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Heavy	meson	correlators	

Long	distance		
			+	experiments	
	
Short	distance	
			+	perturbaEon	

precise																&	mlat
c mc/ms , mb/mc

and																							at	

																				in	the	lowest	energy	scale	

�s(µ) mc(µ) µ = mc



	

Fundamental	parameters	of	QCD:	coupling	constant	&	quark	masses	

DeterminaEon:	most	elemental	quest	in	the	la#ce	QCD	simulaEons	

Low	energy	scale:	important	
																										e.g.	applicaEons	to	QCD	thermodynamics	
							La#ce	results	(EoS,	etc.)	vs.		weak	coupling	predicEons	
																																																							at	typical	scale		� �T <� 1.0 GeV

�s mu, md, ms, mc, mb, mt
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Figure 9.2: Summary of determinations of αs(M2
Z) from the six sub-fields

discussed in the text. The yellow (light shaded) bands and dashed lines indicate the
pre-average values of each sub-field. The dotted line and grey (dark shaded) band
represent the final world average value of αs(M2

Z).

whereby the dominating contributions to the overall error are experimental (+0.0017
−0.0018), from

parton density functions (+0.0013
−0.0011) and the value of the top quark pole mass (±0.0013).
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from	PDG	
The	la#ce	provides	certain	results?	

																																				…not	enough	

not	all	error	sources	under	control	
																					Further	study:	necessary	



� Lattice TU a�1 [GeV]
6.740 484 8K 1.81
6.880 484 8K 2.07
7.030 484 10K 2.39
7.150 483 � 64 8K 2.67
7.280 483 � 64 8K 3.01
7.373 483 � 64 9K 3.28
7.596 644 9.5K 4.00
7.825 644 9.5K 4.89

*molecular	dynamic	Eme	units	

*	

(c.f.	covers	at	T=150--400 MeV	on	Nt=12)	

	

HotQCD	gauge	configuraEons	
																																																							PRD90	(2014)	094503	

ü  Highly	Improved	Staggered	Quarks	

ü  Tree-level	improved	gluons	
ü  (2+1)-flavor	QCD	

Ø  Strange	quark	ms:	physical	

Ø  Light	quark:	ml=ms/20
Ø  Charm	quark:	valence	

Ø  Scale:		
																	via	pion	decay	constant	
	

r1 = 0.3106(18) fm

Our	approach	
1.  Tuning	the	charm	mass	via	meson	correlators	with	wall	sources	
	
2.  Measuring	the	moments	via	meson	correlators	with	point	sources	

mc/ms, mb/mc

�s(mc), mc(mc)



	

Unmixed								eta															Ground	state	charmonia											Bocomonium	ss̄

M�ss̄ =
�

2M2
K �M2

� M�bM =
1
4

�
3MJ/� + M�c

�

Experimental	values	from	PDG	
M�b = 9.398(3) GeVM�ss̄ = 686.00(92) MeV M = 3.067(3) GeV

PRD70,	114501	 PRD83,	074504	

uncertainEes:	absence	of	EM	effects	and	disconnected	diagram	

Tuning	quark	masses	

M2
�ss̄

= B ms M = d + b mc M�h = dh + bh mh

(mc < mh <� mb)

Determine								
		within	0.4--0.7%	errors	
hyper-fine	spli#ng	
			reproduced	in	conEnuum	

mlat
cDeterminaEon		

				done	by	HotQCD	
mlat

s EsEmate		
			partly	using	extrapolaEon	
			from																									to		

mlat
b

amh < 1.0 mb

Quark	masses	on	the	la#ce															Meson	masses	in	experiments	



	

Scheme	and	scale	independent:		mlat
c /mlat

s = mc/ms

ü  only	four	finest	β	points	
ü  systemaEc	error	due	to		
										extrapolaEon	to										:		gray	shadow	
mb

mc
= 4.528(50)stat.(26)r1(04)M (02)M�b

mc

ms
= 11.877(56)stat.(69)r1(15)�ss̄(12)M

ü  a2	and	a2+a4 fits	well	done				
																											and	show	similar	results	

mc/ms mb/mc

M�b



	
Pioneered	by	HPQCD	and	Karlsruhe	groups:	

G(t) = a6
�

x

(amc0)2�j5(x, t)j5(0, 0)�Gn =
�

t

(t/a)n G(t) :		n-th	order	with	

PerturbaEon	theory	in	MS	scheme	
	
																																																		,														known	up	to	4-loop	(							)	Gn =

gn(�s(µ), µ/mc)
amn�4

c (µ)
gn �3

s

Reduced	moments:	useful	to	cancel	la#ce	arEfacts	
	
																																																	,						with	moments	of	free	correlators:		Rn =

�
Gn

G(0)
n

�1/(n�4)

G(0)
n

Rn =
�

r4 (n = 4)
rn ·

�
mlat

c /mc(µ)
�

(n � 6) ,

La#ce		
in	conEnuum	 PerturbaEon	

rn = 1 +
3�

j=1

rnj(µ,mc)�j
s(µ)

Numerical	numbers		
at	µ = mc (Nf = 4)	

Effects	of	charm	loops:	0.7%	for	R4	esEmated	in	perturbaEon	theory		PRD78,	054513	
																																																																							correct	la#ce	R4	in	our	2+1	flavor	simulaEons	



	

ü  data	well	extrapolated	by		
                            a2	and	a2+a4 fits	

ü  discreEzaEon	in	HISQ:		�sa
2

Several	fits	with	
	boosted	coupling	
	
	
	
uncertainty	due	to	
conEnuum	extrap.	
	
	

				c.f.)	R4=1.281(5) HPQCD’08
              R4=1.282(4) HPQCD’10

�b
s(1/a) =

1
4�

g2
0

u4
0

R4 = 1.2743(40)(40)
From	
			we	obtain	coupling	constant:	
	
									
																																																																																	in	the	lowest	energy	scale	so	far	

“trun.”:	truncaEon	errors	coming	from								terms	

�s(µ = mc, nf = 3) = 0.3697(54)stat.(50)cont.(15)trun.

�4
s

R4 = r4(�s;µ = mc)



	

ü  Linear-like	behavior	
ü  uncertainty	due	to	conEnuum	extrap.	

			no	significant		
										dependence	

From	

		we	obtain	charm	quark	mass:	

mc(µ = mc, nf = 3) = 1.2668(33)stat.(34)trun.(70)�s(73)scale GeV

mc(mc) =
r6(�s;µ = mc)

R6/mlat
c

R6

mlat
c

= 1.0191(27)



	

via	meson	masses:	
via	moments:	�s(µ = mc, nf = 3) = 0.3945(75) , mc(µ = mc, nf = 3) = 1.267(11) GeV

mc/ms = 11.877(91) , mb/mc = 4.528(57)

evolving	with	4-loops	PT	in	MS	scheme:	
																																																				RunDeC	package	

�s(MZ , nf = 5) = 0.11622(75)
ms(µ = 2GeV, nf = 3) = 92.0(1.5) MeV
mb(µ = mb, nf = 5) = 4.184(83) GeV

arXiv:1606.08798 
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ü  Quark	mass	raEo:	no	significant	deviaEons	
																																								slight	deviaEon?		mc/ms(Nf = 4) <� mc/ms(Nf = 3)

mc/ms
mb/mc



	

ü  Values	similar	to	“Bazavov’14”	
	same	gauge	configuraEons	
											“Bazavov’14”:	staEc	qq	energy		PRD90,	074038	
																	our	study:	moments	
															consistency	in	different	approaches	

 0.116  0.118  0.12

αs(MZ)

Nf = 2 + 1

Nf = 2 + 1 + 1
HPQCD’15

ETMC’14

our study

JLQCD’16

Bazavov’14

HPQCD’10

�s(MZ)

Our	study	
2+1	flavor	+	c-loop	

Tree	level	imp.	gauge	
r1	scale	

	
direct	extrap.	of	R4	and	R6

a�1 <� 4.98 GeV

HPQCD	
2+1+1	flavor	

1-loop	tadpole	imp.	gauge	
w0	scale	

	
Bayesian	fit	of	R4, 6, 8, 10		

										~90 data	by	~10 param.	

a�1 <� 3.33 GeV

PRD91,	054508	

ü  DeviaEon	from	HPQCD	(~1.7%)

														both	using	HISQ	and	moments

arXiv:1606.08798 

higher	moments:	enable	cross	checks	
																																crucial	uncertainEes	due	to	finite	volume	in	our	study,		
																																																																as	well	as	perturbaEve	truncaEon	

Further	invesEgaEon:	higher	moments,	different	scale,	different	approach,	etc...	



	



Unmixed									eta	ss̄

M�ss̄ =
�

2M2
K �M2

�

Assign	errors	for	EM	effects	and	absence	of	disconnected	diagram	
M2

� = M2
�0

M2
K =

1
2
(M2

K0 + M2
K+ � (1 + �E)(M2

�+ �M2
�0))

M�ss̄ = 686.00(92) MeV (�E = 0–2)
Aubin	et	al	(MILC),	PRD	70	(2004)	114501	

c.f.)	HPQCD:	0.6858(38)(12),	0.6885(22)	GeV		



M̄ =
1
4

�
3MJ/� + M�c

�
Spin	averaged	mass	 Experiments:	

M̄ = 3.067(3) GeV
uncertainEes:		
neglecEng	disconnected	and	EM	Quark	mass	

M̄ = d + b mc

Precise	determinaEon	of	mc	within	0.4--0.7%	uncertainEes	

Charmonium	correlators	with	wall	sources	

	



MPS =2.982(12) GeV
MV =3.095(12) GeV

Charmonium	states	in	conEnuum	 experiments:	
M�c =2.9836(6) GeV

MJ/� =3.09692(1) GeV

Hyperfine	spli#ng	

MV �MPS

= 113.5(18)(7) MeV

Experiments:	

MJ/� �M�c

= 113.3(6) MeV

	



Heavy	quark	mass	

Heavier	masses	(										)	up	to	bocom	quarks:	difficult	

adjusEng	:		

InterpolaEon:																																								at	highest	beta	

ExtrapolaEon:	necessary	for	other	beta	->	systemaEc	errors	

0.7 � amh � 0.9

amb > 1.0 > amhamh

mb/mc, pseudoscalr

M�b = 9.398(3) GeV, M� = 9.4603(3) GeV
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Moments	in	Nf=3	

Rn =
�

r4 (n = 4)
rn ·

�
mlat

c /mc(µ)
�

(n � 6) ,

La#ce		
in	conEnuum	 PerturbaEon	

rn = 1 +
3�

j=1

rnj(µ,mc)�j
s(µ)

Numerical	numbers		
at	µ = mc (Nf = 3)	
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APPENDIX A: n

f

= 3 CASES

In this study we perform the lattice simulations on the configurations with 2+1 dynamical flavors and to compare the results

with n

f

= 4 flavor perturbation theory we increase 0.7% and 0.1% to R4 and R6 results as the charm loop contributions. On the

other hand, the perturbative coe�cients of r

ni

for n

f

= 3 cases are also known. In this appendix we calculate R4 and R6 without

such a increase and estimate ↵
s

(m
c

) and m

c

(m
c

) by comparing the results with n

f

= 3 perturbation theory.

We show results of R4, R6/mc0 and R6/R8 in Fig. ?? with the continuum extrapolations which are slightly changed from Fig. 8

and ??. Of course, the results of R8 and R10 does not change. Comparing those extrapolated results with perturbative results of

r

n

= 1 +
3X

i=1

r

ni

↵i

s

we obtain

a

2
a

4 + a

2 from
↵

s

(m
c

) = 0.3638(54)(28) 0.3715(72)(31) R4,

↵
s

(m
c

) = 0.4010(74)(248) 0.3903(107)(217) R6/R8,

↵
s

(m
c

) = 0.3645(34)(176) 0.3513(74)(149) R8/R10,

a

2
a

4 + a

2 from
m

c

(m
c

) = 1.2690(80) 1.268(10) R6/mc0,

m

c

(m
c

) = 1.2745(91) 1.272(12) R8/mc0,

m

c

(m
c

) = 1.2744(83) 1.270(11) R10/mc0.

(A1)

For the ↵
s

(m
c

) obtained from R4 with a

2 + a

4 fits we have obtained from n

f

= 4 results as ↵
s

(m
c

) = 0.3773(72)(16), and find

that the results of n

f

= 3 becomes 1.5% smaller, but both agree within the errors. For the charm mass from R6/mc0 and a

2 + a

4

fits we have m

c

(m
c

) = 1.273(10) from n

f

= 4 results, and the current results becomes 0.4% smaller, but both also agree within

the errors.
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FIG. 11: The same with Figs. 8 and ?? but without the charm loop contributions.

Raw	R4	in	our	2+1	flavor	calc.	

R4 = 1.2654(39)

From		R4 = r4(�s;µ = mc, nf = 3)

�s(mc) = 0.3638(54)(28) : a2

�s(mc) = 0.3715(72)(31) : a2 + a4

c.f.)	2+1+c-loop	flavor	with	Nf=4	PT	
�s(mc) = 0.3697(54)(15) : a2

�s(mc) = 0.3773(72)(16) : a2 + a4
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Comparison	of	mc(mc)	


