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Difficulties in extracting spectral functions

Spectral functions are crucial to understand in-
medium hadron properties and transport
properties of QGP.

]H (T, f) — C_[)(T, f)qu(Ti f)
G(t,B, T)=Xzexp(—i - P - X){(J#(0,0)]x" (1, %))

Relation between correlators and spectral functions:
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Maximum Entropy Method(MEM)

» A method based on Bayesian theorem:

(p) = | daP[a|G]J Dp P[p|G, a]p
~ [ da P[a|G]p, (sharp-peak assumption)

Goal: obtain the most probable solution

> Pla|G] = %f DpP|G|p, a] - P[p|a] sharp-peak
assumption

P[Glp, al~exp(—x*[p]/2): likelihood function™-.___
Plp|la]~exp(aS[p]): prior probability \‘Xz
» Shanon-Jaynes entropy:

minimize F = =- — asS
S[p] = [ dw [p() = D(w) = p(w) In 22

» Default Model D(w): parameter needed as input
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Recent developed new methods

[J A novel Bayesian approach
New axiom: requirement of smoothness of the reconstructed
spectra with constant default model.

=S =af do(1-=+In%)

0 The Backus-Gilbert method(BGM)

Manipulate in the local vicinity of some w in a model
independent way.

Filtered spectral function:

ﬁ(w) = f(w/T) - Zgi(w, [(W=]"¢9,R) - G(1})

(W ]reg(w) = ij\(w) + (1 — A)COUU, 0<A<1

Contribution of local vicinity enters !

= [ dw'K(t, 0K (1), 0" ) (0 — 0")?




Stochastic Analytic Inference(SAl)
» A stochastic method based on Bayesian theorem :
(n) = [ da (n), Pla|G]

> n(x) =%, x = p(w) = [ DW)dv

Goal: find the distribution of P[a|G]

> Field treatment of n(x) gives:
(n), = | Dnn P[n|a, G] = f@nnLe—xz/zfx

Z(a)
> Posterior probability: P[n|a, G] = P[c71|a] P[G|a, n]P[n|a]
_ 1
fP[GIa, n| = ?e_)fz [nl/2a ]ikelihood function
— B Xmax . .
Pln|la] = 6(1n)d (f dx n(x) — 1) , prior probability
0
\P|G|a] =2/Z’, normalization factor
= Pla] - _N
» Pla|G] === | Dn P[G|a,n]P[n|a] ~Plala 2Z(a)

P[G]
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Stochastic Analytic Inference
> Density of States(DoS): Q(E) = [ Dn&(x*[n]/2 — E)
> Pla|G] = P[a]a_gdeQ(E)e‘E/“
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SAl v.s. MEM

SAl MEM
Average (n) = [ da P[a|G](n), (p) = [ da P[a|G]p,
Likelihood | p[G|a, n]~e**/2a P[G|a, p]l~e*’lP1/2
function
Prior P[nla] = 6(n)6(En(x) —1) | P[plal~exp(aS[p])
probability
2

SAI to MEM

0 Mean-field treatment in SAI:
Ssa;[n] = [ DnlnQ(n)
~ In Q(n)

= —fol dx 71(x) Ini(x)
=—[d¢tin’

= SmEM [,5]
0 SAlreduces to MEM at the mean-field level !




Stochastic Optimization Method(SOM)

» Based on Central Limit Theorem.
» No prior information is needed.
All information comes from
correlators:
E = x?[p]/2 (Fictitious energy)
» Field treatment of p. Evolves with
fictitious temperature a.
» Possible solution obtained when
phase transition occurs.
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Phase transition occurs at the
kink(black spot).

SAIl to SOM
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0 SAl reduces to SOM when using constant default model!

x = w,nx) = p(w)

d2log(E)/d2log(a)



Basis of Stochastic approaches

SAI SOM
® Ingredients: § functions ® Ingredients: boxes
p(u)) = Z'Ic< ri5(w - ai)' p(oo) = Z{(TI (Pt)((x)),
_ (hyw e [cp —w/2, ¢ + Wy /2]
+ p(w) r‘]‘(Pt) (w) = { 0, otherwise
p(w)
| ‘ ‘ “ ¢
> | |

»

® Elementary updates
® Elementary updates

I p(w) tp(w) I p(w)
A A
p(w) p(w) - -3 ==

I I I 1
I I ‘ 2 |w < \I,TH w
I P!
| M ' = >
1 . LS . . .

T Shift > 2. Change residues 1.Shift 2. Change width 3. Change heights

. ® Normalization
® Normalization

Yr = G(TO) Yhiw; = G(TO)
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Mock data test:Different spectral functions

10 I | |
5 MEM ———
81 SAl ——
input ——

0 0.5 1 1.5 2 2.5 3 3.5 4

1. MEM gives fake resonance peaks.
2. SOM gives similar results to SAI with constant DM.
3. SAI&SOM reconstruct the input well.

p(W) = Pres + Peonts
correspondingto T < T

Error in mock data:
o(t) =eG(1)T
N, =48, = 104
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| | | | | | |
14 | p/w? MEM ——— -
| SOM ——
12 1 1 SAl —— -
input p(w) = Prans + Pres + Pconts
10 correspondingto T > T,
N, = 48,6 = 10~*
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0 0.5 1 1.5 2 2.5 3 3.5 4

1. MEM&SAI with constant DM and SOM can not reconstruct the transport
peak precisely.

2. MEM&SAI&SOM reconstruct the resonance peak, but the width and peak-
location differ from the input.

3. MEM generates waggles in continuum part.

4. SAI&SOM can reconstruct the continuum part well.
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Mock data test:Dependence on N,

| | | | | |
2 —
piw N=12,e-10¢ MEM
i SOM B
input
] ] ] | ] ] |h'J
0 05 1 15 2 25 3 35

10 7 I T I I I I
prw N=24,e-1074 MEM =
a b SOM _
SA| ——

input

25 3

1. MEM reconstructs the resonance
peak well even at small N..

2. SAI&SOM give fake transport peak
at small N .

3. SAI&SOM reconstruct the
continuum part well.

4. As N increases, the output
approaches to the input for all
methods.
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Mock data test:Dependence on noise level

| |
M =48.£=1077

I I
MEM ——

SOM
SA| ——
Input

10 J I I I T I I
pw N=48.e-103 MEM—
SO

SA| ——
It

1. MEM gives bad output with noisy data.
2. SAI&SOM give a rough resonance peak
with noisy data.

3. SAI&SOM reconstruct the continuum
part well.

4. As noise becomes weak, the output
approaches to the input for all methods.



Mock data test:Dependence on DM
N, =48, ¢

= 10"* for all
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e
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1. Dependence is weak for resonance peak and continuum.
2. There is dependence for transport peak. But upper bound exists in this case.
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Summary & Outlook

® SOM&SAI are introduced to study the uncertainties=
of spectral functions besides MEM.

® SAIl iIs a generalization of MEM and reduces to MEM
In mean field limit. SAI reduces to SOM when using
constant default model.

® From mock data tests, we found SAI&SOM work
well for resonance peaks and continuum parts.

® For small transport peak, we need check the
dependence on DM carefully.

® Apply SOM&SAI into real lattice data to investigate
In-medium hadron properties.

[Dr. Hiroshi OHNO on 28 Jul 2016 at 15:00]



17

lel2 —

BACKUP PAGES

lel0

le8 |

leb

led

le2

le0

le-2 ' '

[ Q=(N/2+p)a

Q —

le-4 le-2

leO

le2

led

leb

le8

lel0

lel2




BACKUP PAGES
Mock SPFs

c I'(w,wo,y0)M W
res (wz M2)2+M2['2(w a)o '}/0) T

2

» Resonance peak : p,oc =

Where I'(w, wg, Vo) = 0(w — wq)yo(1l — 7)5

» Transport peak:
nw
trans (wz_nZ)Z

,0 trans

» Free continuum:
_ N 2 2Y,,2 @
Pcont = Ccont ﬁ 0(w® — 4m®)w” tanh (E)

> Free Wilson:
N

¥i ki
Pwilson = CWilson 73 1.3 Zk sinh ( ) [b1 bz ( —. sin” ) ]

sinh? Ej(m)

Kk+Mk(m)

Where cosh E,,(m) =1 + (M (m)

K, = Y7_,v;sinhk;
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BACKUP PAGES
Mock SPFs parameters

Elements in SPF Parameters

Pt Cres = 1, wg = 0.2,7, = 0.20,M = 0.5
= Cres = 4, wy = 0.2,7, = 0.25,M = 1.2
L Cres = 6,09 = 0.2,y, = 0.20,M = 2.5
Ptrans Ctrans = 0.2, = 0.01
Deont Ceont = 20,at =2,a> =1,m = 0.1
Pwilson Cwitson = 1,b" = 3,b* = 1,m = 0.112

N, =48,a=1,7,;, = 1,w € [0,4].
Error in mock data: o(7) = €G(7)T



