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The O(3) model ...

in 1+1 dimensions, action:
1 2 2 2
S:2g§/d x(0yna)c, n;=1, a=1,2,3

many nonperturbative effects like QCD:
@ asymptotic freedom

o dynamical mass generation (gg dimensionless)
low energy excitations: particle triplet

o topology, instantons, ©-term & renormalons
o lattice discretisation = Heisenberg model
@ O(3) symmetry = Noether current
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at nonzero chemical potential

win (ny, nz) plane:

1 .
5= 292 /dZX [(0y12)? + 2ip (MDonp — Npdony) —p? (N8 + n3) |
0 vV

complex +12(m8 —1)
o O(u) imaginary
complex action/sign problem!
dual variables cf. Ising, XY model

o O(p:?) in bosonic theories, from second derivative (8, — 6,011 T3)?
suppression of perpendicular component = planar, i.e. O(2)
vortices, Berezinskii-Kosterlitz-Thouless transition?

phase diagram mostly fixed lattice spacing
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Dualisation in a nutshell
@ polar coordinates in n-space:
S = —J 3y, (cos ¥(x)cos 9(x + ) + sinv(x) sin ¥(x + )
% % { e /(G0 +2)=d(x) grduo 4 e—i(qﬁ(x—l—f/)—i)(x)) e‘”‘sv,O})

not c.c.
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Dualisation in a nutshell
@ polar coordinates in n-space:
S=-J>x, (cos J(x) cosI(x + ©) + sind(x) sinv(x + 1)
% % { e /(6(x+2)=d(x)) grdvo 4 @=i(¢(X+2)=¢(X)) g=1 5%0})

expand e with K1 (x) expand e with kﬁz)(x)
idea:
o for each term S, in the action, expand e with a dual variable Ka
here bond and internal indices: k,E')(x)
o then integrate out the original fields, e.g.

Vx / de(x) e S K100~} 5o, (k0D — k@)
Vﬁ,_/
my(x) e Z

= the dual variable m,(x) is divergence-free: symmetry manifest

= closed m-loops: vacuum bubbles and winding loops
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Dualisation in a nutshell
@ polar coordinates in n-space:
S=-J>x, (cos J(x) cosI(x + ©) + sind(x) sinv(x + 1)
x 1 { /00t =6()) guivo 4 g=i(o(x7)=0(x) g1 5u,o})

expand e with kl(,”(x) expand e with kﬁz)(x)
chemical potential:
@ enters in a similar way:
[ e troXu kK710 gi Samo(x) — gF Xxy M)
X
= . couples to the conserved charge of m (def. grandcanonical)

= an integer for every configuration
= net m flux through every time-slices
= total winding number of particle worldlines

o sign problem solved (weight e ¢al > Q)
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Thermodynamics

density as a function of x rises near dyn. mass m:
0.45 T T T T T 0.45 T T T T T
Lm=22 —— - Lm=22 —— N
0.4 rel. tBA - 0.4 rel. tBA A
nonrel. tBA ——— - nonrel. tBA ——
0.35 - b 0.35 - sqrt(2)/pi*sqrt(y /m-1) —— b
0.3 9 03 -
E 0.25 — g 0.25 T=0.005 m . -
< 02 B S 02 = B
0.15 — 0.15 -
0.1 — 0.1 - —
0.05 — 0.05 -
0 0 . . .
0.9 1 1.1 1.2 1.3 1.4 0.9 1 1.1 1.2 1.3 1.4
u/m u/m
o crossoverat T >0
volume doubled: no change [ > plots J
o thermodynamic Bethe ansatze Lieb, Liniger 63; Yang? 69

= shortrange repulsive bosons in 1d at low densities  no antibosons

@ universal square root |/ £ — 1 at very low densitiesand T — 0

= fermions in 1d (infinite repulsion or IR limit)
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Quantum phase transition

@ phase transitionat T =0
as crossovers get sharper
universal square root = second order

o scaling: T — 0and L — oo (N, Ns — o) how?

let’s keep
TL® constant

T a=0

2 00

° — 1
@ consecutive limits &« = 0 or co (L — oo or T — 0 first) impractical
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o simultaneous limits o = 1, 2:

a=1:L=1/T
(square lattices)

0.3 T T T T T
T/m=0.057, Lm=18 +—+—
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*
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0.9 0.95 1 1.05 11 115
u/m

0.3
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0.05

a=2:12=#/T
(time-elongated lattices)

T T T

T/m=0.011, Lm= 9 —+—

T/m=0.0028, Lm=18

T/m=0.0007, Lm=36 ——*—

T/m=0.014, Lm=70 O
(a=1)

®
oK+
ox
+ R
I

= insensitive to how T — 0 and L — oo: bulk quantity
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Spin stiffness o (or superfluid density)

o twist spatial boundary conditions: ¢(xo, X1 + L) = ¢(Xo, X1) + ¢
define o as the corresponding susceptibility of the free energy:

o= Las%F}g;:O (C%F’(p:o = 0)

o connected to spatial order/correlation length £spat
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Spin stiffness o (or superfluid density)

o twist spatial boundary conditions: ¢(xg, X; + L)

= ¢(X0,X1) + ¢

define o as the corresponding susceptibility of the free energy:
(aSOFLp:O = 0)

1.2

0.25

0.2

0.15

0.1

0.05

] 92
o:=LIJF }g0=0
o connected to spatial order/correlation length £spat
@ results:
a=1:L=1 / T
0.25 T T
T/m= 0057 Lm= 18 —t—
T/m=0.029, Lm=35
0.2 - /m=0.014, Lm=70 +—x— i
E3
0.15 - e
S £ |
0.1 Ed = -
2 z
0.05 = R
0.9 0.95 1 1.05 1.1 1.15
u/m

L too large: correlation lost
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2
a=2:L #/T
T/m= 0011 Lm 9 »—o—<
T/m=0.0028, Lm=18
T/m=0.0007, Lm=36 —*—i 5 & ¥ |
T/m=0.014, Lm=70 O §
i o
E3 a
. E s o
5 B
%
E 0 (a=1)
M B
o
= o
PP L m] 1 1 1
0.95 1 1.05 1.1 115 1.2
H/m

(stiffness = density, understood)
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Dynamical critical exponent

in Quantum phase transitions:

o correlation length in Euclidean time as well, scales like:
&temp ~ (Espat)” z ...dynamical crit. exponent

o if Euclidean invariance = z = 1

1 breaks it: particle worldlines winding in Euclidean time
@ note the similarity to our scaling
B~ L*

o our results indicate z ~ 2

in agreement with 1d fermions
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Summary

©

dual variables solve the O(3) sign problem

©

1 couples to the winding number of particle wordlines
@ T > 0: crossover of the density as a function of

| agree with thermodyn. Bethe ansatze

| in particular the universal square root

©

T = 0: quantum phase transition of second order

(%)

spin stiffness sensitive to how T — 0 and L —

@ dynamical critical exponent: z ~ 2
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Back-up: some numerical checks

@ of our worm algorithm:

energy density (plaquette)

PAN &4

mass threshold transition
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weak coupling
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Back-up: crossover

o at T = 0.023m, doubling L: Dac

density its susceptibility
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Back-up: full dual partition function, extended to O(4)

Z=ZH

J/2 |ml,\+2m,,Jk +k()

(expansions of exp.s)

mez  xw \my | +m,)! m, Vasarasl
m,k®) k*eNg
r(1+2 BN (L + B
< [1 (480G + 132(3)) (2 +b42 ) (integrated out 1)
¥ F(1+ —l— + 5 TLETLT)
-6(V,m,) e “ZX1 o (symmetry and chem. potential)
- Seven (b)) deven (b)) (more constraints)

where b0)(x) = 3, [kD(x) + k¥ (x + 2)] > 0, a(x) similar

@ indeed positive weights
o similar for all O(N) and CP(N — 1) models

o there must be a conserved current in e.g. the (3,4)-components
not manifest, since those not expanded in polar decomposition
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Back-up: def. spin stiffness
@ O(2) angle periodic up to a twist angle:

d(x0, X1 + L) = d(X0, X1) + ¢
o free energy increases if system correlated/ordered:

1 927 oz
= L7752 (5.

—O)

»=0

»=0 »=0

viewed as imaginary chemical potential ¢/L in spat. direction:

0°F/L .
o= ... adensity v/
Ae/L)? ],
o related to spatial winding numbers of the dual variable m:
o=1L T<Wé2pat> ((Wspat) = 0)
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