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Anomalous magnetic moment of the muon

Current status:
[ 116592 089(54)(33) - 10~ 1 Experiment

a, = (e =2), =
u= 282 | 116591 828(43)(26)(2) - 107" SM prediction

Hadronic vacuum polarisation: Hadronic light-by-light scattering:

y

T [
Dispersion theory: Model estimates:
a? = (6949 +43) - 107" af® = (105 +26)- 107"
(combined e*e” data) “Glasgow consensus”
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Anomalous magnetic moment of the muon

Hadronic Vacuum Polarisation and Dispersion Theory
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* SM estimate subject to experimental uncertainties in Ry,q(¢"e” — hadrons)

Hadronic Light-by-Light Scattering
* Model uncertainties difficult to quantify

* Dispersive formalism much more complicated than HVP

[Colangelo et al., JHEP 1409 (2014) 091, PLB 738 (2014) 6, JHEP 1509 (2015) 074]
[Pauk & VVanderhaeghen, PRD 90 (2014) 113012]

* |dentify dominant sub-processes, e.g. y'y*— ', n,n’
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Anomalous magnetic moment of the muon

Motivation for first-principles approach:

* No reliance on experimental data

— except for simple hadronic quantities to fix bare parameters

* No model dependence

— except for chiral extrapolation and constraining the IR regime
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Anomalous magnetic moment of the muon

Motivation for first-principles approach:

* No reliance on experimental data

— except for simple hadronic quantities to fix bare parameters

* No model dependence

— except for chiral extrapolation and constraining the IR regime

* New experiments: E989 @ FNAL, E34 @ J-PARC

— improve direct determination of a, by a factor four
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Anomalous magnetic moment of the muon

Motivation for first-principles approach:

* No reliance on experimental data
— except for simple hadronic quantities to fix bare parameters

* No model dependence
— except for chiral extrapolation and constraining the IR regime

* New experiments: E989 @ FNAL, E34 @ J-PARC

— improve direct determination of a, by a factor four

* Can lattice QCD deliver estimates with sufficient accuracy in the

coming years?
hvp , h
oay”la,” < 05%,  6a)" /ay” < 10%

= Crucial for exploring the limits of the Standard Model

Hadronic contributions to (g-2)
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Lattice QCD approach to HVP

* Convolution integral over Euclidean momenta: [Lautrup & de Rafael; Blum]

a,” = 4a’ f d0* (0P (T1(Q?) - 11(0)

0

IL,,(Q) = f e'C <J,u(x)]V(y)> = (Q,uQv - 5,qu2) [1(Q%)

Jy = %ﬁyuu — %Eyﬂd — %Eyus + ... W@”M '
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Lattice QCD approach to HVP

* Convolution integral over Euclidean momenta: [Lautrup & de Rafael; Blum]
h 0
a,” = 4a’ f dQ* f(Q*) {TI(Q?) - T1(0)}
0

IL,,(Q) = f e'C <J,u(x)]V(y)> = (Q,uQv - 5,qu2) [1(Q%)

Jy = %ﬁyuu — %Eyﬂd — %Eyus + ... W@M '

* Determine VPF I1(Q?) and additive renormalisation I1(0)

* Integrand peaked near Q° ~ (\/§ — 2)mﬁ
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Lattice QCD approach to HVP

* Convolution integral over Euclidean momenta: [Lautrup & de Rafael; Blum]
h 0
a,” = 4a’ f dQ* f(Q*) {TI(Q?) - T1(0)}
0

IL,,(Q) = f e'C <J,u(x)]V(y)> = (Q,uQv - 5,qu2) [1(Q%)

Jy = %ﬁyuu — %E’yﬂd — %Eyus + ... WQM '

* Determine VPF I1(Q?) and additive renormalisation I1(0)

* Integrand peaked near Q° ~ (\/§ — Z)mft

. 2
* Lattice momenta are quantised: Q, = —

L,
* Statistical accuracy of [1(Q?) deteriorates as Q — 0
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Lattice QCD approach to HVP

Main issues:

* Statistical accuracy at the sub-percent level required

* Reduce systematic uncertainty associated with region of small Q?
& accurate determination of I1(0)

* Perform comprehensive study of finite-volume effects

* |nclude quark-disconnected diagrams

O

* |nclude isospin breaking: my # mg, QED corrections
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Low-momentum region: Twisted BCs

m, = 190 MeV

MM(q?)

twisted bcs —e— 2

0.00 ||t L [TwSEe . m
| ; ; . |periodic bcs —e—s B

0.085

0.08

0.075

0.07

0.09 GeV?

0 002 004 006 008 01 012 0.14
q? [GeV?|

* Model-independent fits compromised when applied to Q% > m,?

* Determination of I1(0) may be biased by more accurate data at large Q-
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Low-momentum region: “Hybrid method”

* Minimise model dependence: [Golterman, Maltman & Peris, Phys Rev D90 (2014) 074508]

— I1(Q?%) 4 :
Padé
approx.
: numerical
interpolations

)QZ

~0.1 GeV?

* Determine I1(0) and I1(Q?) from models in small-momentum region:

Padé approximants, conformal polynomials, time moments

Hartmut Wittig Hadronic contributions to (g-2) 10



Low-momentum region: Time moments
* Expansion of VPF at low-0Q?: (0% =11, + i Q11
=
* Vacuum polarisation for O = (w, 0) : |
(@) = a* ) e ) (J0I0)

* Spatially summed vector correlator: G(x,) = —a’ Z (Jx(x)J(0))
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Low-momentum region: Time moments
* Expansion of VPF at low-0Q?: (0% =11, + Z QZJHj
j=1
* Vacuum polarisation for O = (w, 6) ;

Mu(w) = a* )" ¢ ) (J(x)J(0))

* Spatially summed vector correlator: G(x,) = —a’ Z (J(x)J(0))

* Time moments: [Chakraborty et al., Phys Rev D89 (2014) 114501]

2n

G =a ) x3'Gxo) = (-1)" ai)zn [ Tl(w?)]

w?*=0
X0
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Low-momentum region: Time moments
* Expansion of VPF at low-0Q?: (0% =11, + i Q11
=
* Vacuum polarisation for O = (w, 0) : |
(@) = a* ) e ) (J0I0)

* Spatially summed vector correlator: G(x,) = —a’ Z (J(x)J(0))

%* Time moments: [Chakraborty et al., Phys Rev D89 (2014) 114501]
iaZn .
_ 2n —(_1\" 2 2
G, = az 'Glx) = (=1 - — (W Tl(w?)] |
X0
* Expansion coefficients: TI(0) = I, = lG 1, = (-1 Gaje2
I R (2j + 2)!
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Hybrid Method versus Time Moments

* Construct Padé approximants either from fits or time moments

0.16
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0.14 H

0.13 H
5 |
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0.08

Hartmut Wittig

m, = 185 MeV

Padé [1,1]: Fit
VPF data —=—

Iy —e— A

0.1

0.2

Q* [GeV?|

0.3

0.4

0.5

Fit Padé [1,1] for
0. <0.5GeV”

[Hanno HORCH, TUE 14:40]

Hadronic contributions to (g-2)
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Hybrid Method versus Time Moments

* Construct Padé approximants either from fits or time moments

0.16

Padé [1,1]: Fit
VPF data —=—

My —e— A

Fit Padé [1,1] for
0. <0.5GeV”

~11(Q?)

[Hanno HORCH, TUE 14:40]

0.08

0 0.1 0.2 0.3 0.4 0.5
Q? |GeV?]
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Hybrid Method versus Time Moments

* Construct Padé approximants either from fits or time moments

0.16

Padé [1,1]: Fit
Padé [1,1]: Time-moments m—
VPF data —=— 1

Fit Padé [1,1] for
0. <0.5GeV”

~11(Q?)

[Hanno HORCH, TUE 14:40]

0.08

0 0.1 0.2 0.3 0.4 0.5
Q? |GeV?]

Hartmut Wittig Hadronic contributions to (g-2) 12



Hybrid Method versus Time Moments

* Construct Padé approximants either from fits or time moments

0.16

Padé [1,1]: Fit
Padé [1,1]: Time-moments m—
VPF data —=— 1

Fit Padé [1,1] for
0. <0.5GeV”

~11(Q?)

[Hanno HORCH, TUE 14:40]

0.08

0 0.1 0.2 0.3 0.4 0.5
Q? |GeV?]

* Low-order Padé approximants consistent for Q% < 0.5 GeV?
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Time-Momentum Representation

* Integral representation of subtracted VPF TI(Q?) = I1(Q?) — I1(0)
2\ _ L - 2.2 421
Q) ~T10) = = | dxG(xo) | 0% — 4sin” (1 0xo) |
0

Francis et al. Phys Rev D88 (2013) 054502,

_ 3 [Bernecker & Meyer, Eur Phys J A47 (2011) 148,
G(x0) = —a E () Ji(0))
X Feng et al., Phys Rev D88 (2013) 034505 ]

* ()% is a tuneable parameter

* No extrapolation to Q% = 0 required

* Must determine [ = 1 vector correlator (:(xo) at all distances
— ((x0) dominated by two-pion state for xo — o

— Include multi-particle states to capture long-distance behaviour

Hartmut Wittig Hadronic contributions to (g-2) 13



Equivalence of time moments and TMR

* Subtracted VPF: ﬁ(Qz) = [1(Q?%) - T1(0)

* Spatially summed vector correlator:  G(xy) = —a’ Z (Je(x)J(0))

-

X

1(Q?) = é fO  dxo G(xo) | 0% — 4sin” (3 0x0)]

_ | > - k+1(Qx0)2k+2
= 51 f OodxoG(Xo)kZ:;(—l) T

Hartmut Wittig Hadronic contributions to (g-2) 14



Equivalence of time moments and TMR

* Subtracted VPF: ﬁ(Qz) - H(Qz) — I1(0)

* Spatially summed vector correlator:  G(xy) = —a’ Z (Je(x)J(0))

1(Q?) = é fO  dxo G(xo) | 0% — 4sin” (3 0x0)]

o -~ 2k+2
_ L f dxo G(x) ) (=1 (0x0)
0 k=1

0> (2k + 2)!
G%@z
©0 (_ 1)k+1 " oo -
k=1 VT
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Equivalence of time moments and TMR

* Subtracted VPF: ﬁ(Qz) - H(Qz) — I1(0)

* Spatially summed vector correlator:  G(xy) = —a’ Z (Je(x)J(0))

1(Q?) = é fO  dxo G(xo) | 0% — 4sin” (3 0x0)]

00 o0 2k+2
= [ oG Y 1S
- k=1

02 (2k + 2)!
G%@z
i (~Dk! T@ ed sk i y
= dxoxy "G(xo) Q7 = ) I Q
— £2k +2)! J o ) —
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TMR and time moments: model dependence

* Determine long-distance contribution to vector correlator:

( dat
G(x0)™™, X0 < X0 cut
G(xo) = - fit 0.01 |
- G(x0)™, X0 > Xo,cut M
0.001 |
. ] ] 0.0001
* Single-exponential fit for x > xo,cut = |
28 le—05}
G i
* (i(x0) dominated by two-pion le 06 |
state at long distances le— 07|
le — 08 L
0

= |Include multi-particle states to
eliminate model dependence when

X0 — OO

Hadronic contributions to (g-2) 16
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TMR and time moments: model dependence

* Determine long-distance contribution to vector correlator:

( G(X())data,

\ G(xo)™,

X0 < X0,cut
G(X()) = A

X0 > X0.cut

* Single-exponential fit for x > xo,cut

* ((x0) dominated by two-pion
state at long distances

= |Include multi-particle states to

eliminate model dependence when

X0 — OO

0.14

/‘xO,Cut

0.12

0.1

0.08

0.06

0.04

0.02

HO = Z £U(2) G(%’Q)

xo=0

10

20

30 40 50 60 70 &0

z§" /a

G(xg) = Aegge™ 70

Hartmut Wittig
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TMR and time moments: model dependence

* Determine long-distance contribution to vector correlator:

L0,cut

[ G(x0)%,  xp < X0 cut

G(X()) = A
L G(XO)ﬁta X0 > xO,cut

* Single-exponential fit for x > xo,cut

* ((x0) dominated by two-pion
state at long distances

= |Include multi-particle states to
eliminate model dependence when

X0 — OO —Mm, X
G(xg) = Aere 77

Hadronic contributions to (g-2)
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HVP from magnetic susceptibilities

* [I(p?) can be interpreted as a magnetic susceptibility
* [I(0) obtained from homogeneous background field: yo = 11(0)

* Efficient evaluation employing 4D random noise sources at
fixed momentum

: : : 0.06 | % £ Random wall -
* Precise determination of a 4;‘\;@ 3 X 3
: : : r ! W 3
disconnected contribution 0.055 - \, B2, .
= - = =: Polynomial/Padé -
Q . \ix\\ -~ Fits ]
= 0.05 AN =
| F N 3
F Ny 3
(rooted staggered quarks; 0.045 *\\ 3
physical pion mass; a = 0.29 fm) F i -
04 “ed 3
0.0 F 4 | 1 1 1 | 1 1 1 | 1 T\i\tb;_
. . 0 0.2 0.4
[Bali & Endrédi, Phys Rev D92 (2015) 054506] 02 (Gev?)
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Disconnected Contributions

Hartmut Wittig Hadronic contributions to (g-2) 20



Disconnected Contributions

* Current-current correlator contains

qguark-disconnected contributions
(Tr (7uS7 (x, x) Tr (1,57 (0, y)) W@ QWN

Hartmut Wittig Hadronic contributions to (g-2) 21



Disconnected Contributions

* Current-current correlator contains
qguark-disconnected contributions
(Tr (7,87 (x, ) Tr (1S (3, y)) W@ QM

\/s:ochastic evaluation

Hartmut Wittig Hadronic contributions to (g-2) 21



Disconnected Contributions

* Current-current correlator contains
qguark-disconnected contributions

(Tr (787 6 ) Tr (S (3 3))

* Apply noise-reduction techniques
e Stochastic noise cancellation [Gilpers et al., arXiv:1411.7592; V. Giilpers, PhD Thesis 2015]
e Low-mode averaging [Blum et al., PRL 116 (2016) 232002]
e Momentum sources [Bali & Endrédi, PRD 92 (2015) 054506]
e All-mode-averaging, hopping parameter expansion,

Spa rsening schemes,... [Blum, Izubuchi & Shintani, PRD 88 (2013) 094503,
Bali, Collins & Schdfer, CPC 181 (2010) 1570,...]

Hartmut Wittig Hadronic contributions to (g-2) 21



Minimising stochastic noise

* Electromagnetic current correlator with u, d, s quarks:
G(x0) 1= —a )y (Je)J(0)), Ji = Fiyeu — Sdyid — {5yis
* ((xo0) splits into connected and disconnected parts:

G(xo) = 3CH (x0) + 5C**(x0) — 5D (xp), (my, = my = my)

D" (xp) = (AZ(XO) - AS(XO)) (Ag(o) - AS(O))’ Al (x0) ~ Vi <>

Hartmut Wittig Hadronic contributions to (g-2) 22



Minimising stochastic noise

* Electromagnetic current correlator with u, d, s quarks:
G(xp) := —aZ (Je(x)J(0)),  Jix = Zuyu — 1dyid — 15yis
* ((xo0) splits into connected and disconnected parts:

G(xo) = 3CH (x0) + 5C**(x0) — 5D (xp), (my, = my = my)

D'(xp) = (A(xo) — A°(x0)) (A0) = AO)), A (xp) ~ n<}
noise cancellation

* Preserve correlation in stochastic evaluation of A‘(xp) — A*(x)

to achieve noise cancellation [Giilpers et al., arXiv:1411.7592; V. Giilpers, PhD Thesis 2015]

Hartmut Wittig Hadronic contributions to (g-2) 22



Minimising stochastic noise

* Electromagnetic current correlator with u, d, s quarks:
G(x0) 1= —a )y (Je)J(0)), Ji = Fiyeu — Sdyid — {5yis
* ((xo0) splits into connected and disconnected parts:

G(xo) = 3CH (x0) + 5C**(x0) — 5D (xp), (my, = my = my)

Do) = (A'xo) = ') (A0) = A'O)). A () ~

noise cancellation

strange - : : : :

0.0003 | t l I e L
0.0002 | I IF le—05 |
00001 |- 83 -!']' 1 4| w1 06 { : * . * 'H* * .

S LB ke S o HE T

3 o[yl Totiiagly daglt 49 i o 4] ; |

¢ oo [p 41 U AT LTI li':%mu« - _{*Hi ,,,,,,,,,,, {m{{H ........ *{HHH
—0.0002 | @ | - ';1 (| —le— 05 b -
—0.0003 l ’ —1.5¢—05 | , f
—0:0004 J-occeesd A (t) A’ (Z) 96— 05 Lo A (t) — As(t)

Il
0 1 8 12 16 2() 24 28 32
t/a

0 4 8 12 1() 2(] 24 28 32

e [Glilpers et al., arXiv:1411.7592]
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Minimising stochastic noise

* Electromagnetic current correlator with u, d, s quarks:
G(xp) := —aZ (Je(x)J(0)),  Jix = Zuyu — 1dyid — 15yis
* ((xo0) splits into connected and disconnected parts:

G(xo) = 3CH (x0) + 5C**(x0) — 5D (xp), (my, = my = my)

D'(xp) = (A(xo) — A°(x0)) (A0) = AO)), A (xp) ~ n<}
noise cancellation

* Refinements: exact treatment of low modes [T. Blum et al., PRL 116 (2016) 232002]

N,
% V() ® V()|
ESEDY P STy,  Aw, = m,
k=1

Hartmut Wittig Hadronic contributions to (g-2) 23



Minimising stochastic noise

* Electromagnetic current correlator with u, d, s quarks:

G(xp) := —aZ (Je(x)J(0)),  Jix = Zuyu — 1dyid — 15yis

9

X

* ((xo0) splits into connected and disconnected parts:

G(xo) = 3CH (x0) + 5C**(x0) — 5D (xp), (my, = my = my)

D'(xp) = (A(xo) — A°(x0)) (A0) = AO)), A (xp) ~ n<}
noise cancellation

* Refinements: exact treatment of low modes [T. Blum et al., PRL 116 (2016) 232002]

N
ev R T
ST (x,y) = Z L AUSIR Ly, Ay, =m

(AY

stochastic evaluation

Hartmut Wittig Hadronic contributions to (g-2) 23



Minimising stochastic noise

* Electromagnetic current correlator with u, d, s quarks:
G(x0) 1= =a ) (JDTO). Tk = Fyeu = jdyed = 15715
* ((xo0) splits into connected and disconnected parts:

G(xo) = 3CH (x0) + 5C**(x0) — 5D (xp), (my, = my = my)

D (x0) = (A (x0) = A°(x0)) (A10) = A°0). A () ~ yk.<}
noise ca\nrcellationj

* Refinements: exact treatment of low modes [T. Blum et al., PRL 116 (2016) 232002]

N
ev R T
ST (x,y) = Z L AUSIR Ly, Ay, =m

(AY

stochastic evaluation

* AMA, time translations, sparsening schemes

Hartmut Wittig Hadronic contributions to (g-2) 23



Random noise sources

* Random noise source at fixed momentum: [Bali & Endrédi, PRD 92 (2015) 054506]

r —1._.(r —ip- 27
#7(xlp) = ) D) @ pu=n T r=1LLN,
z H

Iim Tr [U(X)T Yk ¢(X|P)] = Z e Tr (?/kS (x, x)) (stochastic average)

N,—o00
X

= disconnected contribution to -p* [1(p?) at fixed momentum

Hartmut Wittig Hadronic contributions to (g-2) 24



Random noise sources

* Random noise source at fixed momentum: [Bali & Endrédi, PRD 92 (2015) 054506]

r —1._.(r —ip- 27
#7(xlp) = ) D) @ pu=n T r=1LLN,
z H

lim Tr [77(36)T Yk ¢(X|P)] = Z e Tr (YkS (x, x)) (stochastic average)

N,—o00
X

= disconnected contribution to -p* [1(p?) at fixed momentum

1 I I I I I I I I I I I I I I I I I I

10-1 b Tt 3

o - conventional method -

> i point source 7

v - , 4
O _, |\ disconnected

M) 1072 5\ contributions =

\ -

8 \ .

V\ -

Il - 4

iy

~ 10_3 - —

=) - ]

S - -

10_4 == =

= | | | | | | | | | | | | | | | | | | -

2000 4000 6000 8000
N.

nv
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Random noise sources

* Random noise source at fixed momentum: [Bali & Endrédi, PRD 92 (2015) 054506]

r —1._.(r —ip- 27
#7(xlp) = ) D) @ pu=n T r=1LLN,
z H

lim Tr [77(36)T Yk ¢(X|P)] = Z e Tr (YkS (x, x)) (stochastic average)

N,—o00
X

= disconnected contribution to -p* [1(p?) at fixed momentum

1 0_1 B I I I II I ‘ I I I I I I I I I I I I ]
o = conventional method
= i point source ]

\ 1 .
© oz p disconnected B 3D random noise source
s

V\ —

4D momentum source 7 ANy i
N

£ 10-3 AN NP iE

= F :

5 _ -7

10-* E

= | | | | | | | | | | | -

2000 4000 6000 8000
N.

nv
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Disconnected Contributions

O T p=d12,0,=0000170),cq =00l RBC/UKQCD Collaboration:
3605 |- T ol
§ e Domain wall fermions; physical pion mass
2e-05 .
! . e a=0.11fm, m.L = 3.9
1e-05 |- -
I x% * Low-mode averaging, AMA
O b-oomoo ] R - o B K i
1111111111*¥¥%% EEX
1e-05 - - e Monitor saturation of
t T
Y T —o0 h
N Lt Pl 7)o x0=0
5%>K i - ), (7 dQ? 2N [ A2 .2 . 2 (1
e I S N w(xo) = 4a — J(Q ){Q xg — 4sin® (3 on)}
o= 10 % % % % % % } F T % % | T o ¢
T 5| [ .
20 + | -
_25 | | | | | | |
10 12 14 16 18 20 22 24

[T. Blum etal., PRL 116 (2016) 232002]
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Disconnected Contributions

O T p=d12,0,=0000170),cq =00l RBC/UKQCD Collaboration:
3605 |- T ol
§ e Domain wall fermions; physical pion mass
2e-05 .
! . e a=0.11fm, m.L = 3.9
1e-05 | -
T ' e Low-mode averaging, AMA
Fyggfif® o . .
1e-05 - - e Monitor saturation of
t T
g T —o00 h
e Ly = ) wxo) D" (x0) — (ay i
N Lt Pl 7)o %0=0
R wixo) = da? [ 9L F(OH {0755 — 4sin® (3 0x0)}
= T 1 % ¢ + ] T - 0 2
(SRS EREETERNR N
T 5| [ .
20 | “ [ hvp _ —10
= (a, Ddisc = —(9.6x3.3+£2.3)-10
_25 | | | | | | |

[T. Blum etal., PRL 116 (2016) 232002]
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Disconnected Contributions

MainZ/ CLS: [Giilpers et al., in preparation] e 75 sources —a—
e Nf=2 Clover fermions; my= 311, 437 MeV 0 e é”';’i;'iii'?i'i‘i‘ii“iHi mumq.
e a~0.063fm, m:L > 4.0 S ii
S B
e HPE, stochastic noise cancellation S ST R
L W
° StatIStICS: 4800 k measurements —2¢ — 06 k- *... .......... .......... .......... .......... .......... ..........
_ , meogle i i
Gdlsc dominates uncertainty for xo > 1.6 fm I
Disconnected contribution for xo — oo: — —
£s 0.4 19 — L A— -
1 Gdisc X0 _1 ‘ ' ‘ '

9 G 0

Upper bound on disconnected contribution:

0, x0 < 1.6fm
disc —1/9, xp> 1.6fm

1/9 Gl /G

= sub-percent effect
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Disconnected Contributions: Results Summary

* Non-zero disconnected contribution can be resolved
HPQCD: Anisotropic Clover action; m; =391 MeV; as; = 0.12 fm; Distillation

(@) ise/ (@)D = ~0.14(5)%, (a"P)ise ~ —0.84 - 10710

RBC/UKQCD: Domain wall fermions; physical pion mass; a = 0.11 fm, m,L = 3.9;

(@P)aise /(@D = —1.6(T)%, (@ )aise = —(9.6 £33 £2.3)- 1071

CLS/Mainz: Nr= 2 Clover fermions; m;= 311,437 MeV; a =0.063 fm;

(@ Pgise /(aly D) < 1%

Bali & Endrodi: Rooted staggered fermions; physical pion mass; a = 0.1 - 0.29 fm;

[I95¢ /1" = —(3.6 +£4.5) - 107™*  at 0? = 0.03 GeV?
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Chiral Perturbation Theory

* Two-loop calculations of connected vs. disconnected and effects
of twisted boundary conditions in [1,,(Q)  [Hans BUNENS, THU 14:00]

* NLO ChPT estimate: ITdis¢/TJcon=-1/10

[Juttner & Della Morte, JHEP 1011 (2010) 154]

0.0025 . . o 0 4 6
p+p” PP
4 o
pr ——— 0.1 t p y
0.002 | SR - ] PR - - -
6
poL S02 ¢t prL
0.0015 | 1 R
-3 T3
= =
0.001 | . : =
e = .04
0.0005 r IR R S S BB
oL—— T TS it -0.6
0.1 -0.08 -0.06 -0.04 -002 0 0.1 -0.08 -0.06 -0.04 -0.02 O
q° q°

= Corrections are large, but not in the ratio ITdisc/T]con

Hartmut Wittig
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Finite-volume effects: Anisotropy studies

* Consider subtracted VP tensor in a finite volume of L3-T:

ﬁ,uv(p) = Z PZK(HK/l(p) — HK/l(O)) PZ{V = satisfies Ward ldentities
K, A

= contains five irreducible substructures: A, AT, Ty, T, E

* Study deviation between different irreps. for m; =220 MeV, L =3.8fm

0.0012

Iy, — I e Finite-volume effects in I1,, well described
7 by SChPT@LO:

0.0010

0.0008}

e Impact on HVP contribution:

T 0.0006}

" . | hvp hvp
0.0004| ° | I I * ! | a,u,Al - alu,AAIM —_ 10 - 15%

| | L ‘ e Simulations with m, =220 MeV, m;L = 4.2
0.0009 w w w w not sufficient for percent-level accuracy

0.0 0.1 0.2 0.3 0.4 0.5

[Aubin et al., PRD 93 (2016) 054508]
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Finite-volume effects: Anisotropy studies

* Compare vector correlator along spatial and temporal directions

|
Lattice ——+—

NLO FV ChPT + p around the world x| [Christoph LEHNER, TUE 1400]

—_
N
I

! H w(xn) G (1) = w(x0) G (xo)
2 j Mﬂwﬁiiiii ﬁ (domain wall fermions)

* Anisotropy well described by FV ChPT after removing backward
propagating p-meson

* FV correction for m; = 140 MeV, L = 5.3 fm:  a,, "(c0) — a,, *(L) ~ 3%
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Finite-volume effects: taste breaking

* Finite volume effects for calculations using staggered (HISQ) quarks

* Consider effective theory of photons, pions and rho-mesons;
compute hadronic contributions to photon propagator:
40? A’k

[1(Q*) — T1(0) = ——- oy

F(EaaEbak)_l_...

* Taylor expansion for mg, = my yields coefficients Hi.m) (similarly for Hif)))

* Replace integral by a finite sum over discrete momenta k

[Chakraborty et al., arXiv:1601.03071, Christine DAVIES, poster session]
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Finite-volume effects: taste breaking

* Finite volume effects for calculations using staggered (HISQ) quarks

* Consider effective theory of photons, pions and rho-mesons;
compute hadronic contributions to photon propagator:
40° ( d’k

[1(Q*) — T1(0) = ——- oy

F(EaaEbak)_l_...

* Taylor expansion for mg, = my yields coefficients Hi.m) (similarly for H?)))
* Replace integral by a finite sum over discrete momenta k

* Average over taste multiplets and determine shift in Hg.’m)
My =140 MeV, L =4.5 fm:

ST /T, ~ 10% = ay,P(c0) — a,P(L) ~ 7%

[Chakraborty et al., arXiv:1601.03071, Christine DAVIES, poster session]
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Finite-volume effects: TMR analysis

* Starting point: aEVP(L): f dxo G(xg, L) w(xg)
0

* Small xo: Compute G(xo, ©0) — G(xo0, L) using Poisson-resummation

* Large xo: Relate (i(xo, L) to low-lying energy eigenstates on a torus

0 1 00
o) = f dw o p(e?)e™ ! = mf dow (1 = 4 [0*) | Fo(@)Fe™
0 0

* Finite volume: G(xy, L) = Z A2 e @0 w, = 2\/m72T + k2

kL
o011(k) + ¢(—) =nn, n=1,2,... [M. Liischer 1991]
2
061(k)) 3nw?
IFr(w)]* = {(z¢'(z))Z:kL/2ﬂ +k 811§ )} ;?2) IA|? [H.B. Meyer, PRL 107 (2011) 072002]

[A. Francis et al., PRD 88 (2013) 054502]
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Finite-volume effects: TMR analysis

* Input quantity: timelike pion form factor F,(w) = |F(w)|e*"®

* Use Gounaris-Sakurai parameterisation and evaluate |Fr(w)|, 611(k) for
given (my, m,) of a given gauge ensemble

* Finite-volume effects in HVP dominated by long-distance contribution

gt
* Form;=190 MeV, L =4.0 fm, ; ; orlg, —a— ||
600 b b e vol. corr. —e— |+
m.L=40. ] o o o o
hve hve 500 | ; - - MamZ/CLSNf:Z
a, (00) —ay, (L) =5.2% § o o e e
ZT010 J SR S ST . S o -
B T
***************** v e
300 Lol S S 5 ~
“/’1‘1,,/,*1),];1/' a
0o 005 01 015 02 02
2

[H.B. Meyer et al., in preparation]
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Finite-volume effects: TMR analysis

* Input quantity: timelike pion form factor F,(w) = |F(w)|e*"®

* Use Gounaris-Sakurai parameterisation and evaluate |Fr(w)|, 611(k) for
given (my, m,) of a given gauge ensemble

* Finite-volume effects in HVP dominated by long-distance contribution

. light
* For my;=190 MeV, L =4.0 fm, | | g —a— ||
600 |---feeee P R vol. corr. +—e— |-
m.L=40. ] o - o o
hvp hvp 500 |-l ; ------ il --------- Mamz/CLS,Nf=2
ap®(00) — (L) = 5.2% s A
Y R e . Y e e i :
g | P, | ~
* Procedural variations: e B « i R :
. . 300 - e s b . .
assign uncertainty of * 10% O
0 0.05 0.1 0.15 0.2 0.25
= Dynamical theory of finite-volume m?

i [H.B. Meyer et al., in preparation]
effects in terms of m,/m; and mL
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Recent results: HPQCD

* Simulation details: [Chakraborty et al., arXiv:1601.03071, Christine DAVIES, poster session]

Nf= 2+1+1 flavours of staggered quarks (HISQ)

10 ensembles; three lattice spacings: a = 0.09, 0.12, 0.15 fm

Physical pion mass: m™"L = 3.9 . . . .
o - 600L £ corrected |
Statistics: = 16000 per ensemble CIRRR I B by
, < s50] ! ~ . .
* II(Q°) —I1(0) determined from T g f
time moments s
S 450} P -
hvp |
* Reduce myq-dependence of g, : . . . .
0.00 0.05 0.10 0.15
e Rescale '~ contribution in continuum EFT Smy /m

e Rescale time moment I; by (mif‘t/mghys)zf'

* Combined chiral and continuum extrapolation using Bayesian priors

Hadronic contributions to (g-2)
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Recent results: HPQCD

* Simulation details: [Chakraborty et al., arXiv:1601.03071, Christine DAVIES, poster session]
Nr= 2+1+1 flavours of staggered quarks (HISQ)
10 ensembles; three lattice spacings: a = 0.09, 0.12, 0.15 fm
Physical pion mass: m™"L = 3.9

Statistics: = 16000 per ensemble

* Results:
598+ 11  (u,d)

(@3 )eon - 1010 =4 53.4+0.6 (s)
144+04 (o)
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Recent results: HPQCD

* Simulation details: [Chakraborty et al., arXiv:1601.03071, Christine DAVIES, poster session]
Nr= 2+1+1 flavours of staggered quarks (HISQ)
10 ensembles; three lattice spacings: a = 0.09, 0.12, 0.15 fm
Physical pion mass: m™"L = 3.9

Statistics: = 16000 per ensemble

* Results: f\
(598 + 11  (u,d)

(ahvp) 1019 =) 534+06 () contains finite-volume and
g /EO00 IS iIsospin corrections
| 144+04 (o)
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Recent results: HPQCD

* Simulation details: [Chakraborty et al., arXiv:1601.03071, Christine DAVIES, poster session]
Nr= 2+1+1 flavours of staggered quarks (HISQ)
10 ensembles; three lattice spacings: a = 0.09, 0.12, 0.15 fm
Physical pion mass: m™"L = 3.9

Statistics: = 16000 per ensemble

* Results: f\
(598 + 11  (u,d)

(ahvp) 1019 =) 534+06 () contains finite-volume and
g /EO00 IS iIsospin corrections
| 144+04 (o)

* Disconnected contribution:  (a), )gise = (0 £9) - 1071°

* Final estimate: aEVP — (666 + 6+ 12)-1071°
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Recent results: RBC/UKQCD

* Simulation details: [Blum et al., JHEP 04 (2016) 063]
Nt = 2+1 flavours; Mobius domain wall fermions
Two lattice spacings: a=0.11, 0.084 fm
Physical pion mass: m™"L = 3.9

Noise reduction: AMA, deflation
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Recent results: RBC/UKQCD

* Simulation details: [Blum et al., JHEP 04 (2016) 063]
Nt = 2+1 flavours; Mobius domain wall fermions
Two lattice spacings: a=0.11, 0.084 fm
Physical pion mass: m™"L = 3.9

Noise reduction: AMA, deflation

%k Employ ”Hybrid Method”: [Matthew SPRAGGS, TUE 17:10]

Padé fits, conformal polynomials in low-Q? regime, time moments

Numerical integration techniques

* Lattice and experimental data; Finite-volume study [christoph LEHNER, TUE 14:00]

* |sospin breaking [James HARRISON, TUE 15:00, Vera GULPERS, TUE 15:20,]
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Recent results: RBC/UKQCD

* Simulation details:

Nt = 2+1 flavours; Mobius domain wall fermions

Two lattice spacings: a=0.11, 0.084 fm

* Compute individual flavour contributions (connected) to aEVp

* “Hybrid method”: systematic effects via procedural variations

* Strange quark contribution: =
0 Ry

[Blum et al., JHEP 04 (2016) 063] 25 || gy po.ocev

(| P£.5Gev

| | P?E).GGeV

N
o

PGV
Stat. error

al™ =53.1(9)(*}) - 10710

—_
o
T

Frequency

[Mat'thew SPRAGGS, TUE 1710] 0= 52.5 53.0 53.5 54.0

Cl/(f)had’s % 1010
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Recent results: RBC/UKQCD

* Simulation details:

Nt = 2+1 flavours; Mobius domain wall fermions

Two lattice spacings: a=0.11, 0.084 fm

* Compute individual flavour contributions (connected) to aEVp

* “Hybrid method”: systematic effects via procedural variations

* Strange quark contribution: =
0 Ry

[Blum et al., JHEP 04 (2016) 063] 25 || gy po.ocev

(| P£.5Gev

| | P?E).GGeV

N
o

= P39~ 5GeV
Stat. error

al™ =53.1(9)(*}) - 10710

— dominated by statistical error

—_
o
T

Frequency

[Mat'thew SPRAGGS, TUE 1710] 0= 52.5 53.0 53.5 54.0

a/g?)had,s % 1010
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Recent results: RBC/UKQCD

* Simulation details:

Nt = 2+1 flavours; Mobius domain wall fermions
Two lattice spacings: a=0.11, 0.084 fm

* Compute individual flavour contributions (connected) to aEVp

* “Hybrid method”: systematic effects via procedural variations

18

L1 Ry

* Strange quark contribution:

160 Ry i
[Blum et al., JHEP 04 (2016) 063] = R : —
147 o p2- i [
h _ 12| | Pim :
a™ =53.109)(}) - 1071 |
q‘;") 10 Stat. error
* Light quark contribution: =
4l
2L
[Mat-thew SPRAGGS/ TUE 17:10] gGO HS%(’)_‘ ’5_;3(‘) SEl)O 660 : 610 620 I 630

al(f)had, l % 10 10
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Recent results: RBC/UKQCD

* Simulation details:

Nt = 2+1 flavours; Mobius domain wall fermions

Two lattice spacings: a=0.11, 0.084 fm

* Compute individual flavour contributions (connected) to aEVp

* “Hybrid method”: systematic effects via procedural variations

18

* Strange quark contribution: = oo
16} 0.7GeV?
[Blum et al., JHEP 04 (2016) 063] = 0 s
14 - 0Gev?
a(s)hvp . 53 1(9)(+1) . 10_10 >’12, Stat. error
fl = J9- -3 S ol
& .l
* Light quark contribution: =
[Mat'thew SPRAGGS, TUE 17-'10] 260 ’_‘57(’)_‘ ’5_5';(‘) 590 600 610 620 I 630

al(f)had, l % 10 10
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Recent results: RBC/UKQCD

* Simulation details:

Nt = 2+1 flavours; Mobius domain wall fermions

Two lattice spacings: a=0.11, 0.084 fm

* Compute individual flavour contributions (connected) to aEVp

* “Hybrid method”: systematic effects via procedural variations

18

* Strange quark contribution: = oo
16} 0.7GeV?
[Blum et al., JHEP 04 (2016) 063] = 0 s
14 - 0Gev?
Cl(S)th . 53 1(9)(+1) . 10—10 >’12’ e o
fl — 9. -3 S ol
& .l
* Light quark contribution: =
(u,d)hv (u,d)hv at
6a, """ P la P ~ 3% |
[Mat'thew SPRAGGS, TUE 17-'10] 260 ’_‘57(’)_‘ ’5_5';(‘) 590 600 610 620 I 630

al(f)had, l % 10 10
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Recent results: RBC/UKQCD

* Combining lattice and experimental data: [Christoph LEHNER, TUE 14:00]
%0 | | | | | Jeglerll_ehnér R-ratio H%
5 | ﬁ%% attice u+d+s :--*--- | ) o0
B vp _
o - a,” = > wix) G(xo),
i T X()ZO
o 30 1 ¥¥ =
= 20! " .
z | . e Experimental data more precise in
10 g - ) .
TR St -
L w****”w***w long-distance regime
L**TT
10 b T
_20 | | | | | | | | |

0 5 10 15 20 25 30 35 40 45

lat/exp

XO o0
* Compute: ay”® = Z w(x0) G™ (x0)|_ + Z w(xo) G (xo)

x0=0 xi)at /exp

= 5a2Vp/a2Vp =0.7% at xi)at/eXp = 1.7fm
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Recent results: BMW

* Simulation details: [Taichi KAWANAI, TUE 16:30, Kohtaroh MIURA, TUE 16:50]
Nt = 2+1+1 flavours of stout-smeared staggered quarks; tree-level Symanzik
17 ensembles; six lattice spacings: a =0.063 - 0.133 fm
Physical pion mass: mffinL ~4.2, L=~6fm

Statistics: = 1.15 M for (u,d), =96 kfors, c
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Recent results: BMW

* Simulation details: [Taichi KAWANAI, TUE 16:30, Kohtaroh MIURA, TUE 16:50]

Nr= 2+1+1 flavours of stout-smeared staggered quarks; tree-level Symanzik

17 ensembles; six lattice spacings: a =0.063 - 0.133 fm 1, F
1.6 -
ol

Statistics: ~ 1.15 M for (u,d), ~96kfors, ¢ 67 [

66 F

H1|x10

Physical pion mass: mffinL ~4.2, L=~6fm

* T1(0?%)determined from time moments Zj
42
o 39|
x 36
= 3.3 -
3.0 -,

~ 16 F
= ‘
< 1.2 |
8 3

S_ 08|

04

| | | | |
0.00 001 001 001 002 0.03
a2[fm?]

BMWc prelimin —e—  HPQCD 14’16 —e—
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Recent results: BMW

* Simulation details: [Taichi KAWANAI, TUE 16:30, Kohtaroh MIURA, TUE 16:50]

Nr= 2+1+1 flavours of stout-smeared staggered quarks; tree-level Symanzik

17 ensembles; six lattice spacings: a =0.063 - 0.133 fm 1, F
1.6 -
ol

Statistics: ~ 1.15 M for (u,d), ~96kfors, ¢ 67 [

66 F

H1|x10

Physical pion mass: mffinL ~4.2, L=~6fm

* T1(0?%)determined from time moments Zj
42
o 39|
x 36
= 3.3 -
3.0 -,

* Good signal for disconnected contributions

~ 16 F
= ‘
< 1.2 |
8 3

S_ 08|

04

| | | | |
0.00 001 001 001 002 0.03
a2[fm?]

BMWc prelimin —e—  HPQCD 14’16 —e—
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Recent results: BMW

* Simulation details: [Taichi KAWANAI, TUE 16:30, Kohtaroh MIURA, TUE 16:50]

Nr= 2+1+1 flavours of stout-smeared staggered quarks; tree-level Symanzik

17 ensembles; six lattice spacings: a =0.063 - 0.133 fm 1, F
1.6 -
ol

Statistics: ~ 1.15 M for (u,d), ~96kfors, ¢ 67 [

66 F

H1|x10

Physical pion mass: mgﬁnL ~4.2, L=~6fm

* T1(0?%)determined from time moments Zj
42
o 39|
x 36
= 3.3 -
3.0 -,

* Good signal for disconnected contributions

* Moments corrected for finite-volume ek
effects in ChPT @ LO > 12 f

08 |
04

| | | | |
0.00 001 001 001 002 0.03
a2[fm?]

BMWc prelimin —e—  HPQCD 14’16 —e—
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Recent results: Mainz/CLS

* Simulation details: [Hanno HORCH, TUE 14:40]

Nt = 2 flavours; O(a) improved Wilson fermions
11 ensembles; three lattice spacings: a = 0.049, 0.066, 0.076 fm
Minimum pion mass:  m™ = 190MeV, m™L = 4.0

Statistics: 2000 - 4000 per ensemble

* Determine I1(Q?) —II(0) using
Padé fits, time moments and TMR
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Recent results: Mainz/CLS

* Simulation details: [Hanno HORCH, TUE 14:40]

Nt = 2 flavours; O(a) improved Wilson fermions
11 ensembles; three lattice spacings: a = 0.049, 0.066, 0.076 fm

Minimum pion mass:  m™ = 190MeV, m™L = 4.0

Statistics: 2000 - 4000 per ensemble a=00755fm -
700 | a=0.0658fm -----
a=0.0486fm -----
* Determine I1(Q?%) —I1(0) using \ O L
, . = 600 R
Padé fits, time moments and TMR .
: : : % 500
* Combined chiral and continuum :
extrapolation ER
* Error estimates: 300 |
“Extended Frequentist Method” ' ' ' - @
0 0.05 0.1 0.15 0.2 0.25

mfr [GeVQ]
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Recent results: Mainz/CLS

* Simulation details: [Hanno HORCH, TUE 14:40]

Nt = 2 flavours; O(a) improved Wilson fermions
11 ensembles; three lattice spacings: a = 0.049, 0.066, 0.076 fm

Minimum pion mass:  m™ = 190MeV, m™L = 4.0

Statistics: 2000 - 4000 per ensemble 60 | 0 — 00755 fm -
a=0.0658fm -----
58 a=0.0486fm ----- i
. . C.L. ——
* Determine I1(Q?%) —I1(0) using 56 | . :
; e . =2 54 |+
Padé fits, time moments and TMR =
X
. . . C:]—EE 50 SIsl
* Combined chiral and continuum S o b TRy
. = EE}::\ ¥ :EEEE::
extrapolation EEE ) S T
* Error estimates: 121 : i
. 40 + RN &
“Extended Frequentist Method” ' ' ' ' :
0 0.05 0.1 0.15 0.2 0.25

m72T [Ge\/z]
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Recent results: Mainz/CLS

* Simulation details: [Hanno HORCH, TUE 14:40]

Nt = 2 flavours; O(a) improved Wilson fermions
11 ensembles; three lattice spacings: a = 0.049, 0.066, 0.076 fm

Minimum pion mass:  m™ = 190MeV, m™L = 4.0

Statistics: 2000 - 4000 per ensemble 18 [ a=0.0755fm - -
a = Vu. fm -----
a:8.8gg§fm —————
* Determine I1(Q%) — I1(0) using 16 1 CL —— -
Padé fits, time moments and TMR S 14
* Combined chiral and continuum e
extrapolation S2 10 o8 I
* Error estimates: 5 A
“Extended Frequentist Method” 6 .
0 0.05 0.1 0.15 0.2 0.25
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Recent results: Mainz/CLS

* Determine contributions from individual quark flavours: (u,d), s, ¢

(ud)hvp . .
e s = Pade fit * Different methods consistent at
—— Time moments .theleveloflcy
o— o TMR
- " - ™ - * Significant shift due to finite-
g \Sibvp
Z . . Pade fit volume effects
———1 Time moments
—e—i TMR .
| | | | | * Overall accuracy dominated by
50 55 60 & . u, d contribution
a(c)hvp
# N ' Pade fit
—— Time moments * Contributions from disconnected
o - diagrams below 1%

11 12 13 14 15 16 17 18 19

[Hanno HORCH, TUE 14:40; Della Morte et al., in preparation]
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h
Summaryona, "

hv
Cl,u b 1010 a(S)hVP . 101()
1
— H PDG i
¥ T o HPQCD 16
+ il HPQCD 16 o~
h _pmay ETM 15 % ° ETM 13
2 = ETM 13 -
&
_ L - 1l —— RBC/UKQCD 16
(‘L‘ u,d, s, c —a— <
[ — & ’ RBC/UKQCD 11| U, d, S +——d— o~
= ——&—— Aubin+Blum 07 U, d —t— éls O Mainz/CLS 16 (TMR)
—A— Aubin+Blum 07 , . .
50 55 60
ol PDG
~
IZL i Mainz/CLS 16
[ A : Mainz/CLS 11
=t ETM 11 a,E,C)hvp . 1010
550 600 650 700 750 | |
+
. . . . i ® HPQCD 16
* |ndividual flavour contributions: q .
3 ETM 13
light (u,d) ~ 90% o
~ H—@—H Mainz/CLS 16 (TMR)
strange (s) ~ 8% . .
13 14 15
charm (c) ~ 2%
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Hadronic Light-by-Light Scattering
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Lattice QCD approaches to HLbL scattering

* Numerically very demanding:

e Compute 4pt correlation function for two
independent momenta, ki, k>

= Cost scales proportional to (volume)?

e Must take external momentum to zero: g% — 0
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Lattice QCD approaches to HLbL scattering

* Numerically very demanding:

e Compute 4pt correlation function for two
independent momenta, ki, k>

Proposed techniques:

* QCD + QED simulations
[Hayakawa et al., PoS LAT2005 (2006) 353, Blum et al., Phys Rev Lett 114 (2015) 012001]
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Lattice QCD approaches to HLbL scattering

* Numerically very demanding:

e Compute 4pt correlation function for two
independent momenta, ki, k>

Proposed techniques:

* QCD + QED simulations
[Hayakawa et al., PoS LAT2005 (2006) 353, Blum et al., Phys Rev Lett 114 (2015) 012001]

* QCD + stochastic QED
[Blum et al., Phys Rev D93 (2016) 014503, Luchang JIN, TUE 13:20]
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Lattice QCD approaches to HLbL scattering

* Numerically very demanding:

e Compute 4pt correlation function for two
independent momenta, ki, k>

Proposed techniques:

* QCD + QED simulations
[Hayakawa et al., PoS LAT2005 (2006) 353, Blum et al., Phys Rev Lett 114 (2015) 012001]

* QCD + stochastic QED
[Blum et al., Phys Rev D93 (2016) 014503, Luchang JIN, TUE 13:20]

* Light-by-light four-point function + exact QED kernel
[Green, Gryniuk, von Hippel, Meyer, Pascalutsa, Phys Rev Lett 115 (2015) 222003, Nils ASMUSSEN, TUE 15:40]
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Lattice QCD approaches to HLbL scattering

Y

* Numerically very demanding:

e Compute 4pt correlation function for two
independent momenta, ki, k>

Proposed techniques:

* QCD + QED simulations
[Hayakawa et al., PoS LAT2005 (2006) 353, Blum et al., Phys Rev Lett 114 (2015) 012001]

* QCD + stochastic QED
[Blum et al., Phys Rev D93 (2016) 014503, Luchang JIN, TUE 13:20]

* Light-by-light four-point function + exact QED kernel
[Green, Gryniuk, von Hippel, Meyer, Pascalutsa, Phys Rev Lett 115 (2015) 222003, Nils ASMUSSEN, TUE 15:40]

* |attice calculations of dominant sub-processes
[Feng et al., Phys Rev Lett 109 (2012) 182001, Antoine GERARDIN, FRI 18:10]
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QCD + QED Simulations

* Compute matrix element of e.m. current between muon initial and final

states:
/ / - / / F (QZ)
(u(p : s)) =—eu(p’,s )(F Q) + 22m O-quv) u(p, s)
hlbl - F (O) <
< R 3 N < o -QED
qQED

L e—

* Large statistical errors; subtract contributions of O(a?)

[Blum et al., Phys Rev Lett 114 (2015) 012001]
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QCD + Stochastic QED

* Abandon non-perturbative treatment of QED contribution:
= insertion of three exact Feynman gauge photon propagators

1 pik-(x=y)
Gu(x,y) = ﬁéﬂy Z P [Blum et al., Phys Rev D93 (2016) 014503]

k. |k|£0
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QCD + Stochastic QED

* Abandon non-perturbative treatment of QED contribution:
= insertion of three exact Feynman gauge photon propagators

1 pik-(x=y)
Gu(x,y) = ﬁéﬂv Z P [Blum et al., Phys Rev D93 (2016) 014503]

k. |k|£0
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QCD + Stochastic QED

* Abandon non-perturbative treatment of QED contribution:
= insertion of three exact Feynman gauge photon propagators

1 pik-(x=y)
Gu(x,y) = ﬁéﬂv Z P [Blum et al., Phys Rev D93 (2016) 014503]

k, [kl0 Xop

@
1. Stochastic selection of two internal photon

vertices at x, y
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QCD + Stochastic QED

* Abandon non-perturbative treatment of QED contribution:
= insertion of three exact Feynman gauge photon propagators

1 pik-(x=y)
Gu(x,y) = ﬁéﬂv Z P [Blum et al., Phys Rev D93 (2016) 014503]

k, [kl0 Xop

1. Stochastic selection of two internal photon
vertices at x, y

2. Compute quark propagators from point
sources at x and y
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QCD + Stochastic QED

* Abandon non-perturbative treatment of QED contribution:
= insertion of three exact Feynman gauge photon propagators

elk(x_y)

1
G,uv(-xa )’) = ﬁé,uv Z 122
k, |K|#0 Xop

[Blum et al., Phys Rev D93 (2016) 014503]

1. Stochastic selection of two internal photon
vertices at x, y

2. Compute quark propagators from point
sources at x and y

3. Current insertion Xxop and third photon
vertex z explicitly summed over
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QCD + Stochastic QED

* Abandon non-perturbative treatment of QED contribution:
= insertion of three exact Feynman gauge photon propagators

1 pik-(x=y)
Gu(x,y) = ﬁéﬂv Z P [Blum et al., Phys Rev D93 (2016) 014503]

k, [kl0 Xop

1. Stochastic selection of two internal photon
vertices at x, y

2. Compute quark propagators from point
sources at x and y

3. Current insertion Xxop and third photon
vertex z explicitly summed over

4. Avoid extrapolation to g% = 0 by
computing first moment w.r.t. xop
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QCD + Stochastic QED

* Abandon non-perturbative treatment of QED contribution:
= insertion of three exact Feynman gauge photon propagators

1 pik-(x=y)
Gu(x,y) = ﬁéﬂv Z P [Blum et al., Phys Rev D93 (2016) 014503]

k, [kl0 Xop

1. Stochastic selection of two internal photon
vertices at x, y

2. Compute quark propagators from point
sources at x and y

3. Current insertion Xop and third photon
vertex z explicitly summed over

4. Avoid extrapolation to g% = 0 by
computing first moment w.r.t. xop

* Efficiency gain: two orders of magnitude
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QCD + Stochastic QED

* Final result: sum over relative coordinates |r|= |(x - y)u|

0.03 I I | I I |
321D —o—

0.02 - & - Nt =2+1 flavours; DWFs

@ T
L

% 001 §§§§ % ﬁ 171 MeV pion mass; a =0.14 fm
g 0 ¢ T _}I 1] ooo§ $ -
S = ot 1+ 1 3 272
= -0.01 |- % . [Blum et al., Phys Rev D93 (2016) 014503]
= 0.02 F -

0.03 K | | | | | |
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QCD + Stochastic QED

* Final result: sum over relative coordinates |r|= |(x - y)u|

0.025 - 481 F—e— _

0.02 F ¢ _
0.015 _ Physical pion mass; a =0.11 fm

0.01 F* §§ _
0.005 $¢ ) | [Luchang JIN, TUE 13:20]

0 ¢ $

-0.005 |

Nt = 2+1 flavours; DWFs

an)
—~
=
\
S
~—
\
—
=
~—
N
£3
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QCD + Stochastic QED

* Final result: sum over relative coordinates |r|= |(x - y)u|

0.03 | | | |
0.025 + & 48l e Nt = 2+1 flavours; DWFs
~ 0021 3 _ | |
S 0015 F | Physical pion mass; a =0.11 fm
s oo E ¢ | [Luchang JIN, TUE 13:20]
= $ uchang JIN, :
0.005 _
) 0 ¢ $§§TT§§ 3 §§§§ -
-0.005 | BRI Y ®
0 5 10 15 20 25
Id
(@™ (0.1054 + 0.0054) (a/7)* = (132.1 £ 6.8) - 107! (mr=171MeV, a=0.14 fm)
a con —
g (0.0933 + 0.0073) (a/7)> = (116.1 £9.1) - 107! (mr=139 MeV, a=0.11fm)

(Connected contribution; statistical error only)
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QCD + Stochastic QED

* Final result: sum over relative coordinates |r|= |(x - y)u|

0.03 | | | |
0.025 + & 48l e Nt = 2+1 flavours; DWFs
~ 0021 3 _ | |
S 0015 F | Physical pion mass; a =0.11 fm
s oo E ¢ | [Luchang JIN, TUE 13:20]
= $ uchang JIN, :
0.005 _
) 0 ¢ $§§TT§§ 3 §§§§ -
-0.005 | BRI Y ®
0 5 10 15 20 25
Id
(@™ (0.1054 + 0.0054) (a/m)* = (132.1 £6.8) - 1071 (mx=171MeV, a=0.14 fm)
a con —
g (0.0933 + 0.0073) (a/7)> = (116.1 £9.1) - 107! (mr=139 MeV, a=0.11fm)

(Connected contribution; statistical error only)

* Numerical cost: 175 Mcore-hrs for 481 ensemble

Hartmut Wittig Hadronic contributions to (g-2) 49



Disconnected Contributions to HLbL

* Use same setup to determine leading disconnected contribution

F5(0)/(a/m)

0.0U6 [ [ [ [
48T +—o—
0.004 - -
0.002 -
0 ¢= T% T%%T£ E
0.002 | ® : i HT i ﬁ ]
-0.004 |- §§§§§ﬁ % |
-0.006 | | | |
0 5 10 15 20

Lop, V

T, p

[Luchang JIN, TUE 13:20]
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Disconnected Contributions to HLbL

* Use same setup to determine leading disconnected contribution

U.000 | | [ [
0.004 |- ! § Zom ¥
& 0.002 | g -
g 0 ¢= T% TJ_J_T% §2>
P ) Y, o T
S 0002k *® %T%T Tﬁ— "
7 ] % ¢
-0.004 - ﬁﬁﬁ -
-0.006 | | | | . -— T
0 5 10 15 20 Yy y,a' e T
id [Luchang JIN, TUE 13:20]

(Clzlbl)disc — (—560 =+ 126) ¥ 10_11 (Physical pion mass; a =0.11 fm)

(Statistical error only)
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Disconnected Contributions to HLbL

* Use same setup to determine leading disconnected contribution

U.000 | [ [ [

0.004 | sl 2
& 0.002 | % 2
g 0 ¢= T% TJ_J_TT §2>
~ S Y, o T,
< 0002 ® % T % I ﬁﬁ - p
3 . % ¢

-0.004 | ﬁﬁﬁ -

-0.006 | | | | > >

0 5 10 15 20 . of iy Tk
7| [Luchang JIN, TUE 13:20]

(Clzlbl)disc — (—560 =+ 126) ¥ 10_11 (Physical pion mass; a =0.11 fm)

(Statistical error only)

* To do: compute additional disconnected diagrams;
study finite-volume effects, lattice artefacts

Hartmut Wittig Hadronic contributions to (g-2) 50



Exact QED kernel

* Determine QED part perturbatively in the continuum in infinite volume

= no power-law volume effects

m€6 — .
azlbl = F>(0) = T fd4y fd4x‘£[p,0'];,uwl(xa Y) al;,uv/l()'(xa y)

* QCD four-point function: 1, (x,y) = — f d*z Zp (Jﬂ(x)Jv(y)Jg(z)Jﬂ(O»

[Asmussen, Green, Meyer, Nyffeler, in prep.]

[Nils ASMUSSEN, TUE 15:40]
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Exact QED kernel

* Determine QED part perturbatively in the continuum in infinite volume

= no power-law volume effects

me° — .
azlbl = F>(0) = KR f d*y f d*x Lip.o100(%, Y) il a0-(X, Y)

* QCD four-point function: 1, (x,y) = — f d*z Zp (Jﬂ(x)Jv(y)Ja(z)Jﬂ(O)>

* QED kernel function: L[p,(r] ;,uwl(xa y) [Asmussen, Green, Meyer, Nyffeler, in prep.]

. . Nils ASMUSSEN, TUE 15:40
e Infra-red finite; can be computed analytically { J

e Admits a tensor decomposition in terms of six form factors

which depend on x*, y*, x-y

= 3D integration instead of fd4xfd4y
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Exact QED kernel

* Determine QED part perturbatively in the continuum in infinite volume

= no power-law volume effects

me° — .
aEIbI = F>(0) = KR f d*y f d*x Lip.o100(%, Y) il a0-(X, Y)

* QCD four-point function: 1, (x,y) = — f d*z Zp (Jﬂ(x)Jv(y)Ja(z)Jﬂ(O)>

* QED kernel function: L[p,(r] ;,uwl(xa y) [Asmussen, Green, Meyer, Nyffeler, in prep.]

. . Nils ASMUSSEN, TUE 15:40
e Infra-red finite; can be computed analytically { J

e Admits a tensor decomposition in terms of six form factors

which depend on x*, y*, x-y

= 3D integration instead of fd4xfd4y

* Form factors computed and stored on disk
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HLbL four-point correlator

* Four-point correlator of one local and three conserved vector currents

MERE7A Behe

* Fully connected contribution with summed fixed kernels:

X1,X2

(computable in terms of sequential and double-sequential propagators)

* Euclidean four-point function in momentum space:

E . _ —ip4-X .
I o (P45 P15 P2) = Z e HE1#2M3#4(X4’171»P2)

X4

[Green et al., Phys Rev Lett 115 (2015) 222003]
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Forward light-by-light amplitude

* Forward kinematics: Qi =pr=-p1, O =ps, v=-01-0

[Green et al., Phys Rev Lett 115 (2015) 222003]

Hartmut Wittig Hadronic contributions to (g-2) 53



Forward light-by-light amplitude

* Forward kinematics: Qi =pr=-p1, O =ps, v=-01-0

photon virtualities

[Green et al., Phys Rev Lett 115 (2015) 222003]
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Forward light-by-light amplitude

* Forward kinematics: QO =pr=-p1, Or=ps, v=-01-0»

* Forward scattering of transversely polarised virtual photons:

4
2 2 € .
MTT(_Qla _Qza V) — Z R/ll,UQR/.t3/l4 H51N2ﬂ3/14(_Q2’ _Qla Ql)

[Green et al., Phys Rev Lett 115 (2015) 222003]
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Forward light-by-light amplitude

* Forward kinematics: Q1 =p, =-p1, Or=ps, v=-01-0>

* Forward scattering of transversely polarised virtual photons:

4
2 2 € .
MTT(_Qla _Qza V) — Z R/ll,UQR/.t3/l4 H51ﬂ2ﬂ3lu4(_Q29 _Qla Ql)

* Related to oo2(y" y*— hadrons) via subtracted dispersion relation:

lo0(V') + 02(V)]

2 (v 00
MTT(_Q%a _an V) o MTT(_Q%a _an O) — 7 ‘fvo dv V’(V’z _ V2 _ lE)

[Green et al., Phys Rev Lett 115 (2015) 222003]
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Forward light-by-light amplitude

* Forward kinematics: Q1 =p, =-p1, Or=ps, v=-01-0>

* Forward scattering of transversely polarised virtual photons:

4
2 2 € .
MTT(_Qla _Q23 V) — Z R/ll,UQR/.t3/l4 H51ﬂ2ﬂ3/¢4(_Q29 _Qla Ql)

* Related to oo2(y" y*— hadrons) via subtracted dispersion relation:

lo0(V') + 02(V)]

2 (v 00
MTT(_Q%a _an V) o MTT(_Q%a _an O) — 7 L dv V’(V’z _ V2 _ lE)

= Compare lattice data to phenomenological expectations, e.g.

leading contribution to a21b1 from ¥ exchange diagrams

[Green et al., Phys Rev Lett 115 (2015) 222003]
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Forward light-by-light amplitude

* Test in two-flavour QCD (CLS ensembles):

* Cross sections: oo+ 0, = Z oYy > M)+o(y'v > nn)

ﬂoanlaa()af()a“-

* Compare lattice data to dispersion relation and model for cross sections:

. acs  m = 324 MeV, Q§|:0.37l7 Ger <105 Qi = Q35 = 0.377 GeV*
= T T T T T T T .,,.
< m. (MeV) full model + HE -} .
15 & 217 cross section -] ]
g 5 || & s
< r $ 451
— = R 1
3 S0l # 200 |
s S full model
| |
f& ~
| [a\EaN| 5 | 0 ’
s | m+ r]
| C\I-:c v
: ¥ "
= 0
o z | | | | | | |
e 0.00 005 0.0 015 020 025 030 035 040
03 (Gev?) v (GeV?)

[Green et al., Phys Rev Lett 115 (2015) 222003, and in prep.]
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Forward-scattering amplitudes

* Full set of eight forward-scattering amplitudes:

103 my = 324 MeV, Q2 = 0.377 GeV? X107 m, = 324 MeV, Q2 = 0.377 GeV? 10°° my = 324 MeV, Q2 = 0.377 GeV? x107 m, = 324 MeV, Q% = 0.377 GeV?
‘ ‘ ‘ ‘ ‘ 16 5 ‘ ‘ ‘ ‘ 15 ‘ ‘ ‘ ‘ 13 5 ‘ ‘ ‘
15 : @ i
6r ~ Lo ] ul J°% ~LoFo] ~10F% 12 ! ~LlofF=<
50 o 7 E & I> o | 13 ; %3 % o 0 > o 9 11 %
s ¢ E 13 %@g-u bl 1 l 33 %05-u | %gﬁ-n 10k % i% % by j %05_

41 { . EE 0000 o ul o4 i}%g o] s - zEE i ol c i%iig § o |
= 3 T tig [ 30 4 <ot Oggi M= e L poe 00% < st o\l §§§%Q§§%¥
R ’ {i s oooo§ LY 28 ol + 0 f%%%i% | o8 it s0° es® o h b

I ° ¢ o 0 o g 1Y -2 o 7+ B
mla 1| " I}+ }§§II$} }iin, N‘; 8r 001?&&‘ i N‘; ¥ ii 080 ;II s ® N‘; 6L \
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* Comparison with model under way — much stronger constraints
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Quark-disconnected contributions

* Quark contractions: B <> <> V Q d 10N
qQ D O

[Green et al., in preparation]
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Quark-disconnected contributions

* Quark contractions: B V Q Q’ oW
: : Q .D 8

* Enhancement of (2,2) disconnected diagram by charge factors

[Green et al., in preparation]
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Quark-disconnected contributions

* Quark contractions: B V Q Q’ oW
: : Q .D 8

* Results for subtracted forward amplitude:

1o X10°F my =451 MeV, Q = 0.377 GeV? | X107 my =451 MeV, Qf = 0.377 GeV? 1o X107 m, =451 MeV, Q} = 0.377 GeV?
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S 2f ¢ E S 2f SR
S < (] [ 3 S L
] © [ [} S ¢ )
1k [] s s ¢ 5 1F [] ¢ o
* L} = o w ¢ ¢ L] * ¢ ¢ © <o
0Lla L = 1L . 0 La "= ==
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
Q3 (GeV?) Q3 (GeV?) Q3 (GeV?)
fully connected (2,2)-disconnected sum

[Green et al., in preparation]
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HLbL from transition % — y*y*

* Pseudoscalar meson exchange expected
[ ] ° . 0 /
to dominate LbL scattering: N v
[Nyffeler, EP] Web Conf 118 (2016) 01024, arXiv:1602.03737] A)’%

* Compute transition form factor between ¥ and two off-shell photons:

Y

2. 2 2\ —
€vaf C]qug ﬁroy*y* (myp qi QQ) = M,uv

[Antoine GERARDIN, FRI 18:10]
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HLbL from transition % — y*y*

* Pseudoscalar meson exchange expected
/
to dominate LbL scattering: ’" K
[Nyffeler, EP] Web Conf 118 (2016) 01024, arXiv:1602.03737]

* Compute transition form factor between 7° and two off—shell photons:

Y

2. 2 2\ —
€vaf C]qug ﬁroy*y* (myp qi QQ) = M,uv

M/l (3)(T tﬂaPanaq )

) Ju, G .
™) ” > AT {10, 7 + 1) I, 1) P(E, 0)}) & Fe

-2 >
X,Z

"
&y

[Antoine GERARDIN, FRI 18:10]
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HLbL from transition % — y*y*

* Pseudoscalar meson exchange expected
/
to dominate LbL scattering: ’" K
[Nyffeler, EP] Web Conf 118 (2016) 01024, arXiv:1602.03737]

* Compute transition form factor between 7° and two off—shell photons:

G Y

0 e 2. .2 2N _
W—— Evap 07 ooy (M2, 43) = M,
dibvm4444A,y
7z
woyq1 (3)
M,Lt (T tﬂ'aPanaq )
ﬂ-(ﬁ) JV 7q—)2 S o S
> AT {107 + 1)@ 1) P(R,0)]) €702
%7
lr T
. . 2 2 2 2 2 - 12
* Kinematics: p=0, q=w]-1q1I>, ¢q;=mz—w1) -Gl

[Antoine GERARDIN, FRI 18:10]
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Transition form factor % — y#y*

* Kinematical range: [Antoine GERARDIN, FRI 18:10]
ot e Fit ansatz:
= .
03 i Lowest meson dominance (LMD) model:
c%
S 4 4 2 2
N ! ?"LMD . CL/MV +IB(Q] + QZ)

a0y s T
YT (MY = aD(My - q3)

-2 -1.5 -1 -0.5
q; [GeV?]

)

(refinement: LMD-V model)
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Transition form factor % — y#y*

* Kinematical range: [Antoine GERARDIN, FRI 18:10]
o A Fit ansatz:
= .
05 | _ Lowest meson dominance (LMD) model:

=

R 4 2 2

N ?"LMD . CL/MV +IB(Q] + QZ)

Oy ™ 2 2 2 2
o ey (MV B ql)(MV B QQ)
o 7
; ’ (refinement: LMD-V model)
0.18 T . .
0.16 1 012 } {1 o012t
0.14 I 0.1 | I I 0.1 |
e iy 0.08 | 2 0.08 | .
% 0.1 . I I I I I
T 008+ | 006 F 0.06 | >
000 Q2 |F7r7*7*(_Q2> O)' | 004 QQ |F7r7*7*(_Q27 _2Q2)| 1 004r Q2 |F7r7*7*(_Q2> _Q2)|
0.04 i
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HLbL contribution from w° — y*y*

* Results for Nr = 2 flavours of O(a) improved Wilson fermions:

0.275(18)GeV~! (LMD)

Q= <
| 0.273(24)GeV™'  (LMD+V)

(combined chiral and continuum extrapolation)

= agrees well with theoretical expectation a = 1/(4n*F,) = 0.274GeV ™!

[Antoine GERARDIN, FRI 18:10]
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HLbL contribution from w° — y*y*

* Results for Nr = 2 flavours of O(a) improved Wilson fermions:

0.275(18)GeV~! (LMD)

Q@ = 1
| 0.273(24)GeV™'  (LMD+V)

(combined chiral and continuum extrapolation)

= agrees well with theoretical expectation a = 1/(4n*F,) = 0.274GeV ™!

* Results for ¥ contribution to hadronic light-by-light scattering:

[ (682 +7.4)-107"" (LMD)
(azlbl)ﬂo =
| (65.0+8.3) 1071 (LMD+V)

= agrees well with phenomenological studies

[Antoine GERARDIN, FRI 18:10]
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Summary

W——————

Can lattice QCD deliver estimates with sufficient accuracy?

sa, " la,® < 0.5%,  6a™/a¥™ < 10%
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Summary

Can lattice QCD deliver estimates with sufficient accuracy?

sa, " la,® < 0.5%,  6a™/a¥™ < 10%

Hadronic Vacuum Polarisation:

e Statistical accuracy limited by disconnected diagrams

e Disconnected contributions: =< 1%

e Finite-volume effects: 3-7% for my= 140 MeV, m;L ~ 4

e Charm quark contribution: 2% (lattice artefacts)
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Summary

e —

Can lattice QCD deliver estimates with sufficient accuracy?

sa, " la,® < 0.5%,  6a™/a¥™ < 10%

Hadronic Vacuum Polarisation:

e Statistical accuracy limited by disconnected diagrams

e Disconnected contributions: =< 1%

e Finite-volume effects: 3-7% for my =140 MeV, mL ~ 4

e Charm quark contribution: 2% (lattice artefacts)

Hadronic Light-by-Light Scattering:

e Statistical accuracy: ~10% (connected)
e Disconnected contributions can be resolved

e Phenomenological models can be verified
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Anomalous magnetic moment of the muon

Hadronic Vacuum Polarisation and Dispersion Theory

4

2 [ (Eac - REE(5)K(s 0 RPQCD K(s
hvp:(%){ I ()()+ " ()()>
3 E

2 2
m2 \) 2 \)

cut

\

* Relies on experimental data for hadronic cross section Ry.q(e"e¢™ — hadrons)

T I T T T T T T T T I T T T T ] T T T I T T T T I T T T T I T T T T I T T T T I T T T T I T T T T
— BESIII fit
—— BESII

N
[6)}

: o
O)_r‘.I|IIII|IIII|IIII|IIII|IIII|IIII|IIII|I_

KLOE 08 368.1+0.4+2.3=+2.2

N
o

* BaBar09 376.7 +2.0+1.9

w
(3]

w
o

™ . KLOE10 365.30.9+2.3 =22
20
KLOE 12 366.7+1.2+2.4+0.8
10 . BESIII 368.2+2.5 + 3.3
1 1 L l 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l 1 1 1 1
0 065 07 o075 08 o8 09 360 365 370 375 380 385 390 395
/s’ [GeV] a™°(600 - 900 MeV) [10™°]

* New measurements of pion form factor by BESIII confirm 3.60 tension

[BESIII Collaboration (M. Ablikim et al.), Phys Lett B753 (2016) 629]
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Anomalous magnetic moment of the muon

Hadronic Vacuum Polarisation and Dispersion Theory

a4

2 [ (Eac - REE(5)K(s 0 RPQCD K(s
hvp:(%){ I ()()+ " ()()>
3 E

2 2
m2 \) 2 \)

cut

\

* Relies on experimental data for hadronic cross section Ry.q(e"e¢™ — hadrons)
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—— BESII
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* BaBar09 376.7 +2.0+1.9

w
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w
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™ . KLOE10 365.30.9+2.3 =22
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o KLOE 12 366.7+1.2+2.4+0.8
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* Re-analysis of BaBar data in progress

[BESIII Collaboration (M. Ablikim et al.), Phys Lett B753 (2016) 629]

Hartmut Wittig Hadronic contributions to (g-2)

63



e 20 times larger data sample
e better field calibration

e target precision of 0.14 ppm

ultra-cold muon beam
66cm magnetic storage ring
measure a, alongside d,
target precision of 0.1 ppm
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Disconnected Contributions

* Monitor saturation of:

T—o0 h
Ly = ) w(xo) D™(x0) = (a5, aisc

X()=0

w(xg) = 4o’

o - 0 {02 — 4sin’ (L0x0)|

[T. Blum et al., PRL 116 (2016) 232002] [Gulpers et al., in preparation]
4e-05 T T le — 06 : : : : . _ .
E p=0.12, Cp =-0.0017(9), Cq) =0. 016(5) -------- : 75 sources —a—
C(t) + 008 ------ : : | § | z : g
36-05 — Pt _ ‘
' % T -;—;i;-’-iit“iu;* Hﬁiii-iq.
R | S 1L
% § T1em 06 o
1e-05 \ - © L
i X T : : : : : :
*. —2% — 06 L* X RN SRR L L R R
___________________________ - _¥_¥ ] : . . . . : .
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-1e-05 U l l l l 36— 06 :
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t/a
t
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Disconnected Contributions

* Monitor saturation of:

T
T—o0 h
Ly = ) w(xo) D"(x0) — (d, ais

X()IO
(o) Ci!:?zz

o @) (0% x5 — 4sin” (3 0x)]

w(xg) = 4o’

[Glilpers et al., in preparation]

(GJEVP ) disc

[T. Blum et al., PRL 116 (2016) 232002]

5 T T T T T T 0.01

451 MeV -—.—-

-5 | ko T - R [ U I R

-15 £ 4 -0.03 I N N N S

aDISCu 1010

Hartmut Wittig

-20

-25

-0.05
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Disconnected Contributions: Results Summary

% Non-zero disconnected contribution can be resolved

(@ Paise /(@ D) Statistics
HPQCD - 0.14(5)% ~-0.84 Netg = 553, Naise = 162
“16(7)% - (9.6 +3.3+2.3) NNiglog(l)‘
i -0.0032(11)% | - (0.019 +0.07) Niny = 4800 k
Bali & Endrodi - (3.6 +£4.5)-10* Ninv =20k

HPQCD: Anisotropic Clover action; m; =391 MeV; as = 0.12 fm; Distillation
RBC/UKQCD: Domain wall fermions; physical pion mass; a = 0.11 fm, m, L = 3.9; Low-mode averaging, AMA
CLS/Mainz: N¢= 2 Clover fermions; m; =311, 437 MeV; a = 0.063 fm; HPE; 3D stochastic noise sources

Bali & Endrddi: Rooted staggered fermions; physical pion mass; a = 0.1 - 0.29 fm; 4D stochastic noise sources
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Finite-volume effects: taste breaking

* Uncertainty in finite-volume shifts as a function of average taste splitting:

4t ]
z&rnﬁ
S 3t _ g 2 2
E S Am2/2 Scaling: Am: ~ a
@i ) \ - A 5
o mﬂ'/4
_H
1 & 4 Am?/8
Am?2/16
1.0 1.5 2.0 2.5 3.0
L/5.8fm
. . hv hv
* Physical pion mass: a, " (00) —ay, P(L) = (7.0 £ 0.7)%

[Chakraborty et al., arXiv:1601.03071, Christine DAVIES, poster session]
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