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Introduction	

gA @ Lattice 2015	 √<rE
2> @ Lattice 2014	Summary plot: RQCD PRD91 (2015) 054501

Results systematically 10-20% below 
experiment 

Large scatter in the results 

interest in studying potential 
sources of systematic error

Determination of gA on the Lattice

line suggests consistency with experiment. At the physical
point it reads gA ¼ 1.242ð15Þ, two standard deviations
below the known value. However, clearly, with few
ensembles at small quark masses and Lmπ > 4, we cannot
at present perform such an extrapolation with any con-
fidence, in particular as the slope is expected to change its
sign towards very small pion masses, see, e.g., Ref. [75] as
well as Sec. IV below.
Prior to investigating the finite volume behavior in more

detail in the next section, in Fig. 16 we put our Nf ¼ 2
results on gA in perspective, comparing these to recent
determinations obtained by other collaborations, namely
QCDSF [26], the Mainz group5 [28] and ETMC [29]
for Nf ¼ 2, LHPC [23] and RBC/UKQCD [27] for Nf ¼
2þ 1 as well as ETMC [35] and PNDME [39] for
Nf ¼ 2þ 1þ 1. Most errors displayed are larger than
ours, which include the systematics from the renormaliza-
tion factors, varying fit ranges and parametrizations. This
precision is in particular due to our large numbers of
measurements and the effort that went into the optimization
of the nucleon interpolators. We also indicate in the figure
as a shaded area the result of a chiral extrapolation of our
data on the ratio gA=Fπ , which we expect to be less affected
by finite volume effects, see Sec. IV.

Note that the recent QCDSF study [26] utilizes a
smearing different from ours for mπ > 250 MeV but has
significant overlap in terms of the gauge ensembles and the
values of ZA used. These results also carry quite small
errors, however, their gA values are systematically lower,
suggesting in these cases that smearing could be an issue,
see Fig. 5. The leftmost point of that study, which they
associate with mπ≈130MeV, was obtained using the same
smearing that we employ on a subset of ensemble VII
[mπðLÞ ≈ 160 MeV, Lmπ ≈ 2.8, mπð∞Þ ≈ 149.5 MeV].
Their result at this point (leftmost circle) is compatible
within errors not only with experiment but also with our
corresponding high statistics result (second red square from
the left).
Within errors all recent determinations (with the excep-

tion ofmπ > 250 MeV QCDSF results) are consistent with
our data. In particular, differences between including the
strange or even the charm quark or ignoring these vacuum
polarization effects are not obvious. Moreover, in all
studies the gA values appear to be constant or increasing
with decreasing pion mass and, where this could be
resolved, correlated with the lattice size. In none of the
simulations could any significant lattice spacing effects be
detected.

IV. FINITE SIZE EFFECTS AND
THE AXIAL CHARGE gA

Above we have seen a noticeable dependence of gA
on the lattice volume for Lmπ < 4.1. Chiral perturbation
theory not only predicts the functional form of the pion
mass dependence of hadronic observables but also their
finite volume effects, as long as mπ is small enough and
λ ¼ Lmπ sufficiently large. To leading nontrivial order
[76,77], the finite size effects on the pion mass read

mπðLÞ −mπ

mπ
¼ 2

Nf
hðLmπ; mπÞ; ð28Þ

hðλ; mπÞ ¼
m2

π

16π2F2

X

n≠0

K1ðλjnjÞ
λjnj

; ð29Þ

where F is the pion decay constant in the chiral limit,
mπ ¼ mπð∞Þ is the infinite volume pion mass, n ∈ Z3 are
integer component vectors and K1ðxÞ is the modified
Bessel function of the second kind.
The only parameter appearing in Eq. (28), apart from

F ¼ 85.8ð6Þ MeV [3,78], is the infinite volume pion mass.
Going beyond this order of chiral perturbation theory
[79,80], several low energy constants (LECs) are encoun-
tered, namely l̄i, i ¼ 1; 2; 3; 4 at Oðp4Þ and ~riðmρÞ, i ¼
1; 2;…; 6 atOðp6Þ (next-to-next-to-leading order, NNLO).
We use the parametrization with NNLO chiral perturbation
theory input of Ref. [80] to investigate finite volume effects
of the pion mass, setting F ¼ 86 MeV and using the FLAG

FIG. 16 (color online). gA as a function of m2
π : our results

[RQCD, nonperturbatively improved (NPI) Wilson clover] in
comparison to other results (fermion action used in brackets).
Nf ¼ 2: QCDSF [26] (NPI Wilson clover), Mainz5 [28] (NPI
Wilson clover), ETMC [29] (twisted mass). Nf ¼ 2þ 1: LHPC
[23] (HEX-smeared Wilson clover), RBC/UKQCD [27] (domain
wall). Nf ¼ 2þ 1þ 1: ETMC [35] (twisted mass), PNDME [39]
(Wilson clover on a HISQ staggered sea). Also indicated as a
shaded area is the result from extrapolating our gA=Fπ data to the
physical point, see Sec. IV.

5For each of the ensembles studied by the Mainz group two
results are given in their article, obtained from plateau fits and
from the summation method. We include the summation results
since this appears to be their preferred method.

NUCLEON ISOVECTOR COUPLINGS FROM Nf ¼ 2 … PHYSICAL REVIEW D 91, 054501 (2015)

054501-11

A3. Dirac & Pauli radii
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Lattice data for plateau method

! Estimation of radii strongly depends on small Q2

! Need access for momenta close to zero⇒

! larger volumes

Not yet reached quantitative understanding	
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Simulation Parameters for 2+1 Flavor QCD	

•  Wilson-clover quark action + Iwasaki gauge action 
•  Stout smearing with α=0.1 and Nsmear=6  
•  NP CSW=1.11 determined by SF  
•  β=1.82 ⇒ a−1〜2.33 GeV 
•  Lattice size=964 ⇒ (〜8.1 fm)3 spatial volume allows small q2 region  
•  Hopping parameters: (κud,κs)=(0.126117,0.124790)  
                             ⇒ mπ≈145 MeV, mπL≈6 
 
•  Basic physical quantities are already measured 
  − Hadron spectrum 
  − Quark masses with NP renormalization 
  − Pseudoscalar meson decay constatnts 

  − LEC’s in SU(2) ChPT 
  − Nucleon σ term 
　　                  

PoS(LATTICE2015)075	



6 

Measurement Details	

•  Refer to PoS(LATTICE2015)081 for Lattice 2015 contribution 
•  Current statistics: 146 configs (still increasing the statistics) 
•  64 measurements/config ⇒ O(104) measurements so far 
•  9 choices for spatial momenta: 
  　=(1,0,0),(1,1,0),(1,1,1),(2,0,0),(2,1,0),(2,1,1),(2,2,,0),(3,0,0),(2,2,1) 
  minimum mom=2π/L〜0.152 GeV thanks to L〜8.1 fm 
•  Lattice size=964 ⇒ (〜8.1 fm)3 spatial volume allows small q2 region  
•  Exp smeared src/sink operators for 2-pt and 3-pt functions 
•  Src-sink separation: tsink−tsrc=15 (〜1.3 fm) 
•  ZA=0.9650(68)(95), ZV=0.95153(76)(1487) in SF scheme  
                                                              PoS(LATTICE2015)271 
　　                  

n	
→	
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Nucleon Rest Mass and Dispersion Relation	

Plateau is observed in t≥6 for effective mN 
Continuum  dispersion relation is satisfied up to |  |2=9  

2 Results

2.1 Nucleon rest mass

0 4 8 12 16 20
t
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Figure 1: Effective mass plot for the nucleon at q = 0.

2.2 Dispersion relation
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Figure 2: Check for a dispersion relation of the nucleon.

• The values of mN and EN(n2) evaluated with the smear-local correlators

• Figure displays p2con = E2
N(n

2)−m2
N vs. p2lat = (2π/L)2 × n2

• The relativistic continuum dispersion relation is well satisfied up to n2 = 9.
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Figure 2: Check for a dispersion relation of the nucleon.

• The values of mN and EN(n2) evaluated with the smear-local correlators

• Figure displays p2con = E2
N(n

2)−m2
N vs. p2lat = (2π/L)2 × n2

• The relativistic continuum dispersion relation is well satisfied up to n2 = 9.

2

Effective mass for N	 Dispersion relation	

EN
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3-pt Functions at Zero Momentum Transfer 	

ZV is consistent btw two methods: 1/F1(0) and SF scheme 
gA is consistent with experiment if we employ fit results for 
2-pt function in denominator 

ZV=1/F1(0): vector current renorm	 Axial charge gA	
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Isovector Electric and Magnetic Form Factor	

Cleaner signal for GE compared to GM  
Need more statistics for GM 
GE shows good agreement with experimental curve, especially,  for low Q2 

⇒ Expected to reproduce experimental value for √<rE
2> 

2.4 Isovector electric and magnetic Sachs form factors

The Dirac and Pauli form factors F1(q2) and F2(q2) are related to the electric GE(q2) and
magnetic GM(Q2) Sachs form factors as

GE(q
2) = F1(q

2)− q2

4m2
N

F2(q
2)

GM(q2) = F1(q
2) + F2(q

2)

which are directly measured from two-types of three-point functions (V4 current with a
projection 1+γ4 and V1,2 current with a projection (1+γ4)γ5γ3). The isovector form factor
is given by a difference between the proton and neutron form factors as Gv

k(q
2) = Gp

k(q
2)−

Gn
k(q

2) (k = E or M). (See details in Phys. Rev. D 78, 014510 (2008) [arXiv:0709.3150].)
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Figure 6: The isovector electric GE form factor. The experimental curves are given by a

dipole form with the root mean squared radius:
√
〈(rvE)2〉=0.939(5) fm.

• Signal of electric type of the three-point functions is less noisy

• In a good agreement with the experimental curve especially for low Q2.
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Figure 7: The isovector magnetic GM form factor (right). The experimetal curves are

given by a dipole form with the root mean squared radius:
√
〈(rvM)2〉=0.862(14) fm.

• Still statistical fluctuations in magnetic type of the three-point functions are quite
large compared with the electric one

• Needs more statistics
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Analysis with z-Expansion	

Conformal mapping of the cut plane to the unit circle: 
 
 
 
 
 
 
 
 
 
 
 
 

 
Virtues of z-Expansion analysis 
•  Model independent ⇔ dipole form 
•  Analyticity is assured 
•  Σk ||ck|| < ∞ ⇒ good convergence is expected for ck   
　	

 
                       

2.5 Results of z-Expansion fit

• z-Expansion: GE/M(z) =
∑kmax

k=0 ckz(Q2)k

– where z(Q2) =

√
tcut+Q2−

√
tcut−t0√

tcut+Q2+
√

tcut−t0
with tcut = 4m2

π

– Conformal mapping of the cut plane Q2 < −4m2
π to the unit circle (|z| = 1)

– A simple choice t0 = 0 is adopted in our analysis.
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Figure 8: The isovector electric GE form factor. A blue curve with shaded error band
represents the result of z-Expansion fit with kmax = 8 for all 10 data points.
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Figure 9: The isovector magnetic GM form factor (right). A blue curve with shaded error
band represents the result of z-Expansion fit with kmax = 7 for all 9 data points.
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w/ tcut=4mπ
2, t0=0 	

Boyd et al., PLB353(1995)306 
Hill-Paz, PRD82(2010)113005	
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C. Glenn Boyd et al., Physics Letters B 353 (1995) 306-312
Richard J. Hill and Gil Paz,Phys. Rev. D 82, 113005(2010)
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Fit Results for GE w/ 10 Data Points	

Chi2/dof<1 for all the fits 
Curvature is smaller in z variable than Q2 variable 

6 Q2-dependence of GE(Q2)

• dipole form: GE(Q2) = a0
(1+a1Q2)2

– which is model-depedent

• quadratic form: GE(Q2) = d0 + d2Q2 + d4Q4

– Taylor expansion in terms of Q2 may be valid only for |Q2| < tcut = 4m2
π
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Figure 7: Results dipole and quadratic fits for all 10 data points.
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Dipole form: a0/(1+a1Q2)2   
Taylor expansion: b0+b1Q2+b2Q4	

z-expansion: 
c0+c1z+c2z2+・・・+c8z8 

• z-form: GE(z) =
∑kmax

k=0 ckz(Q2)k

– where z(Q2) =

√
tcut+Q2−
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tcut+Q2+
√

tcut−t0
with tcut = 4m2

π

– Conformal mapping of the cut plane Q2 < −4m2
π to the unit circle (|z| = 1)
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Figure 8: Result of z-form fit with t0 = 0 and kmax = 2, 3, 4 and 8 (SVD) for all 10 data
points.
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Convergence behavior of Coefficients	

z-expansion 
Coefficients are stable for z(m) with m≥3 
|cn+1/cn|<1 is satisfied beyond 3-rd polynomial term 
 

Taylor expansion Q(m): 
c0+c1Q2+・・・cm(Q2)m	

z-expansion z(m): 
c0+c1z+・・・cmzm	

9 Convergence of z expansion

First let us consider the simple Taylor series expansion in terms of Q2:

G(Q2) =
kmax∑

k=0

ck

(
Q2

tcut

)k

(2)

Recall it is not a function of Q2, rather a function of Q2/tcut.
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Figure 13: Comparison of convergence of the simple Taylor series expansion and the z
expansion for the electric form factor GE.

0 1 2 3 4 5 6 7 8 9 10 11 12
# of polynomial terms

0.8

1

1.2

1.4

is
o-

ve
ct

or
 rm

s [
fm

]

experiment (muonic H-atom)
experiment (ep scatt.)
z-form fits
simple Taylor expansion
dipole fit

0 1 2 3 4 5 6 7 8 9 10 11 12
# of polynomial terms

0.8

1

1.2

1.4

is
o-

ve
ct

or
 rm

s [
fm

]

experiment (muonic H-atom)
experiment (ep scatt.)
z-form fits
simple Taylor expansion
dipole fit

Figure 14: Comparisons of electric rms from various fits.
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Root Mean Squared Radius	

All the fits (dipole, Taylor, z-expansion) successfully reproduces 
the experimental value 

Need more statistics for finer resolution 

6.1 RMS

The root mean squared radius (rms),
√
〈r2〉, can be determined by the form-factor slope

as

GE(Q2) = 1 − 〈r2
E〉
6

Q2 + O(Q4).

Thus, the mean square radius is given by

〈r2
E〉 = −6

dGE

dQ2

∣∣∣∣∣
Q2=0

From three different fits, rms is given by

•
√
〈r2

E〉 =
√
−12a1 for dipole fit

•
√
〈r2

E〉 =
√
−6d2

d0
for quadratic fit

•
√
〈r2

E〉 =
√
−6 c1

c0
1

4tcut
for z-form fit with t0 = 0

z-fit expt.
dipole fit quadratic fit kmax = 2 kmax = 3 kmax = 8 ep scatt. µ-H

rms [fm] 0.906(71) 0.917(68) 0.988(97) 0.944(128) 0.950(123) 0.9413(49) 0.9073(12)

Table 2: Results of (isovector) electric rms obtained from various fits. Experimental values
of isovector mean square radius is given by 〈r2〉 = 〈r2

p〉 − 〈r2
n〉 with 〈r2

n〉 = −0.1161(22)
fm2. For proton mean square radius, there are two values; 〈r2

p〉 = 0.88611(926) fm2 from
ep scattering and 〈r2

p〉 =0.82316(22) fm2 from µ-H atom spectroscopy.
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9 Convergence of z expansion

First let us consider the simple Taylor series expansion in terms of Q2:

G(Q2) =
kmax∑

k=0

ck

(
Q2

tcut

)k

(2)

Recall it is not a function of Q2, rather a function of Q2/tcut.

-1 0 1 2 3 4 5 6 7 8 9
n-th polynomial term

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

|c n|

Q(2)
Q(3)
Q(4)
Q(5)
Q(6)
Q(7)
Q(8)

Simple Taylor expansion

-1 0 1 2 3 4 5 6 7 8 9
n-th polynomial term

0

1

2

3

4

|c n|

z(2)
z(3)
z(4)
z(5)
z(6)
z(7)
z(8)

z expansion

Figure 13: Comparison of convergence of the simple Taylor series expansion and the z
expansion for the electric form factor GE.
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Figure 14: Comparisons of electric rms from various fits.
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Fit Results for GM w/ 9 Data Points	

Chi2/dof<1 for all the fits 
Magnetic moment is consistent with experiment in z-expansion  

Dipole form: a0/(1+a1Q2)2   
Taylor expansion: b0+b1Q2+b2Q4	

z-expansion: 
c0+c1z+c2z2+・・・+c7z7 7 Q2-dependence of GM(Q2)
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Figure 9: Results dipole and quadratic fits for all 9 data points.
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Figure 10: Result of z-form fit with t0 = 0 and kmax = 2, 3, 4 and 7 (SVD) for all 9 data
points.
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Convergence behavior of Coefficients	

z-expansion 
Similar behaviors with GE case 
Coefficients are stable for z(m) with m≥3 
|cn+1/cn|<1 is satisfied beyond 3-rd polynomial term 
 

Taylor expansion Q(m): 
c0+c1Q2+・・・cm(Q2)m	

z-expansion z(m): 
c0+c1z+・・・cmzm	
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Figure 15: Comparison of convergence of the simple Taylor series expansion and the z
expansion for the magnetic form factor GM .
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Figure 16: Comparisons of magnetic moment from various fits.
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Figure 17: Comparisons of vector coupling from various fits. Note that all fits did not
include the value at Q2 = 0.
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Magnetic Moment	

z-expansion gives a consistent result with experiment 
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Figure 15: Comparison of convergence of the simple Taylor series expansion and the z
expansion for the magnetic form factor GM .
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Figure 16: Comparisons of magnetic moment from various fits.
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Figure 17: Comparisons of vector coupling from various fits. Note that all fits did not
include the value at Q2 = 0.
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Summary 	

•  2+1 flavor QCD simulation at the physical point on (〜8.1 fm)4 lattice  

•  Large spatial volume allows investigation at small Q2 region  

•  gA is consistent with experimental value 

• Q2 dependence of GE is consistent with experiment 

• GM shows larger statistical fluctuations than GE  

•  z-expansion analyses work well: good convergence behavior 

       ⇒ √<rE
2> and magnetic moment are consistent with experiment 

 

    
 
              
        
 
 
 
 
　　　　　　　        　 
 
 
 

      


