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Introduction

Fundamental parameters of QCD: coupling constant & quark masses
Qs My, Mg, Mg, Mc, Mp, Mt

Determination: most elemental quest in the lattice QCD simulations

............. from PDG
The lattice provides certain results? HPQCD wison loops) e
HPQCD (c-c correlators) |-.|-|
‘ ...not enough Maltmann (wilson loops) |—.—| QT
JLQCD (Adler functions) - :|.|-
PACS-CS (vac. pol. fctns.) —= F\.
not all error sources under control  e1m grostgiuonverten 11 | b—o—i M

BBGPSV (static eneray)
> Further study: necessary T

041 0.115 0142 0.125 0.13
Low energy scale: important 5

oL (M2)

e.g. applications to QCD thermodynamics S

Lattice results (Eos, etc.) vs. weak coupling predictions
at typical scale ~ 7T < 1.0 GeV



[Fatticelsimulations

HotQCD gauge configurations

- —
PRDI0 (2014) 094503 b Lattice = TU* a” [GeV]

6.740 48% 8K 1.81

v Highly Improved Staggered Quarks 6.880 484 K 207
. 7.030 484 10K 2.39

v’ Tree-level improved gluons J1R0 485 w64 K B
v' (2+1)-flavor QCD 7.280 483 x 64 8K 3.01
» Strange quark m.: physical 7.373 48° x64 9K 3.28

S’ 7.596 64* 9.5K 4.00

» Light quark: m=m_/20 7.825 64 9.5K 4.89

*molecular dynamic time units
» Charm quark: valence

> Scale: 1] = 0 3106(18) fm (c.f. covers at T=150--400 MeV on Nt=12)

via pion decay constant

Our approach
1. Tuning the charm mass via meson correlators with wall sources

» Mme/ms, mp/me
2. Measuring the moments via meson correlators with point sources

p as(me), me(me)




OQuarkimassesifromimeson masses

Quark masses on the lattice “ Meson masses in experiments

Unmixed SS eta Ground state charmonia Bottomonium
— 1
M,,, = \/2M% — M2 M = 7 (3M,y + M,,) M,

Tuning quark masses

M? = Bm, M=d+bm, M, = d" +b"m,,
(Mme < mp S Mp)

Experimental values from PDG
M, = 686.00(92) MeV M = 3.067(3) GeV M,, = 9.398(3) GeV

PRD70, 114501 PRD83, 074504
uncertainties: absence of EM effects and disconnected diagram

v v v

. lat
Determination M. Determine 71, ] Estimate my>!
done by HotQCD within 0.4--0.7% errors partly using extrapolation
» hyper-fine splitting from amp < 1.0 to myp

reproduced in continuum



OQuarkimassesiratios

Scheme and scale independent: M2 /m™®* = m, /m,

12.6 o
Me /Mg
124 |
a2+a4
122 | m/m, = 11.877(56)
2Ny = 0.54
12 |
1.8 I
a*, m/m, = 11.863(89)
2
11.6 | X /Ngr=101 o [GeV?]

0 005 01 015 02 025 03 035 04

v a? and a?+a* fits well done

and show similar results

% = 11.877(56)51:&’0.(69)7“1(15)7785

ms

Mo 11.877(91)

ms

(12)57

46 |
my /M
455 | 1
45 |
2 I
445 4
my/m, = 4.528(50)
® Ny = 0.43
44 | | | a* [GeV™?] |
0 0.05 0.1 0.15 0.2

v" only four finest 8 points
v’ systematic error due to
extrapolation to Mnb: gray shadow

% = 4.528(50)Stat.(26)r1 <O4)H(OQ>M%
T 4.528(57)
me



Pioneered by HPQCD and Karlsruhe groups:
G, = Z(t/a)n G(t): n-th order with G(t) = a° Z(amco)Q(jg,(x, t)j5(0,0))

t x

Perturbation theory in MS scheme

G, = gn(o‘s(n )4 p/me) , Jn known up to 4-loop (04:2 )
ame ™ (1)

Reduced moments: useful to cancel lattice artifacts

ao\ V(=)
R, = ( “ ) ,  with moments of free correlators: G,(,L())

Gy
(n=4) 3
T4 n — _ J
R — o n ,LL,’I?’LC Qg :u)
" { rn - (M@ /me(p))  (n>6) 7 z:: !
Lattice Numerical numbers
in continuum  Perturbation at u=m, (N¢=4)

o

Effects of charm loops: 0.7% for R, estimated in perturbation theory pro7s, 054513
) correct lattice R4 in our 2+1 flavor simulations



1.3

4 thiMomentsfand!coupling constant

a*+a’ Ry —e— v’ data well extrapolated by
2
X /Ndf= 020 . . . . 2
1.25 | v’ discretization in HISQ: Q5a
. . —e— a2
Several fits with
boosted couplin b 2
121 o PINE 1 +—e— oba
R, = 1.2743(40 ob(1/a) = %
51— . ( ) dm Ug '_._'clz+a4
LIS ¢ a’ [GeV uncertainty due to —— Ocsaz+a4
' | | | continuum extrap.
0 0.1 0.2 0.3 04 L e ch(a2+a4)
4

Ry = 1.2743(40)(40) —

c.f.) R,=1.281(5) HPQCD'08
R,=1.282(4) HPQCD'10

1.I28
From Ry = ry(as; b = my)
we obtain coupling constant:

g (,LL = My, Ny = 3) — 03697(54)8’5&’5.(50)001&1:.(15)trun.
in the lowest energy scale so far

: : 4
“trun.”: truncation errors coming from ¢ terms



Momentsjandicharm quark mass

1.03

Rg/m o —o— v’ Linear-like behavior
1.02 | v’ uncertainty due to continuum extrap.
no significant o
LOL dependence -
o O a
1y 2 4
I @ i
R¢/m o = 1.0191(27) R @ +a
2
0.99 X MNar =009 ] ml:at = ® | Otls,)az+a4
| CI6VA ] 1.0191(27 e
' | | | T ( ) —&— O (a+a)
0 0.1 0.2 0.3 0.4 Re/mg |
1.01 1.02 1.03

TG(as; M = mc)
RG/mlcat

From m¢(m.) =

we obtain charm quark mass:

me(pt = me,ng = 3) = 1.2668(33)stat. (34)trun. (70) o, (73)scale GeV



arXiv:1606.08798

via meson masses: m./ms = 11.877(91), my/m. = 4.528(57)
via moments: as(p=me,ny =3) =0.3945(75), m.(u =me,ny =3) =1.267(11) GeV
as(Mz,ns =5) = 0.11622(75)
evolving with 4-loops PT in MS scheme:{ my(p = 2GeV,ny = 3) = 92.0(1.5) MeV
RnDECPACEE | (1 = mp, ny = 5) = 4.184(83) GeV



arXiv:1606.08798

via meson masses: m./ms = 11.877(91), my/m. = 4.528(57)
via moments: as(p = Me, N = 3) =0.3945(75), m.(p = Me, N = 3) =1.267(11) GeV
as(Mz,ns =5) = 0.11622(75)
evolving with 4-loops PT in MS scheme:{ my(p = 2GeV,ny = 3) = 92.0(1.5) MeV
RnDECPACCEE | (1 = mp, ny = 5) = 4.184(83) GeV

Me /Mg
Np=2+1+1  w  HPQCD’15 - mb/mc
Ne=2+1+1
—a— ETMC’16
W MILC 14
] ETMC’ 14 ] HPQCD’ 15
Np=2+1 H  our study _N;‘=_211 ___________
—e— our study
. i xQCD’15
HPQCD’10
s mb/m
11’1C/rnS e+ HPQCD’10 . C. | |
105 11 115 12 125 43 44 45 4.6

v" Quark mass ratio: no significant deviations
slight deviation? m./ms(Ny =4) S me/ms(Ny = 3)
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v" Values similar to “Bazavov’'14”
. . g (MZ)
same gauge configurations N=2+1+1
“Bazavov’14”: static gg energy PrD90, 074038 — HPQCD’15
our study: moments
: - ETMC’'14 =
P consistency in different approaches [
Ne=2+1
v" Deviation from HPQCD (~1.7%) —e—i our study
both using HISQ and moments
° 1JLQCD’16
Our study HPQCD PrD91, 054508
2+1 flavor + c-loop 2+1+1 flavor D , Bazavov’ 14
Tree level imp. gauge  1-loop tadpole imp. gauge
ry scale w, scale —e—i| HPQCD’ 10
o.M
a1 $4.98 GeV a1 <3.33 GeV S(- 2) - -
direct extrap. of R, and Ry Bayesian fitof R, ¢ g 19 0.116  0.118  0.12

~90 data by ~10 param.
y P

higher moments: enable cross checks
crucial uncertainties due to finite volume in our study,
as well as perturbative truncation

Further investigation: higher moments, different scale, different approach, etc...
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Unmixed SS eta

Mns§ — \/2Mf2< N M’i%

Assign errors for EM effects and absence of disconnected diagram

M? = MZ2,
1
My = 5(M12<0 + Mpr — (1+ Ap) (M2 — M2))

M, . = 686.00(92) MeV (Ap = 0-2)
Aubin et al (MILC), PRD 70 (2004) 114501

c.f.) HPQCD: 0.6858(38)(12), 0.6885(22) GeV



Mesontmassesito/quarkimasses

Charmonium correlators with wall sources
Spin averaged mass

Experiments:

_ 1 B
M =7 (38Myyy + My.) M =3.067(3) GeV
uncertainties:
Quark mass neglecting disconnected and EM
M=d+ bm,
— | ' ' ‘ ' ‘ L1 tuned '
[GeV] 7.825 <9[37.150|I| mc [GGV] —
3.00 | 7596 ¥ 7.030 | 1.05 ¢

7373 A 63880
7280 © 6.740 ¥

3.08 |

2
a +a

P 095 | m_ = 0.8353(49) [GeV]

Mex / / / | 1
- ® /Ny = 0.86
f/ / / | 05 | : |
m,, = 0.8326(65) [GeV]
/ / / ' 0.85 | XNy =023 '
T mgmy a’ [GeV~]
6 108 11

4
3.07

3.06 ¢

3.05

3.04
10

0.8 - ' ' ' -
112 114 116 118 12 0 01 02 03 04 05

Precise determination of mc within 0.4--0.7% uncertainties




Charmonium states in continuum
Mpg =2.982(12) GeV
My =3.095(12) GeV

Hvperfine splitting

My — Mps
— 113.5(18)(7) MeV

Experiments:
My — My,
= 113.3(6) MeV

120

115 ¢

110 |

105 |

100

experiments:

M, =2.9836(6) GeV
M =3.09692(1) GeV

[MeV) My -~ Mpg —o—
a* +a experiments —+—
AM = 113.5(18)
XNy =0.57
1
2
a
AM = 113.0(18)
XNy = 1.10
| | | | | a2 [GeV 7]
0 01 02 03 04 05



Heavier masses (@171y,) up to bottom quarks: difficult a1y > 1.0 > amy,

adjusting : My, = 9.398(3) GeV, M~y = 9.4603(3) GeV

Interpolation: 0.7 < amy, < 0.9 at highest beta

Extrapolation: necessary for other beta -> systematic errors

12

11 ¢
10 ¢

L 7.280

A~ UL O 9 o0 O

Mﬂh [GeV]

p
7825 —o— My
| 7596

7.373

amy,

04 05 06 07 08 09 1 11 12 13 14

461 my /m., pseudoscalr
4.55 |
45 |

445 ¢

44 |

2
a

my/m, = 4.528(50)
2Ny = 0.43

a* [GeV™]

0 0.05 0.1 0.15

0.2



Moments in Nf=3

3
T4 (n=14) . 1
Rn — a o n M?mc Qg )
{ rnc (M /me(p))  (n=6) EZ: ”
Lattice Numerical numbers
in continuum  Perturbation at u=m_, (N¢=3)
13 .
R, —e&—
Raw R, in our 2+1 flavor calc. R, =1.2710(52)
XN = 0.20
1.25 |
R4 = 1.2654(39)
From Ry = ra(as; o = me,ny = 3) L
R, = 1.2654(39)
as(me) = 0.3638(54)(28) : a’ XN = 0.06
as(me) = 0.3715(72)(31) : a2 +a* "L 2 [GeV?]

0 01 02 03 04 05 06
c.f.) 2+1+c-loop flavor with Nf=4 PT

as(me) = 0.3697(54)(15) : a?
as(me) = 0.3773(72)(16) : a? + a*



Comparison of mc(mc)

Ne=2+1+1

mc(mc) |

HPQCD’15

IETMC’ 14

our stury
JLQCD’16
YQCD’15

HPQCD’10

ETMC’10

1.2 1.25 1.3 1.35




