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v Both ensembles describe same thermodynamics

Zec ()
= DN

? ann(N)
(E;, N|e=(H-#N)/T|E;, N) = Y(E;, N|le #/T|E;, N)

v’ Relation between the partition functions ?

» Fugacity expa
ZG-C-(M) — izcan.(N)gN ¢ =e
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Canonical approach

Fugacity expansion
?

Zec. (W) = Zooqn (N)EN & = e%

N=—o00

v Regard as Laurent series with respect to fugacity

1
ann.(N) — % dE E_(N-I_l)ZG.C.(g)
C
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Canonical approach

Fugacity expansion
?

Zec (W) = Zooqn (N)EN & = e%

N=—o00

v Regard as Laurent series with respect to fugacity

1
ann.(N) — . dé E_(N-I_l)ZG.C.(E)
Tm ertle pure
ﬂ C:€=el7,ﬁe[—n,n)

/\ﬁ Ry T, imaginary
_ 1 B _iky
QJ Re Zﬂj—ndT e Zsc W)
V' Z .qn IS given by

Fourier transformation
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Sign problem in canonical approach
ann(N) — (Z_N>

‘/ ann. € ]:R
v’ Zy takes complex value Zy = |Zy|e'o~
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Sign problem in canonical approach
ann(N) — (Z_N>

‘/ ann. € ]:R
v’ Zy takes complex value Zy = |Zy|e'o~

contents
* The origin of the phase

ﬂ, [
* Npdependence _ LJ. % :
¢ Oy x N H1 |1 | w__
e T dependence
* high temperature - stable
* low temperature - unstable
* How to understand these behavior ?

arg{Z_{can.}{N_B)/Z_{can.}(0))
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Numerical result of Z,.,,, (N)

Iwasaki — gauge action
2-flavor Wilson — clover action

8

3 % 4 Lattice , 100 conf.

T, ~ 220MeV

! T=0.813Tc F—e—i
T=1.68 Tc —e—i

_,-:: V' |Z,.0n(Np)| is stable
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Baryon number Nz = 3N
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v T=1.68T,
‘/ arg(zcan) iS

consistent with 0
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Numerical result of Z,.,,, (N)
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e'r il .
SR T voarg(Z,.,,) is
N 1+ . . .
= consistent with 0
S5 |
Baryon number Np T |
2.} % it
vT=0813T, <} ]
v larg(Zean)| > m/2 &) % { ;
> sign problem! 5 .t 3111 %
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Complex phase of Z,,,, (N)

ann(N)—_fn/gd‘u _lHNZGC(l.U)
2 ) 3 T

vV Zgc(ip) = (det(D(in))) € R
v (det(D(ipn))) # (det(D(—iu))) makes phase?
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Complex phase of Z,,,, (N)

Zean.(N) = _fn/g dﬁ e_lHNZGC(l.U)
2 ) 3 T

vV Zgc(ip) = (det(D(in))) € R
4 (det(D(lu))) * (det(D(—m))) makes phase?

b ? k-4
§ 01 _ o o _
% 001 | : ° i ZG.C.(lﬂ/T)Z
S i * ° j _ (in in
\N_/ 0.001 £ < ~ e a(T) +bT
& 0.0001 | ]
= T=1.68T,
19_005-1 0.5 0 0.5 1
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Complex phase of Z,,,, (N)

Zean.(N) = _fn/g dﬁ e_lHNZGC(l.U)
2 ) 3 T

vV Zgc(ip) = (det(D(in))) € R
4 (det(D(lu))) * (det(D(—m))) makes phase?

=
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Complex phas%of Zcan (N)

Zcan.(N) ~ (real const.) dx e~iNxg—ax®+bx
—1/3

(b—iN)? fﬂ/3

= (const.)e 4a

—-1/3

phase —_—
~(@Gaussian int.

b
v arg(zcan(N)) ~ —zN
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Complex phas%of Lcqn (N)

Zcan.(N) ~ (real const.) dx e—iNxp—ax?+bx
—1/3

(b_iN)Z fﬂ:/3

= (const.)e 4a

—17/3

phase ! —
~(@Gaussian int.

b
v arg(zcan(N)) ~ _Z_aN

v' Comparison with the previous work
» Li, X. Meng, A. Alexandru, K. F. Liu (2008)

arg(zcan(N)) ~ —N * arg(Wl)

W;: coefficient of winding number expansion



Ny dependence of the phase
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v arg(Z,.,,(N)) on each conf. & Oy < (—N)
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T dependence of the phase

2
Zgc(ip) ~ e_a(i#) *+b(ip)
| | | - g 04
HHHHEHHH[HH E S o;;Hmmww---HEEHHHMMHT
-1 -0.5 l'u/OT 0.5 1 -1 -0.5 l'u;T 0.5 1
T =0.813 T, T=1.68T

v' b takes almost the same order
v’ fluctuation at low T is slightly large



T dependence of the phase
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2
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ZGC (lﬂ) ~ e a(lT +b(lT)
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arg(Zcan(Np))
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T dependence of the phase

arg(zcan(N)) ~ iN
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Baryon numberNp

T

Baryon numberNpg

= 0.813 T, T=1.68T,

V Qiowt K Qpight
v fluctuation of the O increases at low T

15
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To suppress the complex phase
arg(zcan(N)) ™~ _iN

2a
1 i I P ]
0.1 # . | )
S : ' | Zgc(in/T)
=001 i in2
F _ U iu
< ~ e_a(T) +b
&S 0001 | ;
N 0.0001 - ' ! 1 ¢ a:Gaussian slope
. = |« b :asymmetric part
1e-005 ' | |
-1 -0.5 0 0.5 1
in/T

v' We try to suppress b !
v naive idea : increase conf.#



log Zg ¢ (in)

log Zg ¢ (i)

To suppress the complex phase

—logZg c. (—in)

“Imr 100 conf.

il
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T =0.813 T,

—logZs c. (—iu)

300 conf.
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To suppress the complex phase
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Summary
Sign problem emerges as a complex phase in the
canonical approach. Z,q,(N) = (Zye''n )

L b
In some approximation, Oy~ — ZN'

N dependence is consistent with previous work
and the numerical results.

T dependence can be understood from the
property of Z; - (in) (Gaussian slope a)

We suppress 8y by increasing the configurations.
—900 conf.,T = 0.813 T¢ > |0y, | < m/2(INg| < 7)
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Winding number expansion
Li, X. Meng, A. Alexandru,K. F. Liu (2008)

| e ity Det{D(im)}
Zean (T; N, V) = <%[ d? Det{D(0)}

v’ discrete Fourier transf. is expensive!
v" low cost calculation of Det(D(iu))

Det{D (1)} = Det{1 — kQ(u)} = eTrlosl—x}
K : hopping parameter, Q : hopping term
» Winding number expansion method

Tr{log(1 —xQ)} = z Wke%k
K

g

v {W,} does not depend on u



w, = < conjugate >

U

v detD(iu) = exp {Zk Wkeifk} is real




Winding number expansion
Li, X. Meng, A. Alexandru,K. F. Liu (2008)

Grand canonical

Canonical .
o , Fourier trans.
partition function

| - 1 (™ u Det{D(iu)}
Zean (T;n, V) = <E f_ndT Det{D(0)}

calculate Det{D (iu)} sign_real , positive

partition function

)

g

at low cost !

ysD(Wys = D(—u*)?

Det{D(l,[)} — Det{l — KQ(,L[)} — eTZﬂ“{log(l_KQ)}

K : hopping parameter ﬁ it
Tr{log(1 — kQ)} = — ¥, - Tr{Q™} [
p A
— WkeTk (][] 1]

= k ; winding number S




