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Feynman-Hellman T heorem

The Feynman-Hellman Theorem (FHT) relates matrix elements to
(variations in) the spectrum

oOF,,

O\

The FHT Is often used to determine the scalar quark matrix elements

In the nucleon (needed to interpret direct dark matter detection) both
with Chiral Perturbation Theory and direct lattice QCD calculations

= (n|Hx|n)

8mN

m
q
8mq mq:mrq)hy

— <N‘mquI|N>

More recently, by A. Chambers et.al. to study spin structure of the
nucleon PRD90 (2014) [1405.3019]
and in the next talk - we’ll here about advances they made

I'll present an improved method of computing hadronic matrix
elements based on the FHT



Feynman-Hellman I heorem and Matrix Elements: A. Walker-Loud

Consider a two point correlation function in the presence of some source

Cr(t) = AOMOT(0)[A) A) = Avacuum
— - [ eSS 0o Q) = lim |A)

Sy = )\/d4xj(a:)
j(x) = some bi-linear current density

e.g. A\j(x) = q(x)myq(z)
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We can differentiate the correlator with respect to A

0Cy  Or\Z) 1 _s_sA/ 4 s ;
A C\(t) Z/\/DCDQ d*z'j(x") O(t)O'(0)

The first term is proportional to a vacuum matrix element and the
second contains the matrix element we are interested in. We are
really interested in the linear-response

G| - —aw [avaiem

/ 4t (QUT{O().1() 01 (0)}]9)

J(t) = /d?’x 7(t, x)
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Let us focus on the second term:
/dt’(Q\T{O(t)J( 0)}Q) = / dt'(QJ (O (t)OT(0)|Q)
t

dt’ (Q|O)J (O (0)|Q)

(+ disconnected pieces)

The middle contribution is the matrix element of interest, summed
over all time slices between the src (0) and sank (t) operators. The
other two terms we do not want, but must understand.
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The FHT relates matrix elements to the spectrum. Can we find
something similar in QFT?

Let us try the first obvious thing, take a derivative of the effective
mass:

mef (t,7) = = In (CO(t) ) s Ln(emor)

T (t+ 7)) t—oo T

oms! (t,7)
O\

C(t+ 1) C'(t)

1 [—a,\cu(tw) —8,\CA(t)]
N

B 0C (t)

NOTE: even for currents with non- >

vanishing vacuum matrix elements,
this contribution exactly cancels in + [aririomsw)ot o)
this quantity

NG / a2 (Qj(z')|0)

A=0
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We are then left with the following

o R+ = RO

eff(t
A=0 T

(%\m)\

J dt'(O[T{O()J (t')O(0)}]0)
C(1)

To understand this quantity, we begin by inserting complete set’s of
states where appropriate

R(t) =

C(t) = (Q|0(t)0'(0)[)

Ht Ht‘n><n|
= E Qe O(0 O1(0)]62)
280, Zn = (Q|O]n)

=377 Z1 = (n|O"0)
~ 2F,
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The numerator term we can separate into the three regions:
t' <0, 0<t'<¢t, t<t
| 1 1]

The middle region, I, is the region we are interested in, where we
have the matrix element of interest. The other two regions will
contribute to systematics that must be controlled.

N (1) = / dt (QIT{O®) T ()01 (0)|Q)

N(t) = Ni(t) + Nir(t) + Nir(t)
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t

N (t) =) (QI0@)J(t")0T(0)[2)

t'=0

ZOZT /
B ;\ ;\ 4E E n|J|m> Ente_(Em_En)t

=0 n,m

ZOZ]L
_ y‘ [Sj Lt nlm)e

n

AYAR o :
+ g 1B E. (n|J|m)e €

n#Em

The first term we are interested is independent of t’, and becomes

enhanced ZOZT
—FE,t
(t+1) 3 Sl n)e

n
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t

N (t) =) (QI0@)J(t")0T(0)[2)

t'=0

ZOZT /
_ ;\ ;\ 4E E n|J|m> Ente_(Em_En)t

=0 n,m

ZOZ]L
- Y | e

n

AYAR o :
+ g 1B E. (n|J|m)e €

n#Em

The t' dependence of the second term is contained entirely in the

exponenent
t 1 — e~ Amn(t+1)

—(Em—En)t _ €
E :6 — A
I — e 2mn

t'=0
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The contribution from the region of interest is then

nZh Bt
N[[(t):(t—l—l)z e " J,n

n

n Z ZOZ:n —Ent 1 — G_A
AE,E,, 1 — e~ Amn

NOTE: the contribution from ALL terms depends upon t AND the t
dependence of the excited states and transition matrix elements are
different from the t dependence of the ground state
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The contributions from regions | and |ll must have some symmetry.
The easiest way to evaluate these terms is to consider a shifted
coordinate system, and a symmetric correlation function about the
origin

1 A

— <t< —

2 2

—t/2—1 —

|; > (9[0t/2)0(=t/2)J(")|%)

t'=—T/2

T/2

;3 (QUIE)O@/2)0T (—t/2)0)

t'=t/2+1

It is straightforward to show this is equivalent to summing over just the
first lattice and none of it’s images
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'he sum to the matrix element from these two regions is

S A 0 | (AO(/2) ()01 (—t/2)[02)

ZoZ e Eot
2E¢
E 1 — e_EmJ(T/Q_t/Q) Z ZT ZTZ
_ —Anpnot 0 n~nm.j n“mgn
= e m.g|J|€2) + Q| J|m
H;J 2EnEmJ eEm; 1 ZOZS < J‘ | > ZOZS < ’ ’ J>
E,,, = (mesonic) states which couple to the current, J

(m.g|J[€2)
anj — <n\(9|mJ>

These terms are also not enhanced by t
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Putting it all together, we are left with a somewhat horrible looking
expression

1 J, 7,727 By Jon
R(t) = N {(t + 1) (2;0 4 Z 7; EO o eAnot)
1+ Zn>0 EO 70 ZT G_Anot 0 n>0 ZOZ() n n

Z ZnZ;[n EO G_Anot_AnTm — G_Amot_% Jnm
m#n Z()Zg \V EnE 6—|—__A2nm e Agzn 2 /EnEm

l—e
P T

i
Jm Q ZO 1+ Ze_AnOt EO Zn anJ
2F,,, ZT ~ E, Zy 71

O’ITLJ
+ JQmJ ZOmJ 1+ Z — Aot Ey Z;rz anJ
2Em n>0 En Z(J)r Zom,y

H/_/

Jmn = (m|J|n)

While this looks horrid, all the unknown guantities in this expression
are determined from the standard 2-point functions, except for the
matrix elements of interest,

Jnn Y Jmn
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Putting it all together, we are left with a somewhat horrible looking
expression

1 J, 7,727 By Jon
R(t) = N {(t + 1) (2;0 4 Z ? EO o eAnot)
1+ Zn>0 EO 70 ZT G_Anot 0 n>0 ZOZ() n n

Z ZnZ;[n EO G_Anot_AnTm — Q_Amot_% Jnm
m#n Z()Zg \V EnE 6—|—__A2nm e Agzn 2 /EnEm

l—e
P T

i
Jm Q ZO 1+ Ze_AnOt EO Zn anJ
2F,,, ZT ~ E, Zy 71

O’ITLJ
_l_ JQ’I’I’LJ ZOmJ 1 —|— Z _AnOt EO Z’I—‘:L anj
2EmJ 0 E, Z(J)r ZOmJ

Jmn = (m|J|n)
Recall: what we are interested in is the quantity

(‘9m/\ff(t, T) R(t+71)— R(t)

O\ A0 T
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Putting it all together, we are left with a somewhat horrible looking
expression

1 J, 7,727 By Jon
R(t) = Eo ZnZ) {(t +1) (2270 + Z ?EO 2k eAnOt)
1+ Zn>0 EO 70 ZT G_Anot 0 n>0 ZOZ() n n

— A, gt— 2nm A, ot— 2mn

Z ZTLZ?Tn, EO € 2 —e 2 Jnm
707} \EnEnm, et T _ g o 2v/Enp Er,

m=£n

l—e
P T

i
Jm Q ZO 1+ Ze_AnOt EO Zn anJ
2F,, ZT ~ E, Zy 71

myg Omy
+ JQmJ ZOmJ 1+ Z — Aot FEi Z;’Jrrz anJ
QEmJ E, ZO ZOmJ

n>0

The leading contribution from R(t +7) — R(?)
IS the ground state matrix T
element of interest. = =g

All other terms are suppressed and time-dependent. The time-
dependence is critical as it allows for the corrections to be controlled
systematically with a single calculation
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Recall the differentiation of the correlator with respect to A

= — | Dd
|\ z. C(t) + z. / e d*z'j(z")O(t)O'(0)

t/ s t/
N ey

Vacuum term:

of ==




Feynman-Hellman I heorem and Matrix Elements: A. Walker-Loud

Recall the differentiation of the correlator with respect to A

= — | Dd
|\ z. C(t) + z. / e d*z'j(z")O(t)O'(0)

What are these “Feynman-Hellman propagators™?

+
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Numerical Implementation:

@

the “Feynman-Hellman” propagator is given by

—SFH y, Zsyv ( )

S(z, ) standard quark propagator off some source at x, to all z

['(z)  some bi-linear operator (can be constant)
e.g., v4 for the vector current

['(2)S(z,x) treatlike a source to invert off of

NOTE: this is the same equation as appears in
de Divitiis, Petronzio, Tantalo, PLB718 (2012)
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Numerical Implementation:

I

|. Compute Feynman-Hellman propagator @ vwithcurrent ¢1' ¢

2. Add FH propagator to two-point function with all relevant combinatorics

6’m§ff(t,7) B 1 —aAC)\(t-FT) —(%\C)\(t)
O\ _[ Clt+7)  C(t)

3. Construct

A=0 T

4. Fit!
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Mt

ga(t=1)

Iest case: nucleon axial charge, LHPC comparison

there are old LHPC calculations of the nucleon axial charge with
moderate pion masses using DWF on asgtad MILC ensembles
the “regular”’ propagators were on disk at JLab, so we could simply

make the Feynman-Hellman propagators

1
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(the oscillations are from a large domain wall mass, My = 1.7 )




Feynman-Hellman I heorem and Matrix Elements: A. Walker-Loud

Test case: nucleon axial charge, Mobwus DWEF on HISQ
m, ~ 310 MeV

a~0.15fm  16° x 48(L5 = 12)

| |
R e e oo . L
A~ LB0F B e TP . b
— iy E il
195 ] o
H 1.20 g % % ! T
R RRCIREREEEE s-RRRREEEPEEEEE M- B
- ; | |
\?‘? LA R R e
0 L L0 [ S IR, D 99|
L e b & sP|
100 I I | I I
0 2 4 6 8 10
t

ga(my ~310,a ~ 0.15) = 1.232(10)

Nepg = 1960 Mobius DWF inverter in QUDA: achieves
Ngpe =6 ridiculous performance, about 1TFlop/box
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Mébius DWF on HISQ  16° x 48(Ls = 12) a ~ 0.15 fm mx ~ 310 MeV
ga(my ~ 310,a ~ 0.15) = 1.232(10)  N.f, = 1960 N,,. =6

1.3

1.2

1.1

— |3s5——F——————————— 115 :

° 1 L T T 1 - 1

[ Y ! 1 1245 T T 1 1125 I~ _|

o] ’ . : |

Lol 124 ] i ]

] 11k -

1 12354 I ]

I = ]

S -

. x .

- — 1.231 ]

! - 1.05F -

I 1 1225 i ]

17 1 i

- 1 122f 1.025 j
L 1 Y S -  —

2 10 8 10 12 14 16 2 10

fhtmin (fhtmax=12, twopt = [6, 12]) fhtmax (fhtmin=5, twopt = [6,12], nstates = 4)
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Mobius DWF on HISQ
ga(my ~310,a ~ 0.15) = 1.232(10)
2x (1x1) 2x(2x2) 2 X (3 x3)
14
131 ; | .
R ;
1.2 B
0+1, 0+2, 1+2
1.1 B
1 B
0.9 B
0.8 | B
- 0,1,2
0.7— [ S ) N R
0 2 4 6 8 10

basak combinations (tht = [5,10], twopt = [6,12], nstates = 4)

16° x 48(Ls = 12) a ~ 0.15 fm my ~ 310 MeV

chg = 1960 N,..=06

We find the 3 different local Basak

operators of the nucleon provide
significant improvement 1n the
uncertainty when fit together.
The main (all “upper” component
quarks) 1s most important for the
central value and the other two
Basak operators help control the
uncertainty.

The quarks are inverted from
Gaussian-smeared sources with
both smeared and point sinks.
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Mébius DWF on HISQ  16° x 48(Ls = 12) a ~ 0.15 fm mx ~ 310 MeV
Ga(mzy ~ 310,a ~ 0.15) = 1.232(10)  N.ry = 1960 N,,. =6

Correlation matrix

1.4

0+1, 0+2, 142

1.1 ,

0.8 .
0,1,2

w '
]
— L .‘ Es = f.
> 00/ 01(02| 10|11 12 20 l
0.7 C smeared smedred 2 point smeared 2 point |'| S| g A pnt smr gA
ERE—— — L d L —

basak combinations (ftht = [5,10], twopt = [6,12], nstates = 4)
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Mébius DWF on HISQ  16° x 48(Ls = 12) a ~ 0.15 fm mx ~ 310 MeV
Ga(mzy ~ 310,a ~ 0.15) = 1.232(10)  N.ry = 1960 N,,. =6

Correlation matrix

i

Ditficult to see: the gA matrix

g | . LY & L 7 ’ d
elements have the same anti- o orloz 10 1 u zo | 1]
. d smedred 2 jpoint| point smeared 2 point mr smr|gA pnt smr gA
correlations as the spectrum ]
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Mobius DWF on HISQ 16 x 48(Ls = 12) a ~ 0.15 fm mx ~ 310 MeV
ga(my ~ 310,a ~ 0.15) = 1.232(10)  N,s, = 1960
1.40 T
135 fe T . S | Bl :
1300 e e S S S A I |

11
: I :
: : il 1l
) I S % """"""" % """"""" | I | — "R I |
120 | R Do GO OO SO SRR S | S |

—
|

~— 115 R R EEEEEREE LR EEEEEEEEEEEEEEE R EEREEEE EEEEEEEEEEEE
D

MO emact g N N A E g ss)
105 | A Vg T B ey PRI P b osp|

1.00
0

1.40

1350 S e S T | B :
130 | B A s S % ------------- R .
1.25 5 . i 5 PR % ---------------------------- T -
120 | -eeeeemmee e e g ------------- . ---------------------------- T g

Lisbo R — T — R — — R

; ; ; ; [

LAO g R B S RISEIEIEI e R TR I dh SS|
sloppy __: ; | ; -

105 | Ngpe o =A8 RN R EITEIEI R R I b SP|

Lo | | | | l
0 2 4 § 8 10

ga(T = 1)
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Mobius DWF on Gradient-flowed HISQ

Mixed-Action LQCD with DW valence-fermions poses many good properties for
calculations 1nvolving static quantities (not multi-particle). e.g.:

e retains good chiral symmetry. Using gradient-flowed HISQ) cfgs allows us to
keep myes < 0.1 my for all ight quark masses including physical, with small to
moderate values of Lswith 1.0 < Mj5 < 1.3

 determination of Za 1s simple: use 5d ward-identity to get = and 4d axial

current to determine 1{z/Z.a

We are using this setup to compute pion-nucleon couplings from BSM CP-
violating quark chromo-EDM operators.

We can provide an independent determination of g4 addressing standard
systematics and an alternate, improved means to control excited state
contamination

al[fm] : my[MeV] 310 220 135
0.15 1.239(6) 1.230(25) -
gA 0.12 — - -
0.09 - - ?

0.06 ? ? NA
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This Feynman-Hellman Method

omS! (t, )
O\

C(t+ ) C'(t)

1 [—(9/\0,\(t+7) —O\C\ (1)

=0 T

IS very general. We use the FHT to determine the linear response
correlation function to compute.

It can be applied to any quark bi-linear operator for any hadronic
correlation function, including non-zero momentum transfer and flavor
changing interactions...

The big advantage is that for this quantity, the only time-independent
guantity is the ground state matrix element of interest. This allows for
much better systematic control of the excited state contributions,
allowing for a robust determination of the g.s. matrix elements.

The numerical cost is the same as one source-sink separation with
the sequential propagator method.



Feynman-Hellman I heorem and Matrix Elements: A. Walker-Loud

This Feynman-Hellman Method

omS! (t, )
O\

C(t+ ) C'(t)

1 [—a,\o,\(HT) —a,\c,\(t)]

=0 T

For disconnected diagrams, one begins the calculation as usual:
compute the disconnected quark loop. BUT THEN, sum this quark
loop over all time, and then multiply the standard two-point correlation

function by this number, cfg-by-cfg. This generates _ (9,\(],\(t)‘
A=0

For slightly more post processing: one can construct a further
improved correlation function by summing ONLY over 0 < t' <t and
then multiply the standard two-point function by this time-dependent
number. This removes the contamination from the “outer” time
regions.
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This Feynman-Hellman Method

omS! (t, ) 1 [=0CA(t+7)  —0rCA(t)
O\ [ Ct+7)  C(t) ]

=0 T

For disconnected diagrams, one begins the calculation as usual:
compute the disconnected quark loop. BUT THEN, sum this quark
loop over all time, and then multiply the standard two-point correlation
function by this number, cfg-by-cfg. This generates a/\CA(t)‘A_o

For further developments of new methods for nucleon structure
calculations - see talk by
Chia Cheng (Jason) Chang THUR 14:40 HADRON STRUCTURE






