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W h a‘t a re FO u r- Fe rm i O n T h eo r i e S r) Friedrich-Schiller-Universitét Jena

QFTs of fermions with 4th power of fermion fields as interaction:

Main Models

Thirring 1958, soluble fermionic theory in 2D

ro< =Yu
Nambu & Jona-Lassinio 1961, dynamical mass generation in 4D
Fl = ﬂ, FQ = i’}/5

Gross & Neveu 1974, asymptotic freedom, chiral symmetry
breaking in 2D
=1
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W h a‘t i S th e T h i rri n g m Od e | ’? Friedrich-Schiller-Universitét Jena

QFT with N flavours of massless fermions with current interaction
Euclidean Lagrangian
e B S () =L

fim

m 3-dimensional euclidean spacetime
m representation of Clifford algebra:

irreducible 2-dimensional (later in this talk)
reducible 4-dimensional (now)

Similarity to QED3 and possible applications in superconductors,
graphene, ...

Daniel Schmidt 4 Fermions in 3D with Exact Chiral Symmetry Southampton, July 2016 3/15



Introduction Two Four-Fermion Interactions Fierz Identites Fermion Bag Approach Summary

W hy i S ‘th e T h i rri n g m Od e I i nte resti n g r) Friedrich-Schiller-Universitét Jena

Symmetries

m chiral symmetry, generated by {1, V4, Vs, 1Y4Ys}
m flavour symmetry

Result: LI (N¢, N¢), can be spontaneously broken to U (Nf) @ U (N¢)
= chiral condensate () # 0

Chiral Symmetry Breaking

“N¢ = 0.5” irreducible representation for N¢;, = 1 corresponds to
Gross-Neveu model with chiral symmetry breaking

N¢ — oo no chiral symmetry breaking

= There is a N:" where chiral behaviour changes.
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Wh a‘t iS th e Val u e of N ?I’ ? Friedrich-Schiller-Universitét Jena

Results for N£" from Schwinger-Dyson equations, %—expansion,
functional renormalization group, Lattice simulation with staggered
fermions:

Kim & Kim (1996)
Del Debbio, Hands et al. (1996-1999)

Kondo (1995
(1999) &Hands et al. (2007)

o 1 2 3&
Gomes et al. (1991) Hong & Park (1994)

Itoh et al. (1995) Jansen & Gies (2012)

Daniel Schmidt 4 Fermions in 3D with Exact Chiral Symmetry Southampton, July 2016 5/15



Introduction Two Four-Fermion Interactions  Fierz Identities Fermion Bag Approach Summary

C h i ral Sy mm et ry O n th e Latt i Ce Friedrich-Schiller-Universitét Jena

Nielsen-Ninomiya Theorem

It is not possible to have a chiral, local and translational invariant Dirac
operator with correct continuum limit without doublers.

older results: staggered fermions with mass
m mass breaks symmetry explicitly
m still doublers and no full chiral symmetry
m symmetry correct in the continuum limit?

[fine for non-gauge theories:

our approaCh: SLAC derivative Bergner et al. arXiv:0705.2212; Wozar, Wipf arXiv:1107.3324]
® in momentum space: multiplication by iyHp,,
m exact chiral symmetry
m not local: need to do Fourier transformation
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P ro b | e m S Friedrich-Schiller-Universitét Jena

Technical Problems

m Chiral condensate always zero due to exact chiral symmetry and
integration over fermions.

m Peak in susceptibility may indicate lattice artefact phase.

Coupling to Global Model rosarrice 20150507

= Can obtain nice histograms of (). 03

m Hard to recover Thirring model. o A
= No reliable conclusion regarding N¢",
but likely N§" < 2. ogl—— I
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Sca n i n g La rg e r T h eo ry_ S pace Friedrich-Schiller-Universitét Jena

Why Coupled Four-Fermion Interactions?

m Easy to study chiral symmetry breaking in Gross-Neveu model.
= Gain new insights into Thirring model and the larger theory
space by coupling there two models.

m Test predictions from functional renormalization group.

Interaction with iy4ys

(J)iy4y51p)2 is interesting because
m same symmetry (and problems) as Thirring, while
m expected to be Gross-Neveu-like, corresponds to irreducible
Gross-Neveu model.
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G 0SS- \| eveu a d Thirrin g iedrich-Schiller-Universitit Jena

A = 15, Lattice 8x7x7, Ny = 1
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A = %5, Lattice 12x11x11, Ny = 1
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A = %5, Lattice 12x11x11, Ny = 2
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A = %5, Lattice 12x11x11, Ny = 3
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A = 15 Lattice 12x11x11, N¢ = 4
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F i e rz | d e nt ity ( 1 ) fo r T h i rri n g I n ‘te ract i o n Friedrich-Schiller-Universitét Jena

Goal: rewrite interaction term, use irreducible representation:
2-component spinors x¢, a =1, ..., 2N = N¢;,,

(x*oux®) (X°o"x®) = — (X“x*) (x°x®) —2 (x*x®) (x*x*) ()
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Goal: rewrite interaction term, use irreducible representation:
2-component spinors x¢, a =1, ..., 2N = N¢;,,

(x*oux®) (X°o"x®) = — (X“x*) (x°x®) —2 (x*x®) (x*x*) ()

Lagrangian after Hubbard-Stratonovich Transformations

¢ real scalar field, T¢P hermitian, traceless matrix field

2

_ 6ab Tab ,lrrT Tba Tt 42
L1=Xa [(F+ ) 8%° + ]xb+—492 ab +292(2+N“”)¢
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Goal: rewrite interaction term, use irreducible representation:
2-component spinors x¢, a =1, ..., 2N = N¢;,,

(x%oux®) (X°o"x®) = — (x“x*) (x"x") —2 (x*x®) (x*x*) ()

Lagrangian after Hubbard-Stratonovich Transformations

¢ real scalar field, TP hermitian, traceless matrix field

2

_ §ab 4 Tab N T TP P2
L1=Xa [[@+ ) +T%] X+ 4g2 292(2+Nf,irr)(b
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Goal: rewrite interaction term, use irreducible representation:
2-component spinors x¢, a =1, ..., 2N = N¢;,,

(x*oux®) (X°o"x®) = — (x“x*) (X°x®) —2 (x*x®) (x"x*) ()

Lagrangian after Hubbard-Stratonovich Transformations

¢ real scalar field, T¢® hermitian, traceless matrix field

2

B = 6ab —I—ab + rr Ta Tba—|— Jrr 2
1=Xa [(+¢)8%° +T°] xp Zg2 o 2202+ Newr) ¢
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F i e rzZ I d e nt ity ( 1 ) fo r T h i rri n g I n ‘te ract i o n Friedrich-Schiller-Universitét Jena

Goal: rewrite interaction term, use irreducible representation:
2-component spinors x¢, a =1, ..., 2N = N¢;,,

(x*oux®) (X°o"x®) = — (X“x*) (x°x®) —2 (x*x®) (x*x*) ()

Lagrangian after Hubbard-Stratonovich Transformations

¢ real scalar field, T¢P hermitian, traceless matrix field

_ N N%.

B = + 6ab +Tab + ,lrrT Tba+ rr 2
1=Xa [(F+ D) | xo g2 Tab —292(2+N“”)¢

—Dab
7D1

be has no special properties = complex eigenvalues

11/15

Daniel Schmidt 4 Fermions in 3D with Exact Chiral Symmetry Southampton, July 2016



Introduction Two Four-Fermion Interactions Fierz Identities Fermion Bag Approach Summary

S i g n P ro bI e m afte r F i e rZ Rea r ra n g e m e nt Friedrich-Schiller-Universitét Jena

Ngirr = 2, 4x3x3, 1000 Conﬂgs Fierz (1), 6x5x5, 50-200 Configs
1.0 TRRRRRREO0I00S00E00000RN e 1.0 .
0.8 - o 0.8
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Ath/Neirr Ath/Neirr
Thirring has no sign problem
Fierz (1) has a complex phase with (w) == (e
)\Th S [0.2,0.3]
Fierz (2) another identity, imaginary eigenvalues, switches sign
on nearly every update = (w) ~ 0 VAt
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Fe rm i o n B ag Ap p ro aC h Friedrich-Schiller-Universitét Jena

Current approach to get informations about chiral symmetry breaking
and solving the sign problem of Fierz (1):
= Introduce a spin field k& € {0, 1}, integrate fermions, T¢® and ¢:

Final Partition Sum

) Z =5 det(id[k J)Qﬁinf(ni,ni)

X

m [k is the SLAC operator matrix with columns and rows deleted

corresponding to k.

= ni, n2 and fi2 count certain entries of k&P

m f(a, b) is a product of gamma- and confluent hypergeometric
functions
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S i m u I at i O n R e S u ItS Friedrich-Schiller-Universitét Jena

Simple Metropolis simulation for N¢;,, = 1:
m Agreement with analytical calculation and original formulation.
m Deviations for Fierz(1) (sign problem!).

Nf,irr =1, 2x3x3

1.2
Thirring HMC
1.0 4 Fierz (1) HMC +—+—
FermionBag  x
0.8 analytical sum
(k) oc (4n5L) 06
0.4 -
0.2 4
0.0 l l —— s
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
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T h e E n d Friedrich-Schiller-Universitat Jena

m The Thirring model shows chiral symmetry breaking for
N¢ < Nf', for which there are many different predictions.

m Simulations with multiple four-fermion couplings may allow new

insights.
m We get a sign problem after Fierz transformation.
n0SiON Fierz Identities , S19"
problem problem

m Fermion bag approach may solve the sign problem and allow
access to the chiral condensate.

Thank you for your attention!
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