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Canonical approach 
A.Hasenfratz , D.Toussaint (1992) 

 Both ensembles describe same thermodynamics 

 Relation between the partition functions ? 

energy 
particle 

system 
𝑻, 𝝁; 𝑽 

heat bath 

energy 

system 
𝑻;𝑵, 𝑽 

heat bath 

𝒁𝑮.𝑪. 𝝁   

  ≔  𝑬𝒊, 𝑵 𝒆− 𝑯 −𝝁𝑵 /𝑻 𝑬𝒊, 𝑵𝒊,𝑵  

𝒁𝒄𝒂𝒏. 𝑵   

  ≔  𝑬𝒊, 𝑵 𝒆−𝑯 /𝑻 𝑬𝒊, 𝑵𝒊  

 Fugacity expansion 
𝑍𝐺.𝐶. 𝜇 =  𝑍𝑐𝑎𝑛. 𝑁 𝜉𝑁 , 𝜉 = 𝑒

𝜇
𝑇

𝑁
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Canonical approach 

 Regard as Laurent series with respect to fugacity  

𝒁𝒄𝒂𝒏.(𝑻;𝑵, 𝑽) 𝒁𝑮.𝑪.(𝑻, 𝝁; 𝑽) 
Fugacity expansion 
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𝜇
𝑇
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 𝒁𝒄𝒂𝒏. is given by 
 Fourier transformation 
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Sign problem in canonical approach 

 𝒁𝑵 takes complex value 𝒁𝑵 = 𝒁𝑵 𝒆𝒊𝜽𝑵  
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contents 

• 𝑵𝑩 dependence 
• 𝜽𝑵 ∝ 𝑵  

•  𝑻   dependence 
• high temperature → stable 
• low temperature  → unstable 

• The origin of the phase 

• How to understand these behavior ? 



Numerical result of 𝑍𝑐𝑎𝑛.(𝑁) 
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• Iwasaki – gauge action 
• 2-flavor Wilson – clover action 
• 𝟖𝟑 × 𝟒 Lattice , 100 conf. 
• 𝑻𝑪 ∼ 𝟐𝟐𝟎𝐌𝐞𝐕 

 𝒁𝒄𝒂𝒏 𝑵𝑩  is stable 

−
𝒍𝒐
𝒈

𝒁
𝒄
𝒂
𝒏
𝑵
𝑩

 

Baryon number 𝑵𝑩 = 𝟑𝑵 



Numerical result of 𝑍𝑐𝑎𝑛.(𝑁) 
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 𝑻 = 𝟏. 𝟔𝟖 𝑻𝑪 
 𝒂𝒓𝒈(𝒁𝒄𝒂𝒏) is 

consistent with 𝟎 

𝒂
𝒓
𝒈
𝒁
𝒄
𝒂
𝒏
𝑵
𝑩

 

Baryon number 𝑵𝑩 



Numerical result of 𝑍𝑐𝑎𝑛.(𝑁) 
6/16 

 𝑻 = 𝟏. 𝟔𝟖 𝑻𝑪 
 𝒂𝒓𝒈(𝒁𝒄𝒂𝒏) is 

consistent with 𝟎 

𝒂
𝒓
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𝒁
𝒄
𝒂
𝒏
𝑵
𝑩

 

Baryon number 𝑵𝑩 

Baryon number 𝑵𝑩 

𝒂
𝒓
𝒈
𝒁
𝒄
𝒂
𝒏
𝑵
𝑩

 

 𝑻 = 𝟎. 𝟖𝟏𝟑 𝑻𝑪 
 𝒂𝒓𝒈(𝒁𝒄𝒂𝒏) > 𝝅/𝟐 
 sign problem ! 
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𝒍𝒐
𝒈
𝒁
𝑮
.𝑪
.(
𝒊𝝁
)

 

𝒊𝝁/𝑻 
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     ∼ 𝒆
−𝒂

𝒊𝝁

𝑻

𝟐
+𝒃

𝒊𝝁

𝑻  

𝑻 = 𝟏. 𝟔𝟖 𝑻𝑪 
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𝜋/3

−𝜋/3

 𝑒−𝑖𝑁𝑥𝑒−𝑎𝑥
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  𝒂𝒓𝒈 𝒁𝒄𝒂𝒏 𝑵 ∼ −
𝒃

𝟐𝒂
𝑵 

Complex phase of 𝑍𝑐𝑎𝑛.(𝑁) 
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= 𝑐𝑜𝑛𝑠𝑡. 𝑒
𝑏−𝑖𝑁 2

4𝑎  𝑑𝑥
𝜋/3

−𝜋/3

 𝑒
−𝑎 𝑥−

𝑏−𝑖𝑁
2𝑎

2
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= 𝑐𝑜𝑛𝑠𝑡. 𝑒
𝑏−𝑖𝑁 2

4𝑎  𝑑𝑥
𝜋/3

−𝜋/3

 𝑒
−𝑎 𝑥−

𝑏−𝑖𝑁
2𝑎

2

 

 Comparison with the previous work 
 Li, X. Meng, A. Alexandru, K. F. Liu (2008) 
 arg 𝑍𝑐𝑎𝑛 𝑁 ∼ −𝑁 ∗ arg 𝑊1  
  𝑊1: coefficient of winding number expansion 



𝑁𝐵  dependence of the phase 
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lo
g
𝑍
𝐺
.𝐶
.
𝑖𝜇

 
−
lo
g
𝑍
𝐺
.𝐶
.(
−
𝑖𝜇
) 

lo
g
𝑍
𝐺
.𝐶
.
𝑖𝜇

 
−
lo
g
𝑍
𝐺
.𝐶
.(
−
𝑖𝜇
) 

𝑖𝜇/𝑇 𝑖𝜇/𝑇 

Baryon number𝑁𝐵 Baryon number𝑁𝐵 

ar
g (
𝑍
𝑐𝑎

𝑛
(𝑁

𝐵
))

 

ar
g (
𝑍
𝑐𝑎

𝑛
(𝑁

𝐵
))

 

 𝒂𝒓𝒈(𝒁𝒄𝒂𝒏(𝑵)) on each conf. → 𝜽𝑵 ∝ (−𝑵) 

𝑻 = 𝟎. 𝟖𝟏𝟑𝑻𝑪 𝑻 = 𝟎. 𝟖𝟏𝟑𝑻𝑪 



𝑇 dependence of the phase 
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) 

𝑖𝜇/𝑇 𝑖𝜇/𝑇 

 𝐛 takes almost the same order 
 fluctuation  at low T is slightly large 

𝑻 = 𝟎. 𝟖𝟏𝟑 𝑻𝑪 𝑻 = 𝟏. 𝟔𝟖 𝑻𝑪 

𝒁𝑮.𝑪. 𝒊𝝁 ∼ 𝒆
−𝒂 𝒊

𝝁
𝑻

𝟐
+𝒃(𝒊

𝝁
𝑻
)
 



𝑇 dependence of the phase 
𝑍
𝐺
.𝐶
.
𝑖𝜇

 

𝑖𝜇/𝑇 𝑖𝜇/𝑇 

𝑻 = 𝟎. 𝟖𝟏𝟑 𝑻𝑪 𝑻 = 𝟏. 𝟔𝟖 𝑻𝑪 
𝑍
𝐺
.𝐶
.
𝑖𝜇
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 𝒂𝟎.𝟖𝟑𝟏𝑻𝑪 ∼ 𝟎. 𝟖𝟎𝟔 

 𝒂𝟏.𝟔𝟖𝑻𝑪 ∼ 𝟐𝟐. 𝟕 

 𝒂𝒉𝒊𝒈𝒉𝑻 ≫ 𝒂𝒍𝒐𝒘𝑻 

𝒁𝑮.𝑪. 𝒊𝝁 ∼ 𝒆
−𝒂 𝒊

𝝁
𝑻

𝟐
+𝒃(𝒊

𝝁
𝑻
)
 



𝑇 dependence of the phase 

 𝒂𝒍𝒐𝒘 𝑻 ≪ 𝒂𝒉𝒊𝒈𝒉 𝑻 

 fluctuation of the 𝜽𝑵 increases at low T 

𝑻 = 𝟎. 𝟖𝟏𝟑 𝑻𝑪 𝑻 = 𝟏. 𝟔𝟖 𝑻𝑪 

Baryon number𝑁𝐵 Baryon number𝑁𝐵 
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𝒂𝒓𝒈 𝒁𝒄𝒂𝒏 𝑵 ∼ −
𝒃

𝟐𝒂
𝑵 



To suppress the complex phase 

𝒂𝒓𝒈 𝒁𝒄𝒂𝒏 𝑵 ∼ −
𝒃

𝟐𝒂
𝑵 

𝒁
𝑮
.𝑪
.(
𝒊𝝁
) 

𝒊𝝁/𝑻 

• 𝒂 ∶ Gaussian slope 
• 𝒃 ∶ asymmetric part 

 We try to suppress 𝒃 ! 
 naive idea : increase conf.# 
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𝒁𝑮.𝑪. 𝒊𝝁/𝑻  

     ∼ 𝒆
−𝒂

𝒊𝝁

𝑻

𝟐
+𝒃

𝒊𝝁

𝑻  
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𝑖𝜇/𝑇 

𝑻 = 𝟎. 𝟖𝟏𝟑 𝑻𝑪 𝟏𝟎𝟎 𝒄𝒐𝒏𝒇. 

𝟑𝟎𝟎 𝒄𝒐𝒏𝒇. 

𝟗𝟎𝟎 𝒄𝒐𝒏𝒇. 
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To suppress the complex phase 
𝟏𝟎𝟎 𝒄𝒐𝒏𝒇. 

𝟗𝟎𝟎 𝒄𝒐𝒏𝒇. 

𝟑𝟎𝟎 𝒄𝒐𝒏𝒇. 

𝑻 = 𝟎. 𝟖𝟏𝟑 𝑻𝑪 

 𝒂𝒓𝒈(𝒁𝒄𝒂𝒏(𝑵𝑩)) < 𝝅/𝟐 
in 𝟏𝝈 for 𝑵𝑩 ≤ 𝟕 

ar
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𝑍
𝑐
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𝑛
(𝑁

𝐵
))

 
ar
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𝑐
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𝐵
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g (
𝑍
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(𝑁

𝐵
))

 

Baryon number 𝑁𝐵 

Baryon number 𝑁𝐵 

Baryon number 𝑁𝐵 
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Summary 
• Sign problem emerges as a complex phase in the 

canonical approach. 𝑍𝑐𝑎𝑛 𝑁 = 𝑍𝑁𝑒
𝑖𝜃𝑁  

• In some approximation, 𝜃𝑁~−
𝑏

2𝑎
𝑁. 

• N dependence is consistent with previous work 
and the numerical results. 

• T dependence can be understood from the 
property of 𝑍𝐺.𝐶.(𝑖𝜇) (Gaussian slope 𝑎) 

• We suppress 𝜃𝑁 by increasing the configurations. 

– 900 𝑐𝑜𝑛𝑓. , 𝑇 = 0.813 𝑇𝐶  → 𝜃𝑁𝐵
< 𝜋/2 𝑁𝐵 ≤ 7  
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back up 



𝑍𝑐𝑎𝑛. 𝑇;𝑁, 𝑉 =
1

2𝜋
 𝑑

𝜇

𝑇

𝜋

−𝜋

 𝑒−𝑖 
𝜇
𝑇
 𝑁  

𝐷𝑒𝑡 𝐷 𝑖𝜇

𝐷𝑒𝑡 𝐷 0
 

𝑔

 

  discrete Fourier transf. is expensive! 

  low cost calculation of 𝐃𝐞𝐭 𝑫(𝒊𝝁)   

Winding number expansion 
Li, X. Meng, A. Alexandru,K. F. Liu (2008) 

  Winding number expansion method 

𝑇𝑟 log(1 − 𝜅𝑄) =  𝑊𝑘𝑒
𝜇
𝑇 𝑘

𝑘

 

  𝑾𝒌  does not depend on 𝝁 

𝐷𝑒𝑡 𝐷 𝜇 = 𝐷𝑒𝑡 1 − 𝜅𝑄 𝜇 = 𝑒𝑇𝑟 log 1−𝜅𝑄  
𝜅 : hopping parameter, 𝑄 : hopping term     

4/18 



∈ 

∈ 𝑊𝑘 𝑊−𝑘 conjugate 

 det 𝐷(𝑖𝜇) = exp  𝑊𝑘𝑒
𝑖 
𝜇

𝑇
 𝑘

𝑘  is real 



Winding number expansion 
Li, X. Meng, A. Alexandru,K. F. Liu (2008) 

𝑍𝑐𝑎𝑛. 𝑇; 𝑛, 𝑉 =
1

2𝜋
 𝑑

𝜇

𝑇

𝜋

−𝜋

 𝑒−𝑖 
𝜇
𝑇
 𝑛  
𝐷𝑒𝑡 𝐷 𝑖𝜇

𝐷𝑒𝑡 𝐷 0
 

𝑔

 

calculate 𝐷𝑒𝑡 𝐷(𝑖𝜇)  
at low cost ! 

Fourier trans. 

𝛾5𝐷 𝜇 𝛾5 = 𝐷 −𝜇∗ † 

𝐷𝑒𝑡 𝐷 𝜇 = 𝐷𝑒𝑡 1 − 𝜅𝑄 𝜇 = 𝑒𝑇𝑟 log 1−𝜅𝑄  
𝜅 ∶ hopping parameter     

𝑇𝑟 log 1 − 𝜅𝑄 = − 
𝜅𝑛

𝑛
𝑇𝑟 𝑄𝑛

𝑛   

=  𝑊𝑘𝑒
𝜇
𝑇𝑘

𝑘

 
𝑘 ; winding number 

Canonical 
partition function 

Grand canonical 
partition function 


