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Introduction

Introduction

Proton radius puzzle: 7σ discrepancy between Muonic hydrogen
Lamb shift (rpE = 0.84087(39) fm) and atomic hydrogen and
scattering experiments using electrons (rpE = 0.8775(51) fm)
Model dependent fit
Q2
min < 0.005 GeV2 from scattering experiment (e.g. from Mainz,

Phys.Rev.Lett. 105 (2010) 242001) whereas on the lattice Q2
min = 0.05 GeV2 for

V = (5.8 fm)3

Controversy about finding the radius from fitting scattering data.
”Consistency of electron scattering data with a small proton radius”, Phys.Lett. B737

(2014) 57-59, Phys.Rev. C93 (2016) no.6, 065207, Phys.Rev. C93 (2016) no.5, 055207

”Solution of the proton radius puzzle? Low momentum transfer electron scattering
data are not enough”, arXiv:1511.00479, Phys.Rev. D92 (2015) no.1, 013013, arXiv:1606.02159

This motivates the need for a direct calculation of the radius without
fitting to form factors.
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Strategy and method Momentum derivatives of nucleon correlation functions

Momentum derivative (without smearing)

Nucleon two-point function:

C2(~p, t)αβ =
∑
~x

e−i~p~x〈Nα(~x, t)N̄β(0)〉 =

∑
~x

εabcεdeffαγδεfβζηθ

〈
e−i~p~xGcdεζ (x, 0)︸ ︷︷ ︸

(
Gafγθ(x, 0)Gbeδη(x, 0)−Gaeγη(x, 0)Gbfδθ(x, 0)

)〉
Gcdεζ (x, 0; ~p)

Nucleon three-point function (~p′ = 0):

C3(~p, τ, T )αβ =
∑
~x,~y

e−i~p~y
〈
Nα(~x, T ) OΓ(~y, τ) N̄β(0)

〉
∼
∑
~y

〈
GS(y) Γ G(y, 0; ~p)

〉
GS(y) is the sequential back-ward propagator
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Strategy and method Momentum derivatives of nucleon correlation functions

Rome method: (Phys. Lett. B 718, 589 (2012) [arXiv:1208.5914])
3

For our numerical calculations we have used clover Wil-
son fermions, corresponding to the specific Dirac opera-
tor D[U, λp] given below

∑

x,y

ψ̄(x)D[x, y;U, λp]ψ(y) =

∑

x

ψ̄(x)(4 +m)ψ(x) +
icSW

4

∑

x,µν

ψ̄(x)σµνF
µν(x)ψ(x)

−
∑

x,µ

ψ̄(x)λpµUµ(x)
1− γµ

2
ψ(x+ µ)

−
∑

x,µ

ψ̄(x+ µ)(λpµ)†U†µ(x)
1 + γµ

2
ψ(x) ,

(15)

where λp0 = 1, λpk = eipk , Fµν(x) is the clover defini-
tion of the lattice gluon field strength tensor and cSW
is the Sheikholeslami–Wohlert coefficient [11]. The nth-
derivatives of this operator are proportional either to the
“point–split” vector current V k(x,~0) (for odd n), or to

the “tadpole” current T k(x,~0) (for even n),

[
ψ̄
∂D

∂pk
ψ

]
(x) = i V k(x,~0)

[
ψ̄
∂2D

∂p2k
ψ

]
(x) = T k(x,~0)

[
ψ̄
∂nD

∂pnk
ψ

]
(x) = −(−i)n




V k(x,~0) odd n

T k(x,~0) even n

,

(16)

where the expressions of the two currents are given by

V µ(x, ~p) =
[
ψ̄ΓµV ψ

]
(x, ~p)

= +ψ̄(x+ µ)(λpµ)†U†µ(x)
1 + γµ

2
ψ(x)

−ψ̄(x)λpµUµ(x)
1− γµ

2
ψ(x+ µ) ,

Tµ(x, ~p) =
[
ψ̄ΓµTψ

]
(x, ~p)

= +ψ̄(x+ µ)(λpµ)†U†µ(x)
1 + γµ

2
ψ(x)

+ψ̄(x)λpµUµ(x)
1− γµ

2
ψ(x+ µ) .

(17)

Graphically, the expansion of the propagator of eqs. (13)
can be represented as the sum of iterated insertions at

zero momentum of the operators V k(x,~0) and T k(x,~0)
according to (no sum over k)

pk
= − ipk

+(ipk)2
{

+
1

2

}
+ · · · .

(18)

In the previous expressions we have introduced the fol-
lowing graphical notation

y x = S[x, y;U ] = 〈ψ(x)ψ̄(y)〉 ,

= ΓkV (z,~0) ,

= ΓkT (z,~0) , (19)

that we shall repeatedly use also in the following sections.

IV. EXPANSION OF THE VERTICES

As discussed above, the expression of a correlator at
fixed QCD gauge background involves products of traces
of propagators S[U, λp] and operators Γ, as rewritten here
below in a very compact notation,

C(~p) = 〈C[~p;U ]〉 = 〈Tr {S[U, λp] Γp · · · 〉 .

If the operators are not ultra–local and connect different
lattice points, they may also carry a dependence upon
pk. For this reason we have used in previous expression
the notation Γp. In these situations the calculation of the
coefficients of the momentum expansion of the correlators
requires the knowledge of the derivatives with respect to
external momenta of all p-dependent objects, including
the vertices, as shown below for the first derivative

C
(1)
k [U ] = Tr

{ (
∂S

∂pk
Γ · · ·

)
+

(
S
∂Γ

∂pk
· · ·
)

+ · · · .

(20)

One relevant example of p-dependent operator is just
given by the point–split vector current discussed above.
It undergoes the following expansion

V k(x, ~p) = cos(pk)V k(x,~0)− i sin(pk)T k(x,~0)

= (1− p2k
2

+ . . . )V k(x,~0)− i(pk + . . . )T k(x,~0)

(21)

to which, in the case of the integrated insertions of these
operators, we associate the following graphical represen-
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to which, in the case of the integrated insertions of these
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∂

∂pk
G(x, y; ~p)

∣∣∣
~p=0

= −i
∑
z

G(x, z) ΓkV G(z, y)

∂2G(x, y; ~p)
(∂pk)2

∣∣∣
~p=0

= −2
∑
z,z′

G(x, z) ΓkV G(z, z′) ΓkV G(z′, y)

−
∑
z

G(x, z) ΓkT G(z, y)

For clover fermions:

ΓµV/TG(z, y) ≡ U †µ (z − µ̂) 1+γµ
2 G(z − µ̂, y)∓ Uµ(z) 1−γµ

2 G(z + µ̂, y)
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Strategy and method Momentum derivatives of nucleon correlation functions

Momentum derivative (with smearing)
Smeared-source smeared sink propagator:

G̃(x, y; ~p) = e−i~p(~x−~y) ∑
x′,y′

K(x, x′) G(x′, y′) K(y′, y)

=
∑
x′,y′

e−i~p(~x−~x
′) K(x, x′)︸ ︷︷ ︸ e−i~p(~x′−~y′) G(x′, y′)︸ ︷︷ ︸ e−i~p(~y′−~y) K(y′, y)︸ ︷︷ ︸

K(x, x′; ~p) G(x′, y′; ~p) K(y′, y; ~p)

(K G K)′ = K ′ G K +K (GK)′

(K G K)′′ = K ′′ G K + 2 K ′ (GK)′ +K (GK)′′

Smeared source point-sink propagator:

(G K)′ = G [−iΓV G K +K ′]
(G K)′′ = G [−2iΓV (GK)′ − ΓT G K +K ′′]
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Strategy and method Momentum derivatives of nucleon correlation functions

Wuppertal smearing:

K(x, y; ~p) =
∑

x′,x′′,...

K0(x, x′; ~p) K0(x′, x′′; ~p) ... K0(x′...′ , y; ~p)︸ ︷︷ ︸
NW

K0(x, y; ~p) = e−i~p(~x−~y) 1
1 + 6α

(
δx,y + α

3∑
j=1

[
Uj(x)δx+ĵ,y + U†j (x− ĵ)δx−ĵ,y

])

K
(m)
0 (x, y) ≡

( ∂

∂pj

)m
K0(x, y; ~p)

∣∣∣
~p=0

= α

1 + 6α

[
imUj(x)δx+ĵ,y + (−i)mU†j (x− ĵ)δx−ĵ,y

]
Iteratively for K = KNW

0 :

(KN
0 )′ = K ′0 K

N−1
0 +K0 (KN−1

0 )′

(KN
0 )′′ = K ′′0 K

N−1
0 + 2K ′0 (KN−1

0 )′ +K0 (KN−1
0 )′′
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Strategy and method The ratio method

Ground-state contributions (~p′ = 0):

C2(~p, t) = e−E(~p)t 〈Ω|Nα|p
〉 〈
p|N̄β|Ω

〉
C3(~p, τ, T ) = e−m(T−τ) e−E(~p)τ 〈Ω|N |0〉 〈0|q̄γµq|p〉 〈p|N̄ |Ω〉
〈p′|V µ

q |p〉 = ū(p′) F (Γ, ~p′, ~p)︸ ︷︷ ︸ u(p), and 〈Ω|N |p〉 = Z(~p)[Γu(p)]

F q1 γ
µ + F q2

iσµνqν
2m

R(~p) = C3(~p, τ)αβ√
C2(0, T ) C2(~p, T )

√
C2(~p, T − τ) C2(0, τ)
C2(0, T − τ) C2(~p, τ)

=
[
(1 + γ0) F (Γ, 0, ~p) (m+ /p) (1 + γ0)

]
αβ

8
√

2E(~p)(E(~p) +m)
(positive parity)
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Strategy and method Anomalous magnetic moment and Dirac radius

Compute ∂R
∂pi

∣∣∣
~p=0

and ∂2R
∂pi

2

∣∣∣
~p=0

for µ = 0, 1, 2 vector components in x, y

and z directions to find for Γpol = (1 + γ3γ5)1+γ0

2 :

Anomalous magnetic moment and Dirac radius

κ = −2m Im(Tr[R′(µ = 2) Γpol])− Tr[R(µ = 0) Γpol]

r2
1 = 12m Im[R′(µ = 2) Γpol] + 3 Tr[R(µ = 0) Γpol]− 12m2 Tr[R′′(µ = 0) Γpol]

4m2 Tr[R(µ = 0) Γpol]

Where r2
1 = −6

F1
dF1
dQ2

∣∣∣
Q2=0

Average over equivalent vector components and directions:

Tr[R′(µ = 2)Γpol] = 1
2(Tr[∂1R(µ = 2) Γpol]− Tr[∂2R(µ = 1) Γpol])

Tr[R′′(µ = 0)Γpol] = 1
3(Tr[∂2

1R(µ = 0) Γpol] + Tr[∂2
2R(µ = 0) Γpol]+

Tr[∂2
3R(µ = 0) Γpol])
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Strategy and method Removal of excited states

Removal of excited states

Ratio-plateau method: compute ratio
R(T, τ) = c00 + c10e

∆E10(~p)τ + c01e
∆E10(~p′)(T−τ)

where c00 is the desired ground-state matrix element. Then average a
fixed number of points around τ = T/2.
Asymptotic errors:

R,
∂

∂pi
R
∣∣
~p=0 ∼ e

−∆E10 T/2,
∂2

∂pi
2R
∣∣
~p=0 ∼ T e−∆E10T/2

Summation method: compute sums
S(T ) =

∑
τ

R(T, τ) = b+ c00T + dTe−∆ET + ...

then find their slope, which gives c00.
Asymptotic errors:

S,
∂

∂pi
S
∣∣
~p=0 ∼ T e−∆E10T ,

∂2

∂pi
2S
∣∣
~p=0 ∼ T

2 e−∆E10T
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Results Ensemble

Ensemble

BMW Nf = 2 + 1 2HEX-clover, Ls = Lt = 64.
β = 3.5 , a−1 = 2.131(13) GeV, a = 0.093 fm .
Physical pion mass, mπL = 4.
Three source-sink separations T/a ∈ {10, 13, 16}, which corresponds
to T between 0.9 and 1.5 fm.
442 gauge configurations analyzed
AMA, using 64 sources per configuration with approximate
propagators and one source for the bias correction.
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Results Isovector Dirac radius
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Results Anomalous isovector magnetic moment
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Results Numerical results

Numerical results:

Quantity Traditional method Derivative method
κv 3.74(14) 3.71(35)

[rv1 ]2 [fm]2 0.547(91) 0.45(28)
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Summary

Summary

Our approach is based on the Rome method and is model
independent, .
Our results on κv and [rv1 ]2 are consistent with fitting to form factors.
The statistical errors are higher on quantities containing second
derivative of the ratio.
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