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In [Frezzotti and Rossi Phys. Rev. D92 (2015) 054505]
a new non-perturbative mechanism for the elementary particle
mass generation was conjectured

We are testing this conjecture in a toy model where a fermion
doublet Q is coupled to a non-Abelian SU(3) gauge field and a
scalar Φ

Ltoy(Q,A,Φ) = Lkin(Q,A,Φ) + V(Φ) + LWil(Q,A,Φ) + LY uk(Q,Φ)

• Lkin(Q,A,Φ) =
1

4
F aµνF

a
µν+QLγµDµQL+QRγµDµQR +

1

2
Tr
[
∂µΦ†∂µΦ

]
• V(Φ) =

µ2
0

2
Tr
[
Φ†Φ

]
+
λ0
4

(
Tr
[
Φ†Φ

])2
, Φ ≡ [ϕ| − iτ2ϕ∗]

• LWil(Q,A,Φ) =
b2

2
ρ
(
QL
←−
DµΦDµQR +QR

←−
DµΦ†DµQL

)
"Wilson-like"

• LY uk(Q,Φ) = η
(
QLΦQR +QRΦ†QL

)
"Yukawa"

UV cutoff ∼ b−1 • Fermion chiral symmetry χ̃ broken if (ρ, η) 6= (0, 0)
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• LWil(Q,A,Φ) =
b2

2
ρ
(
QL
←−
DµΦDµQR +QR

←−
DµΦ†DµQL

)
"Wilson-like"

• LY uk(Q,Φ) = η
(
QLΦQR +QRΦ†QL

)
"Yukawa"

Symmetries & power counting
(
in suitable
UV-regul.

)
=⇒ Renormalizability

Invariant under χ (global) SU(2)L×SU(2)R transformations

•χL,R : χ̃L,R ⊗ (Φ→ ΩL,RΦ)⊗ (Φ† → Φ†Ω†L,R)

χ̃L,R :


QL,R → ΩL,RQL,R

ΩL,R ∈ SU(2)L,R
QL,R → QL,RΩ†L,R
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• Lagrangian not invariant under purely fermionic transformations
χ̃L : QL → ΩLQL QL → QLΩ†L ΩL ∈ SU(2)

• They yield the bare WTIs

∂µ〈J̃L,iµ (x) Ô(0)〉 = 〈∆̃i
LÔ(0)〉δ(x)− η 〈OL,iY uk(x) Ô(0)〉 − b2〈OL,iWil(x) Ô(0)〉

J̃L,iµ = QLγµ
τ i

2
QL −

b2

2
ρ
(
QL

τ i

2
ΦDµQR −QR

←−
DµΦ†

τ i

2
QL
)

OL,iY uk =
[
QL

τ i

2
ΦQR − hc

]
OL,iWil =

ρ

2

[
QL
←−
Dµ

τ i

2
ΦDµQR − hc

]
• Mixing of OL,iWil under renormalization

b2OL,iWil = (ZJ̃ − 1)∂µJ̃
L,i
µ − η(η; g2s , ρ, λ0)OL,iY uk + . . .+ O(b2)

• Renormalized WTIs read

∂µ〈ZJ̃ J̃
L,i
µ (x) Ô(0)〉=〈∆̃i

LÔ(0)〉δ(x)−(η − η(η)) 〈OL,iY uk(x) Ô(0)〉+. . .+O(b2)

where the ellipses (. . .) stand for possible NP mixing contributions
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• At the critical ηcr(g2s , ρ, λ0) s.t. ηcr − η(ηcr; g
2
s , ρ, λ0) = 0

the WTIs become

∂µ〈ZJ̃ J̃
L,i
µ (x) Ô(0)〉ηcr = 〈∆̃i

LÔ(0)〉ηcrδ(x) + . . .+ O(b2)

� In Wigner phase
(
〈Φ〉 = 0

)
→Wilson-like term uneffective for χ̃SSB

∂µ〈ZJ̃ J̃
L,i
µ (x) Ô(0)〉ηcr = 〈∆̃i

LÔ(0)〉ηcrδ(x) + O(b2)

� In Nambu-Goldstone
(
〈Φ〉 = v112×2

)
expect (conjecture)

∂µ〈ZJ̃ J̃
L,i
µ (x) Ô(0)〉ηcr=〈∆̃

i
LÔ(0)〉ηcrδ(x) + 〈C1Λs[QL

τ i

2
UQR + hc]Ô(0)〉+ O(b2)

The term ∝ C1Λs can exist only in the NG phase where

U = Φ/
√

Φ†Φ = (v + σ + i−→τ −→π )/
√

(v + σ)2 +−→π−→π

In ΓNGloc a mass term C1Λs[QLUQR + hc]

 Natural
6= Yukawa mass
C1 = O(α2

s)Hierarchy
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• Intuitive idea of the NP mass generation mechanism
O(b2) NP corrections to (χ̃-preserving) effective vertices
combined in loop "diagrams" with O(b2) (χ̃-breaking)
vertices from the Wilson-like term

• b−4 loop divergency =⇒ O(b0)C1Λs mass term
• Phenomenon occurring even in the quenched approximation
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Chose a cheap lattice regularization of
∫
d4xLtoy

First NP study of a theory with gauge, Ψ=

(
u
d

)
& (ϕ0, ~ϕ )

"Naive" fermions (good for quenched approximation only)

Slat = b4
∑
x

{
LYMkin [U ] + Lscakin(Φ) + V(Φ) + ΨDlat[U,Φ]Ψ

}
LYMkin [U ] : SU(3) plaquette action

Lscakin(Φ) + V(Φ) = 1
2

tr [Φ†(−∂∗µ∂µ)Φ] +
µ2
0
2

tr
[
Φ†Φ

]
+ λ0

4

(
tr
[
Φ†Φ

])2
where Φ = ϕ011 + iϕjτ

j F (x) ≡ [ϕ011 + iγ5τ
jϕj ](x)

(Dlat[U,Φ]Ψ)(x) = γµ∇̃µΨ(x) + ηF (x)Ψ(x)− b2ρ 1
2
F (x)∇̃µ∇̃µΨ(x) +

− b2ρ 1
4

[
(∂µF )(x)Uµ(x)∇̃µΨ(x+ µ̂) + (∂∗µF )(x)U†µ(x− µ̂)∇̃µΨ(x− µ̂)

]
• Yukawa (d = 4) term ∝ η , Wilson-like (d = 6) term ∝ ρ
• Unquenched studies will require DW or Overlap fermions
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Quenched model with 2 flavours
(
u
d

)
× 16 doublers

• χL ⊗ χR classical symmetry in Ψ basis: ΨL,R = 1
2 (1± γ5)Ψ

χL : ΨL → ΩLΨL ΨL → ΨLΩ†L︸ ︷︷ ︸ Φ→ ΩLΦ ΩL ∈ SU(2)

χ̃L,R

χR :

︷ ︸︸ ︷
ΨR → ΩRΨR ΨR → ΨRΩ†R Φ→ ΦΩ†R ΩR ∈ SU(2)

• χ̃L ⊗ χ̃R classical symmetry at η = 0, any ρ, all doublers
(at classical level the Wilson-like term irrelevant)

• Doubling symmetry group, Dξ, ξ = (ξ1, ξ2, ξ3, ξ4), ξi = 0, 1

Dξ : Ψ(x)→ (−1)x·ξMξΨ(x) Ψ(x)→ Ψ(x)M†ξ (−1)x·ξ

Dξ :ϕ0 → ϕ0 , ϕi(x)→ (−1)
∑
µ ξµϕi(x) Mξ = (iγ5γ1)ξ1 . . . (iγ5γ4)ξ4

• Doublers at pµ = π
b ξµ
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• Only symmetric derivatives ∇̃ on fermions in the lattice action
=⇒ Doubling Symmetry
=⇒ Power counting arguments work (even in the presence of

doublers)
• Remark: this would not be the case if there were
forward/backward ∇/∇∗ lattice derivatives acting on fermions

=⇒ no Doubling Symmetry
• The renormalization of the toy model on the lattice is
analogous to the one of the continuum model
[Frezzotti and Rossi, Phys. Rev. D92 (2015) 054505],
as it is based on power counting and symmetries
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• Symmetries of the lattice toy model

SU(3) Gauge

χL ⊗ χR (previously defined)

P , T , C, CPF2

P :


Φ(x)→ Φ†(xP ) , xP ≡ (−~x, x4)
Ψ(x)→ γ4Ψ(xP ) , Ψ̄(x)→ Ψ̄(xP )γ4
U4(x)→ U4(xp) , Uk(x)→ U†k(xp − k̂)

C :


Φ(x)→ ΦT (x)
Ψ(x)→ iγ4γ2Ψ̄T (x) , Ψ̄(x)→ −ΨT (x)iγ4γ2
Uµ(x)→ U∗µ(x)

T :


Φ(x)→ Φ†(xT ) , xT ≡ (~x,−x4)
Ψ(x)→ γ5γ4Ψ̄T (x) , Ψ̄(x)→ ΨT (x)γ4γ5
U4(x)→ U†4 (xT − 0̂) , Uk(x)→ Uk(xT )

F2 :

{
Φ(x)→ τ2Φ(x)τ2

Ψ(x)→ iτ2Ψ(x) , Ψ̄(x)→ −iΨ̄(x)τ2
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The only d = 4 allowed operator, besides kinetic terms for gauge,
fermions and scalars and scalar potential, is the Yukawa term
η̄Ψ̄ΦΨ

η̄(ηcr; g
2
s , ρ, λ0)− ηcr = 0 defines ηcr

unique ηcr

ηcr independent of scalar renormalized mass µ2
r (up to cutoff

effects) =⇒ the same for Wigner and NG phase
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• In view of the uniqueness of ηcr consider the correlators

∂µ〈J̃L,iµ (x)Oi(z)〉 = 〈(BL,iY uk +BL,iWil)(x)Oi(z)〉 x 6= z

BL,iY uk, B
L,i
Wil variation of Yukawa- and Wilson-terms under χ̃L

• Look for the value of η (≡ ηcr(g2s , ρ, λ0)) where

〈∂µJ̃L,iµ (x)Oi(z)〉
∣∣
ηcr

= 0 in Wigner phase µ2
r > 0

• At this η = ηcr(g
2
s , ρ, λ0) we want to check whether in NG phase

〈∂µJ̃L,iµ (x)Oi(z)〉
∣∣
ηcr

〈BL,iY uk(x)Oi(z)〉
∣∣
ηcr

= O(C1
Λs
v

)6= 0 µ2
r < 0

Λ2
s < |µ2

rλr| << b−2

in view of the conjecture
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• In practice consider ratio

RL(x0) =

∑
~x ∂µ〈J̃L,iµ (~x, t0)BL,iY uk(~z, z0)〉∑
~x〈B

L,i
Y uk(~x, x0)BL,iY uk(~z, z0)〉

x0 6= z0

A few technical remarks

• Quenching =⇒ Φ fields can be generated separately from
gauge configs
• Beware of spurious zero modes of Dlat (exceptional confs.):
introduce an IR cutoff replacing ΨDlatΨ→ Ψ(Dlat +m)Ψ

• 〈∂µ(J̃L,iµ (x) + J̃R,iµ (x))BL,iY uk(z)〉 and ηcr remain unchanged up
to O(bm) when the IR cutoff is in place
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• In the NG phase

IR cutoff in Dlat-inversion
• (η − ηcr)〈Φ〉 for η 6= ηcr

• C1Λs (if any)

Scalar expectation value always zero in finite volume

need axial χ-fixing (χL × χR × Z2 ×R5 field rotations)
• χL × χR rotation of each scalar configuration s.t.

1

V

∑
x

φ(x) ∝
(

1 0
0 1

)
to get 〈Φ〉 > 0 if needed apply

•Z2 ×R5

{
Φ→ −Φ

ΨL/R → −/+ ΨL/R ΨL/R → +/−ΨL/R
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Further technical/practical remarks

1 Ψ =

(
u
d

)
& Φ = ϕ011 + iτ iφi [isospin matrix] =⇒

=⇒ Dirac matrix 2× 2 times larger than in LQCD
Dlat not γ5-Hermitian need D−1lat and (D†lat)

−1

2 Extra computing time because action is 2nd-neighbour

3 We have just started a first exploration using
D†latDlat → D†latDlat +M2 (a2M2 = 5 · 10−4)

where we look for signal/noise ratio
CBB†(x, t) = 〈BY uk(x, t)B†Y uk(x0, t0)〉

BY uk(x, t) = Ψ(x, t)
τ i

2
Φ(x, t)

(
1 + γ5

2

)
Ψ(x, t) +

−Ψ(x, t)Φ†(x, t)
τ i

2

(
1− γ5

2

)
Ψ(x, t)
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After long work for developing & adapting codes
a first evaluation of correlators in progress. Where do we stand?

∼ where LQCD was 30 years ago

• Evolution in time of CBB† in a
163 × 32 lattice

• η = 0.2, ρ = 1

• Wigner phase µr > 0

• 16, 24, 40 uncorrelated scalar on
one gauge configurations

• Smeared field Φ to reduce
statistical errors

... but quick progress is expected
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Outlook
More statistics and better understanding of the lattice model
features

Determine ηcr in Wigner phase

Check whether a NP mass term is generated in NG phase

Explore 2-3 lattice spacings to estimate the NP mass value in the
b→ 0 limit
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Thank you for the attention
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Power counting in presence of doublers:

Wilson-like term built with ∇̃µ only =⇒ DS

Lattice effective action only with ∇̃µ to preserve DS

d > 4 operator with ∇̃Ψ irrelevant

b∇̃µΨ
F.T.→ sin(bpµ)Ψ(p) = 0 at|pµ| =

π

b
b

2
∇µΨ

F.T.→ sin(b
pµ
2

)Ψ(p) = ±1 at|pµ| =
π

b

not at the rigours of level of the power counting theorem
[J. Giedt, Nucl. Phys. B 728 (2007) 134] staggered fermions
[T. Reisz,” Commun. Math. Phys. 116 (1988) 81] Wilson
fermions
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