On the loop formula for the fermionic determinant
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Introduction and a simple example

| 1. Introduction |

We discuss here a formula which represents the lat-
tice fermionic determinant (a large order polyno-
mial) as an infinite product of determinants of a
smaller, fixed dimension. The formula is based on
the loop expansion |1] and has been used for HD-
QCD [2]. Tt provides a systematic approximation
to QCD, can however lead to missinterpretations.
We rederive here this formula explcitly and discuss
its features in detail.

2. A simple example

We consider

det (1 — k(X +Y)) = e TIn(I=kX+Y)) )

The traces distinguish between the strings X XYY

and XY XY say, but identify cyclic permutation,
such as X XYY and XYY X.
Expanding the exponent in (1) we obtain:

— ktr(X +Y) — %thr(XQ +2XY +Y?) — ...
ik%f(x‘* FAXYY 42 XY)? +4X°Y? + )
—ktrX — %thrXQ — %kgtrXS...
ke XY — %k4tr(XY)2... (2)

with further regrouping of the terms observing the
order in which the monomials are formed in the
products (X +Y)(X +Y)(X +Y)....

We immediately see that resumming the terms
which are powers of a lowest order monomial (what
we call “s-resummation”) we get the In series.

After exponentiation we thus obtain

det (1 — k(X +Y)) (3)
— det(1 — kX) det(1 — kY ) det(1 — E°XY)
det(l — k5 X?Y) det(1 — 2 XY?)...

To simplity the further discussion we shall consider
X = x and Y = y just complex numbers. The
formula holds just as well:

In(1 — k(z +y) (4)
= In(1 — kz) + In(1 — ky) + In(1 — k*zy)...
1 —k(z+y) = (1 —kz)(1 — ky)(1 — k*zy)
(1 — E2%y)(1 — Eay?)... (5)

On the LHS we have a polynomial in k£ while on the

RHS we have an infinite product. Since the deriva-
tion is formally correct it is clear that the validity
of Eqgs. (3),(5) implies cancelations between infinite
series which calls for convergence arguments.

The LHS in Eq. (5) has just one zero at k = x_jlty

while the RHS appears to have an infinite series of

zeroes at k= 1/x,1/y, 1/\/5’j o FOr B < W}r\y\

convergence is ensured. The formula provides a se-
ries of approximations of the LHS, so, e.g. cutting
after the 3-d order factor and expanding the prod-
uct gives 1 — kx — ky+ O(k*), correct to this order.
What we did was to apparently replace the one log
cut on LHS in (4) by a superposition of log cuts on
the RHS, correspondingly the one zero of the LHS
in (5) by a superposition of zeroes on the RHS.
The RHS zeroes (cuts) are not approximations of
the LHS ones, but truncations of the product give
approximations to the LHS which may be very good
in the convergence domain (see also sect. 8).

Applications

5. HD-QCD |

For QCD at chemical potential p > 0 the coefhi-
cients of primary loops of length [ with positive net
winding number 7 > 0 in the time direction are

ge, = K¢, lp=1—rN->0, (17)

d=2,4, ¢ = F1 for (a.)p.b.c.. Since ¢ and k play
different roles we order the contributions after [,.
HD-QCD in leading order ensues in the limit [3]

k— 0, p — 00, ¢ = ket : fixed (18)

(LO, Iy = 0). It describes gluon dynamics with
static quarks. Only the straight Polyakov loops
P in Eq. (10) survive. With I, = 2 we retrieve
Polyakov loops with one decoration, P, and the
quarks have some mobility - [2]. The corresponding
contributions are of the form Eq. (14), with

d
Cp=C = €<§<>NT, Cp=0Cr = k°C", (19)

respectively. The decoration can be inserted any-
where along the Polyakov loop and have any length.
There are therefore 2(d — 1)N-(N; — 1) primary
decorated loops of length [ = N, + 2. However, we
can attach to each of them any number » > 1 of
straight Polyakov loops while still at order K2

We obtain to this order (up to a constant factor)

det W = T](1 + aTrPz + bTrP; ) (20)

7
5 5—1
< [TT]0+aTP,, 7+ by TeP, o), (21)
q r>1

a=C1+C% L b=aC, (22)
Ay = Cr(l T C?)_la br = arCy (23)

Here ¢ identifies the 2(d — 1)N-(NN; — 1) short-
est decorated Polyakov loops. The second factor
in Eq. (21), however, is an infinite product. For
x small enough to ensure convergence we can cut
the product, e.g. at r = 1, this was done in |2]
for a reweighting simulation to produce the phase
diagram of QQCD with 3 flavours of heavy quarks.

6. Complex Langevin Simulation |

The CL process associated to a partition function
Z with complex measure proceeds in the manifold
of a complex variable z and involves a drift force K
as the logarithmic derivative of the measure

dz(t) = K(2)dt + w(z, 1), (24)

p'(2)

K(z) = 0z) Z = /dz p(z), (25)
with w an appropriately normalized random noise.
A CL process to simulate QCD at nonzero i takes
place in the complexified space of the link variables
U e SL(3,C) [4], [5]. The drift incorporates the
logarithmic derivative of the determinant and needs
the evaluation of the inverse of W, Eq. (6) which
is a large matrix of rang Ngl_lNTch.

Using the loop formula Eq. (10) we have

Oy, detp ¢ (][ — go. Lc )
K _ A ; A A
(U)\) {CZ)\} detch (][ _ gckﬁck) (26)

where the sum involves all loops £y which con-
tain the link Uy and the terms are easily calcula-
ble. There are of course infinitely many such loops
and they may also contain powers of Uy, a simula-
tion on these lines can only be achieved if we can
meaningfully limit the number of terms in Eq. (26).

The loop formula

| 3. Definitions |

Wilson’s fermionic matrix in d = 2, 4, u > 0 is
W =1-kr@Q (6)
d—1

—K Z (F+,,; U;T; +1'_; TZ-_1 Uz-_l)
1=1
K (e” [qUqTq+e #T_qT;! U;l)

Tiy =Tk, v =75, 75 =1, ttT4, = d (7)

(T": lattice translations, U, € SL(3,C'): links).
4. The loop formula |

The loop expansion and formula for DetWW are

Det W = Det(I — kQ) = o 1T In(1-+Q) (8)

90
= o =YD Ftp o L3 [9)

©.0

H det (][ — gcﬁc) : (10)
[=1 {CZ}D’C -

.
qc, k! (eeNd“) ,

Here C; are distinguishable, non-exactly-self-
repeating lattice closed paths of length [: primary
paths. r is the net winding number of the path in
the time direction (d), with p.b.c. or a.p.b.c. and
e = +1(—1) correspondingly ( p.b.c. in the ‘spa-
tial” directions). Det, Tr imply Lattice, Dirac, and
colour d.o.t., L¢, is the chain of links and I" factors
along a primary path (a primary loop), closing un-
der the trace after s repeted coverings of the path
C;. From Eq. (9) to (10) we use “s-resummation”.

() implies unit steps on the lattice and ()" generates
a (closed) path of length n, with the weight % This
can be the s repetion of a closed path of length
[, called a primary path. The primary path can
start cyclically at each of its points, has therefore
multiplicity [, its repetitions do not bring different
paths. (NB: Pauli’s principle was used to obtain
the determinant, after that it’s matrix algebra.)
The colour and Dirac traces close over the whole
chain of length [s, the s power of the primary loop
Lc Eq. (11) and do not depend on the starting
point of the latter. Their contribution comes there-
fore with the weight LS = % and the factor g, com-
ing from the links - see Eq. (9). We recognize here
the logarithm series, and partial summations over
s and exponentiation lead to Eq. (10).

The loops in Eq. (11) can be rewritten as

Le, =TeUe, Te,= ] Th U = ] U (12)
AEC, AEC;
trp,cLe, = trple, treUp, = il trUG

since the Dirac and colour traces factorise. The
Dirac factors trpl'e, can be calculated for each C;
geometrically [1] or numerically.

For linear and planar loops we have moreover |1]

2 < 2 > <
Etr |:Fcli| = atrrcl = hcl (13)
which simplifies the contributions of these loops to

= (14 C3)(1 +atrlUg, + btrlU; ), (15)

Ce,
(1+C3)

Ce, = gchey, a = , b= aCg, (16)

Examples and discussion

7. Two more simple examples |

For illustration we present here 2 simple examples:
a 1-d a.p.b.c. chain and a 2 x 2 lattice with a.p.b.c.
in the one and free b.c. in the other direction, for
the general case (left) and in maximal gauge (right).
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The chain has only one primary loop P = Uj U9
and the loop formula reproduces the exact det W

det W =1 +4¢%P + 4x*¢ 2P~ 1+ 165 (27)

In the second example there are 12 primary loops
of length [ < 6, listed here with their weights: L, :
UUs, ViVa(4€eC?), Lyy - SIVIS; U, SoVaST UL (—4kY),
Lsg = S1ViSy'Us,  SoVaS{'U (4eC?K2), Ly 1o
S1VIVoV1 Syt Uy, SoVaSTULUSUY, S1ViVa VL Sy HUs,

SoVaViVaST U, S1ViVaSy U Uy, SoVoVi Sy tUs UL (—16¢4K2).

The loop formula keeping only the loops of length
up to 6 gives to 2-nd order in x (in maximal gauge)
DON1,2) =1 — 4ec®(U + V) + 16¢*U V (28)
DR(3—6) = —4e®)A(VX +U XY (29
D7 —12) =1 - 16k%¢C*QUV + XV U

+X UV + XU+ X V?) (30)

and we obtain the determinant to order k2 includ-

ing all loops up to length 6, in complete agreement
with the exact determinant to this order

det W26 = 1 — 4ec2(U + V) + 16¢*'U V
e’V X +UX Y = 320820V (31)

| 8. Discussion |

As appealing as the loop formula appears its use is
involved. The formula does not allow an interpre-
tation as “linear factors” decomposition, but pro-
vides a systematic approximation in x approaching
the true determinant in the convergence domain.
Fixing the parameters we may enquire which is the
variable’s manifold on which the determinant van-
ishes. For the example in sect. 2 we find the zeroes
of the factors always lying above the exact one (the
diagonal of the square) with the lowest order ones
(the straight lines) nearest to it. The first 3 factors
give 1 — k(z+y)+K>zy(z+vy), a 3-d order approxi-
mation whose error increases drastically beyond the
true zero at  + y = 1/k (unit in the figure is %)
The usetulness of the loop formula relies therefore
on 1ts correct interpretation.
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