneously in
opposite directions.

4 ba
. Y
o
2 b

¢
1
0
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2. Simulation Methods: ordinary worm algorithm for simulating Z 4 ,»

Y s ‘B|”\+21
Z% 00 (x,y) { 1}{2(He 52[{ Hlfzvldm>
( TTo((6% =6 (622 — by +Z vk g )
(o
(N

%(5(n+5L )(0\'/Z+‘>V %('k {+{kz uv| +l§1+lz Ll’)) }

I( )+
c
71+(5~"/3+§!/r5+§2(%(|k ‘+ ‘kz |,,,|) +l§'/+l§ LI’))

m can be simulated by ordinary worm.

m Due to on-link constraint: always two k variables of the same link have to be updated simultaneously in
opposite directions.

:
o)

2 h -
1

0
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2. Simulation Methods: ordinary worm algorithm for simulating Z 4 ,»

Y s ‘B|”\+21
Z% 00 (x,y) { 1}{2(He 52[{ Hlfzvldm>
( TTo((6% =6 (622 — by +Z vk g )
(o
(N

%(5(n+5L )(0\'/Z+‘>V %('k {+{kz uv| +l§1+lz Ll’)) }

I( )+
c
71+(5~"/3+§!/r5+§2(%(|k ‘+ ‘kz |,,,|) +l§'/+l§ LI’))

m can be simulated by ordinary worm.

m Due to on-link constraint: always two k variables of the same link have to be updated simultaneously in
opposite directions.

b b
v by”
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2. Simulation Methods: ordinary worm algorithm for simulating Z 4 ,»

28 c fckS yd, 4 |kg”|+2l7‘”
Zam= ), {H(He S(Lkey) [Te" s m)
z c c v zv) bzt

(K1} v
(TTe(T e~k
I:[ (l |k ‘+‘kz V|/|)+l§v+lz vv))'
[oREss A E s e,

m can be simulated by ordinary worm.

m Due to on-link constraint: always two k variables of the same link have to be updated simultaneously in
opposite directions.

4
3
2

?
1
0
01 2 3 4 5
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2. Simulation Methods: internal space sub-worm algorithm for simulating

a N ghRE g
Zo = [1 e S —
o= L H{( I =3 +k§21)+l§,i>!)

(T1o(E S0 —5,)

N d
(£, £ I+ e 55 412,

b

m could in principle be simulated by same algorithm as Z4 ., = ergodicity problem! [R. vetter, 2011]

’ i N
(N=1+ % ¥ GOk + kb, 1)+ Ih + 10 )
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2. Simulation Methods: internal space sub-worm algorithm for simulating

20/ Am

1 liI IN_I ﬁz (KB 1+KEL, ) +IEL,
& {( )
0a(x :
{kl} 2 W\ sigem (3 (keh] +keb) +158)!

N

c

S 0 e 0c) + 1 Y0 2, )

[\ﬂz/;\

M=

(3(097 +8) (B2 + 0yz) + 3 (k| + 1K

.n:|z

(

1b

z

" ,,ﬂ+zzf;+z;bw>))')}

‘) lLb +lch ))l

d
(N=1+0-+ 6+ £ & (F(1keh |+ kb, o

p=lcb=1 s

m could in principle be simulated by same algorithm as Z4 ., = ergodicity problem! [R. vetter, 2011]

Internal space sub-worm algorithm:

m updates not just k%% but all components of the k-matrices while sampling Zg L (%, 1)
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2. Simulation Methods: internal space sub-worm algorithm for simulating

2o/ Ap1

b
3 4 5 6 7

1 1 2
| &
2 -- =
7/ 7/
3 A"
4 7/
a 4 ////// 156
X,V
5 --&-,/-=-
7k25 // 7
6~ - - - o« L
—k3 —I5

7

m could in principle be simulated by same algorithm as Z4 ,» = ergodicity problem! [r. vetter, 2011]

Internal space sub-worm algorithm:
m updates not just k“° but all components of the k-matrices while sampling Z”Qlfz(x,y)

m before moving head of worm from site x to site x + U, determine by sub-worm in internal space

the best combination of kf‘,f’v variables to propagate defect in delta-functions for ¢ = ay, by.
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2. Simulation Methods: internal space sub-worm algorithm for simulating

20/ Am

d N B2 \kz;:Hk”’ )+’§I;74
4”)2"/ z ||{(||||—)
o kl} z p=1cb=1 % ‘kslr;i ket lgi’{)!
{kl}
N

S 0 e 0c) + 1 Y0 2, )

c

Mz /.\

M=

(

1b

.n:|z

(305 + 6°0) Bz + 8,2) + LKL + [kt ,,;,+zz';+l;’7w>))')}

d N
(N =145 + 6y +}§16h2:1(%(|k [+ Ikt D)+ +1chs )

m could in principle be simulated by same algorithm as Z4 ., = ergodicity problem! [R. vetter, 2011]

= Internal space sub-worm algorithm:

real space (lattice)

4

3 where ¢2° = Z,(x) z(x)
2

2 (/)‘Uf‘n’} 04

1

0
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2. Simulation Methods: internal space sub-worm algorithm for simulating
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m could in principle be simulated by same algorithm as Z4 ., = ergodicity problem! [R. vetter, 2011]
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real space (lattice) internal space (on-site constraints)

NE

4 AY
X ao- K
3 bo- %

2
b bo 4

| 45«0 0’1) 0 \l [
x+v 4 N L~
0 bo- pa -
0 1 2 3 4 5 A

Southampton 2016 T. Rindlisbacher & P. de Forcrand Worm Algorithm for Lattice CPN—1 Model



2. Simulation Methods: internal space sub-worm algorithm for simulating

2o/ Ap1

vn liI IN_I pt (KB 1+KEL, ) +IEL,
o = T (T Ay
Q {kl} z p=1cb=1 % ‘k’]1‘+k§,y +l§,l;’4)!

N

c

S 0 e 0c) + 1 Y0 2, )

[\12/;\

M=

(

1b

.n:|z

z

(305 + 6°0) Bz + 8,2) + LKL + [kt ,,;,+zz';+l;’y,4>))')}

‘) lcb +lch ))l

d
(N =140z 402+ & % (3(kehl + K2 o

Py z—fu

m could in principle be simulated by same algorithm as Z4 ., = ergodicity problem! [R. vetter, 2011]

= Internal space sub-worm algorithm:

real space (lattice) internal space (on-site constraints)
. 0 A
X a- b — a=ap- Obb\ F—
3 R bo- + x "k
A A
5 ,,“l)b N
”b(ﬁ lmo
1 o SH A
x+v  do- \L~ a=ao- Q'\Lﬁ
A A
0 bo- — bo- i
0 1 2 3 4 5 A A

Southampton 2016 T. Rindlisbacher & P. de Forcrand Worm Algorithm for Lattice CPN—1 Model



2. Simulation Methods: internal space sub-worm algorithm for simulating

2o/ Ap1

vn liI IN_I pt (KB 1+KEL, ) +IEL,
o = T (T Ay
Q {kl} z p=1cb=1 % ‘k’]1‘+k§,y +l§,l;’4)!

N

c

S 0 e 0c) + 1 Y0 2, )

[\12/;\

M=

(

1b

.n:|z

z

(305 + 6°0) Bz + 8,2) + LKL + [kt ,,;,+zz';+l;’y,4>))')}

‘) lcb +lch ))l

d
(N =140z 402+ & % (3(kehl + K2 o

Py z—fu

m could in principle be simulated by same algorithm as Z4 ., = ergodicity problem! [R. vetter, 2011]

= Internal space sub-worm algorithm:
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2. Simulation Methods: internal space sub-worm algorithm for simulating
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= Internal space sub-worm algorithm:

real space (lattice) internal space (on-site constraints)

: 4 a O

4 e\T l o'b\T'b.
X a- 0 k—— b=a® 0
3 b0+ x\h‘ hD -kxh‘
A A

2 [INAZ © i~
a

¢ ) NS N

1 IS &
x+7 doxX @ ~—— b=a0 @ S——
0 by pa - by pa -
0 1 2 3 4 5 A A

Southampton 2016 T. Rindlisbacher & P. de Forcrand Worm Algorithm for Lattice CPN—1 Model



2. Simulation Methods: cross-check of code

m Both algorithms for auxiliary U(1) version yield identical results for physical observables!

— comparison with some high-precision numerical results from [J. Flynn et al., arXiv:1504.06292] :

L B sweeps E ¢ Xm
72 08 [Flynn et al.] 80M 0.6670232(7) 4.5992(12) 28.0595(18)
N2 aux U(1) M 0.6670233(143) 4.5771(232) 28.0528(531)
2N aux. U(1) 10M 0.6670265(37) 4.5958(41) 28.0593(72)
9%  0.85 [Flynn et al.] 80M 0.6222715(5) 6.3926(20) 46.863(4)
N2 aux U(1) ™M 0.6222872(101) 6.3865(294) 46.863(56)
2N aux. U(1) 10M 0.6222721(31) 6.3926(110) 46.845(26)
136 0.9 [Flynn et al.] 80M 0.5838365(3) 8.815(4) 78.202(8)
N2 aux U(1) M 0.5838202(63) 8.855(81) 78.174(232)
2N aux. U(1) 3M 0.5838326(29) 8.794(28) 78.191(72)
184  0.95 [Flynn et al.] 100M 0.55026689(20) 12.095(4) 130.707(15)
N2 aux U(1) ™M 0.5502642(72) 12.279(149) 131.388(452)
2N aux. U(1) ™M 0.5502692(36) 12.089(61) 130.824(239)
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2. Simulation Methods: cross code

m Both algorithms for auxiliary U(1) version yield identical results for physical observables!

m Comparison with analytic strong and weak coupling results: [Di Vecchia et al.NPB 190 [FS3] (1981) 719-733]
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3. Efficie

m Integrated auto-correlation time vs. correlation length:

Zam  (N?d.of. perlink) Zawn (2N d.of perlink)

g Tttt <n>, N=64

== <Xm> N=16
<E>, N=16
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3. Efficie
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m Integrated auto-correlation time vs. correlation length:

Zam  (N?d.of. perlink)

- <n>, N=64

<E>, N=32
- <n>, N=16

== <Xm> N=16
<E>, N=16

Zawy (2N d.of. per link)

m Acceptance rates (per attempted update):
Zan (N2 d.odf. per link)

Zan (2N d.of. perlink)

att. k

- acc. k

att. fog

- ace. log

att. Iy

- acc. Iy

— acc./att k

— acc/att. |
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4. Conclusion & Outlook

| Conclusion:

m Implemented and tested worm algorithms for two (2 N vs. N2 d.o.f. per link) dual formulations of CPN !
model which work at finite densities.

m internal space sub-worm algorithm to solve ergodicity problem in version with N2 d.o.f. per link.

m Both algorithms show so far essentially no critical slowing down for physical observables ((1), (E) Xm)-

A Outlook:

m Need results for larger systems to extract dynamical critical exponents.
m Finite density results.
m Topological charge and susceptibility (so far only for k < 0.5).

m Finite 6?

Thank you!
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