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Introduction
The Yang-Mills gradient �ow

Gradient �ow (GF):

∂tBµ(t, x) = DνGνµ(t, x), Bµ(0, x) = Aµ(x)

Gµν = ∂µBν − ∂νBµ + [Bµ, Bν ], Dµ = ∂µ + [Bµ, · ]

I Gauge invariant observables are �nite (Lüscher ’10; Lüscher, Weisz ’11)

I Allows for good statistical precision
I Simple to evaluate in simulations

Applications:
I small �ow-time expansion
I step-scaling studies
I . . . and many more! (Lüscher, Lattice ’13)

Motivation: Perturbation theory (PTh) can provide useful, if not essential,
information for these studies
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Introduction
The Yang-Mills gradient �ow in perturbation theory (Lüscher ’10; Lüscher, Weisz ’11)

In PTh, GF obs. are quite non-trivial objects,

Bµ =

∞∑
k=1

gk0Bµ,k

Bµ,k|t=0 = δk1Aµ

GF eq.
−−→ ∂tBµ,k − ∂ν∂νBµ,k = Rµ,k

where e.g.

Rµ,1 = 0,

Rµ,2 = 2[Bν,1, ∂νBµ,1]− [Bν,1, ∂µBν,1],

Rµ,3 = complicated and not very illuminating expression
almost as long as this whole sentence . . .

Simple at lowest order

Bµ,1(t, x) =

∫
d4y Kt(x− y)Aµ(y), Kt(z) =

e−z
2/4t

(4πt)2
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Introduction
The Yang-Mills gradient �ow in perturbation theory (Lüscher ’10; Lüscher, Weisz ’11)

In PTh, GF obs. are quite non-trivial objects,

Bµ =

∞∑
k=1

gk0Bµ,k

Bµ,k|t=0 = δk1Aµ

GF eq.
−−→ ∂tBµ,k − ∂ν∂νBµ,k = Rµ,k

where e.g.

Rµ,1 = 0,

Rµ,2 = 2[Bν,1, ∂νBµ,1]− [Bν,1, ∂µBν,1],

Rµ,3 = complicated and not very illuminating expression
almost as long as this whole sentence . . .

Simple at lowest order . . . but quickly becomes involved,

Bµ,k(t, x) =

∫ t

0
ds

∫
d4y Kt−s(x− y)Rµ,k(s, y), k = 2, 3, . . .
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Stochastic quantization
Perturbation theory without gauge �xing

(Parisi, Wu ’81; Zwanziger ’81; Zinn-Justin ’86; Zinn-Justin, Zwanziger ’88)

Langevin equation:

∂sAµ(s, x) = DνFνµ(s, x) + g0ηµ(s, x),

〈ηaµ(s, x)ηbν(r, y)〉η = 2δabδµνδ(s− r)δ(x− y)

Stochastic PTh: (Parisi, Wu ’81; Floratos, Iliopoulos ’83; Grimus, Hü�el ’83)

Aµ =

∞∑
k=1

gk0Aµ,k
Langevin eq.
−−−−−−→ lim

s→∞
〈O[A(s)]〉η =

∞∑
k=0

gk0Ok

I Close analogy w/ PTh GF eqs.: Bµ,k → Aµ,k, and Rµ,1 → Rµ,1 = ηµ

I If O is a GF obs.: Bµ(0, x) = Aµ(x)→ Bµ,k(t, s, x)|t=0 = Aµ,k(s, x)

Numerical stochastic perturbation theory (NSPT) (Di Renzo et. al. ’94)

Provides a natural framework to solve the GF eqs. perturbatively! (MDB, Hesse ’13)
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Stochastic quantization in phase space
NSPT based on stochastic molecular dynamics equations

(Horowitz ’85; Lüscher, Schaefer ’11)

(MDB, Garofalo, Kennedy ’15)

Kramers equation:

∂sUs(x, µ) = g0πs(x, µ)Us(x, µ),

∂sπs(x, µ) = −g0∇x,µSG(Us)− 2µ0πs(x, µ) + ηs(x, µ)

〈ηas (x, µ)ηbr(y, ν)〉η = 4µ0δ
abδµνδ(s− r)a−4δxy

I s→ s = na · δτ , n ∈ Z
I Numerically solved to O(gN0 ): U = 1 +

∑N
k=1 g

k
0Uk, π =

∑N−1
k=0 g

k
0πk

Remarks:

I δτ → 0 extrap. are avoided using a OMF4 integrator (Omelyan, Mryglod, Folk ’03)

I γ ≡ 2aµ0 can be tuned to minimize var(Ok)× τint(Ok)
I for γ �xed, τint(Ok) ∝ a−2 while var(Ok) ∝ ln(a) (Langevin limit)

(Lüscher, Schaefer ’11; Lüscher ’15)
I stochastic gauge �xing

I CPU time ∝ N(N − 1)× (L/a)
4+2+

4
p , p ≡ integrator order
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The gradient �ow coupling
De�nitions

(Lüscher ’10; Fodor et. al. ’12)

We impose Schrödinger functional (SF) bc.’s, (Lüscher, Narayanan, Weisz, Wol� ’92)

U(x, k)|x0=0 = 1 = U(x, k)|x0=L, k = 1, 2, 3

A family of �nite-volume couplings can be de�ned as (Fritzsch, Ramos ’13)

αGF(µ) ≡ αGF,c(µ) ∝ 〈t2Esp(t, x)〉
∣∣√8t=cL
x0=L/2

, µ = 1/
√

8t

where

Esp(t, x)
a→0∼ −1

2tr{Gkl(t, x)Gkl(t, x)}

The goal is to determine in the pure SU(3) Yang-Mills theory

αGF(µ) = αMS(µ) + k1 α
2
MS

(µ) + k2 α
3
MS

(µ) + O(α4)

To this end we compute

αGF(µ) = α0(a) + c1(a/L)α2
0(a) + c2(a/L)α3

0(a) + O(α4)

and use the known two-loop relation αMS ↔ α0 (Lüscher, Weisz ’95)
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The gradient �ow coupling
Towards the continuum limit

We expect the continuum limit to be reached as (Symanzik ’83)

k1(a/L)− k1
a/L→0∼ (r1,1 + s1,1 ln(L/a))

( a
L

)
+(r1,2 + s1,2 ln(L/a))

( a
L

)2
+ O(a3)

k2(a/L)− k2
a/L→0∼ (r2,1 + s2,1 ln(L/a) + t2,1 ln(L/a)2)

( a
L

)
+(r2,2 + s2,2 ln(L/a) + t2,2 ln(L/a)2)

( a
L

)2
+ O(a3)

Warning: SF bc.’s introduce O(a) e�ects even in the pure gauge theory

These can in principle be removed by adding a counterterm to the action
a→0∼ ct(g0)F0kF0k|x0=0,T , ct(g0) = 1 + c

(1)
t g20 + c

(2)
t g40 + O(g60)

(Lüscher, Narayanan, Weisz, Wol� ’92; Lüscher, Sommer, Weisz, Wol� ’93; Bode, Weisz, Wol� ’99)
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The gradient �ow coupling
Towards the continuum limit

We expect the continuum limit to be reached as (Symanzik ’83)

k1(a/L)− k1
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r1,1 + s1,1 ln(L/a))

( a
L

)
+(r1,2 + s1,2 ln(L/a))

( a
L

)2
+ O(a3)

k2(a/L)− k2
a/L→0∼ (r2,1 + s2,1 ln(L/a) +���

���
�XXXXXXXt2,1 ln(L/a)2)
( a
L

)
+(r2,2 + s2,2 ln(L/a) + t2,2 ln(L/a)2)

( a
L

)2
+ O(a3)

Warning: SF bc.’s introduce O(a) e�ects even in the pure gauge theory

These can in principle be removed by adding a counterterm to the action
a→0∼ ct(g0)F0kF0k|x0=0,T , ct(g0) = 1 + c

(1)
t g20 + c

(2)
t g40 + O(g60)

At present we simply consider ct = 1, and subtract the know r1,1 term
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Results
Continuum limit of k1(a/L) for c = 0.3
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Results
Continuum limit of k1(a/L) for c = 0.4
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Results
Continuum limit of k2(a/L) for c = 0.3
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Results
How precise do we need to be?

An accurate determination of αMS(MZ) requires

σ(k1) = 10−2

σ(k2) = 10−1
⇒ σ(αMS(MZ))

αMS(MZ)
∼ 0.2%

Λ-parameter: rc ≡ ΛGF,c/ΛMS (Lüscher ’10)

r0 = 1.872 . . . , r0.3 = 1.983(11), r0.4 = 2.584(17)

β-function:

βGF(g) = −g3
(
b0 + b1 g

2 + b2;GF g
4 + O(g6)

)
b0 =

11

(4π)2
, b1 =

102

(4π)4

11 / 14



Results
In�nite volume limit of b2;GF taking k2 = k2(L/a = 32)± 5 · 10−1 × (0.3/c)2

(Lüscher ’14; MDB, Fritzsch, Korzec, Ramos, Sint, Sommer ’16)
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Outlook & Conclusions
Conclusions:

I NSPT is a potentially powerful tool to obtain precise perturbative
results for GF obs. (not only the coupling!)

I Careful work is however needed to control continuum extrapolations

Outlook:

I We plan to add �ner lattices: L/a = 36, 40, 48(?)

I After implementing full O(a) improvement we expect precise results
for k2 to be possible

I Results at �nite L/a may be used to improve continuum
extrapolations of non-perturbative step-scaling functions

(Lüscher, Sommer, Weisz, Wol� ’93)

I The inclusion of fermions is straightforward within Kramers and
e�cient integrators can be employed

I Including quarks is then expected to cost a modest factor as only the
free Dirac equation needs to be solved (Di Renzo, Scorzato ’04)
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BACKUP

1 / 4



Results
Continuum limit of k2(a/L) for c = 0.4
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Results
In�nite volume limit of k1 (Lüscher ’10; Lüscher ’14)
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