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✤  Motivation - SU(2) gauge theory

SU(2) gauge theory with even number of fundamental fermions

SU(2) gauge theory with two fundamental fermions

Finite density calculations are free from sign problem

minimal model for Composite Higgs dynamics

Finite T calculations on an anisotropic lattice - finer temporal spacing
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In this section, we define the gauge and fermion actions used in this calculation. For
the gauge sector, we use the Wilson action modifed as
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S

f

[U,  ̄, ] = a

3
s

a

t

X

x

 ̄(x)D
m

 (x),

= a

3
s

a

t

X

x

 ̄

 
m0 +

1

2

X

µ

v

µ

[�
µ

(r
µ

+r⇤
µ

)� a

µ

r⇤
µ

r
µ

]

!
 (x), (14)

where r and r⇤ are denote the forward and backward covariant derivatives, respectively:
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We introduced the ratio of the bare fermion to the bare gauge anistropy, v, as it could be
di↵erent to unity. From the redefintion of the fermion field, i.e.
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Shares some nonperturbative properties with QCD, such as confinement 
and chiral symmetry breaking.
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✤  Model

SU(2) gauge theory with 2 Dirac fermions in fundamental representation

Global symmetry: SU(4) Sp(4)
at chiral limit
at non-zero mass

5 Goldstone bosons: 3 pseudoscalar mesons + 2 diquark baryons
Degenerate (two-point correlation functions are identical)

Observables: Isovector mesons                            ,

where
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hūu+ d̄di 6= 0 (1)
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⌘ ū(x)�d(x) (4)

� = 1, �

5
, �

µ

, �

µ

�

5 (5)

In this section, we define the gauge and fermion actions used in this calculation. For
the gauge sector, we use the Wilson action modifed as

S

⇠0
g

[U ] =
�

⇠

0
g

2

4
X

i

(⇠0
g

)2
✓
1� 1

N

Re trP0i

◆
+
X

i<j

✓
1� 1

N

Re trP
ij

◆3

5
, (6)

where � = 2N/g

2
0 and ⇠

0
g

= ⇠

0 = a

s

/a

t

are the lattice bare coupling and the bare gauge
anistropy, respectively. The plaquette P is defined by

P
µ⌫

(x) = U

µ

(x)U
⌫

(x+ µ)U †
µ

(x+ ⌫)U †
⌫

(x), (7)

where U

µ

(x) denote the link variables.

1

1 Anistropic lattice

1.1 Lattice setup

1.1.1 Action
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✤  Anisotropic Lattice Action

Standard Wilson action on an anisotropic lattice
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⌘
3

5
. (5)

1

1 Anistropic lattice

1.1 Lattice setup

1.1.1 Action

In this section, we define the gauge and fermion actions used in this calculation. For the
gauge sector, we use the Wilson action modifed as

S

⇠0
g

[U ] =
�

⇠

0
g

2

4
X

i

(⇠0
g

)2
✓
1� 1

N

Re trP0i

◆
+
X

i<j

✓
1� 1

N

Re trP
ij

◆3

5
, (1)

where � = 2N/g

2
0 and ⇠

0
g

= ⇠

0 = a

s

/a

t

are the lattice bare coupling and the bare gauge
anistropy, respectively. The plaquette P is defined by

P
µ⌫

(x) = U

µ

(x)U
⌫

(x+ µ)U †
µ

(x+ ⌫)U †
⌫

(x), (2)

where U

µ

(x) denote the link variables.

For the fermion action, we use the Wilson action

S

f

[U,  ̄, ] = a

3
s

a

t

X

x

 ̄(x)D
m

 (x),

= a

3
s

a

t

X

x

 ̄

 
m0 +

1

2

X

µ

v

µ

[�
µ

(r
µ

+r⇤
µ

)� a

µ

r⇤
µ

r
µ

]

!
 (x), (3)

where r and r⇤ are denote the forward and backward covariant derivatives, respectively:

r
µ

 (x) =
1

a

µ

[U
µ

(x) (x+ µ)�  (x),

r⇤
µ

 (x) =
1

a

µ

[ (x)� U

†
µ

(x� µ) (x� µ)]. (4)

We introduced the ratio of the bare fermion to the bare gauge anistropy, v, as it could be
di↵erent to unity. From the redefintion of the fermion field, i.e.

p
v

t

 and m0/vt, along
with the introduction of the fermion anistropy ⇠

0
f

= ⇠

0
g

/(v
s

/v

t

), we rewrite the massive
Wilson-Dirac operator by

D

m

 (x) ⌘ (D +m0) (x)

=
1

a

t

" 
a

t

m0 + 1 +
3

⇠

0
f

!
 (x)� 1

2

⇣
(1� �0)U0(x) (x+ 0̂) + (1 + �0)U

†
0(x� 0̂) (x� 0̂)

⌘

� 1

2⇠0
f

X

j

⇣
(1� �

j

)U
j
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In this section, we define the gauge and fermion actions used in this calculation. For
the gauge sector, we use the Wilson action modifed as

S

g
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�

⇠
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where � = 2N/g

2
0 and ⇠

0
g

= ⇠

0 = a

s

/a

t

are the lattice bare coupling and the bare gauge
anistropy, respectively. The plaquette P is defined by

P
µ⌫

(x) = U

µ

(x)U
⌫

(x+ µ)U †
µ

(x+ ⌫)U †
⌫

(x), (7)

where U

µ

(x) denote the link variables.
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Bare parameters need to be tuned in order that the renormalized gauge 
and fermion anisotropies are same for a given quark mass.

Bare gauge anisotropy

Bare Fermion anisotropy

1 Anistropic lattice

1.1 Lattice setup

1.1.1 Action

⇠

f

= 6.36(14) ⇠

f

= 6.41(11) (1)

⇠

0
g

= 4.9, ⇠

0
f

= 4.7, m0 = �0.209 (2)

⇠

0
g

= 4.7, ⇠

0
f

= 4.7, m0 = �0.2 (3)

128⇥ 123 lattice (4)

�(L
R

) (5)

� = 2.0 (6)

max(x ⇤ y) (7)

min(x ⇤ y) (8)

1

4



✤  Anisotropy - Gauge sector

Gauge anisotropy      is determined by using Klassen’s method

1.2 Parameter tuning

1.2.1 Renormalization conditions

The bare anistropy parameters, ⇠0
g

and ⇠

0
f

, are renormalized such that physical probes at
scales well below the cut-o↵ exhibit Euclidean symmetry, i.e. ⇠

g

= ⇠

f

= ⇠. For the input
quark mass m

q

, we parameterize the renormalized parameters (⇠
g

, ⇠

f

,m

q

) as functions of
bare parameters (⇠0

g

, ⇠

0
f

,m0). For a small region in parameter space, we assume that the
renomalized parameters are linear in the bare parameters. We further assume that we are
in the region of light quark masses, i.e. m2

ps

⇠ m

q

, and arrive at the form

⇠

g

(⇠0
g

, ⇠

0
f

,m0) = a0 + a1⇠
0
g

+ a2⇠
0
f

+ a3m0, (6)

⇠

f

(⇠0
g

, ⇠

0
f

,m0) = b0 + b1⇠
0
g

+ b2⇠
0
f

+ b3m0, (7)

M

2
ps

(⇠0
g

, ⇠

0
f

,m0) = c0 + c1⇠
0
g

+ c2⇠
0
f

+ c3m0. (8)

For a each set of bare parameters, nonperturbative determinations of ⇠

g

and ⇠

f

will be
carried out through the interquark potential and the relativistic meson dispersion relation,
respectively. We then fit the numerical data to these functions and obatain the coe�cients,
a

i

, b
i

and c

i

. We obtained

a0 = 0.6(16), a1 = 0.97(13), a2 = 0.31(23), a3 = 2(4), (9)

b0 = 1.8(24), b1 = 0.06(18), b2 = 1.1(3), b3 = 4(7), (10)

c0 = 0.475(5), c1 = �0.0168(4), c2 = �0.0375(6), c3 = 0.986(11). (11)

In order to determine the critical values for the bare parameters we impose the following
renormalization conditions:

⇠

g

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = ⇠

f

(⇠0⇤
g

, ⇠
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f
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⇤
0) = ⇠, M

2
ps

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = m

2
ps

. (12)

Our target anistropy is ⇠ = 6.3.

1.2.2 Gauge anistropy

We determine the gauge anistropy ⇠

g

from the static potential using Klassen’s method:

R

s

(r, y) = R

t

(r, t = ⇠

g

y), (13)

where

R
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(r, y) =
W

ss

(r, y)

W
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(r + 1, y)
, (14)

R
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(r, t) =
W

st

(r, t)

W

st

(r + 1, t)
, (15)
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In practical, we minimize
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in the region of light quark masses, i.e. m2
ps

⇠ m

q

, and arrive at the form
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0
f
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0
g

+ a2⇠
0
f
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f

(⇠0
g

, ⇠

0
f

,m0) = b0 + b1⇠
0
g

+ b2⇠
0
f

+ b3m0, (24)

M

2
ps

(⇠0
g

, ⇠

0
f

,m0) = c0 + c1⇠
0
g

+ c2⇠
0
f

+ c3m0. (25)

For a each set of bare parameters, nonperturbative determinations of ⇠

g

and ⇠

f

will be
carried out through the interquark potential and the relativistic meson dispersion relation,
respectively. We then fit the numerical data to these functions and obatain the coe�cients,
a

i

, b
i

and c

i

. We obtained

a0 = 0.6(16), a1 = 0.97(13), a2 = 0.31(23), a3 = 2(4), (26)

b0 = 1.8(24), b1 = 0.06(18), b2 = 1.1(3), b3 = 4(7), (27)

c0 = 0.475(5), c1 = �0.0168(4), c2 = �0.0375(6), c3 = 0.986(11). (28)

In order to determine the critical values for the bare parameters we impose the following
renormalization conditions:

⇠

g

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = ⇠

f

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = ⇠, M

2
ps

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = m

2
ps

. (29)

Our target anistropy is ⇠ = 6.3.

1.2.2 Gauge anistropy

We determine the gauge anistropy ⇠

g

from the static potential using Klassen’s method:

R

s

(r, y) = R

t

(r, t = ⇠

g

y), (30)

where

R

s

(r, y) =
W

ss

(r, y)

W

ss

(r + 1, y)
, (31)

R

t

(r, t) =
W

st

(r, t)

W

st

(r + 1, t)
, (32)

R

s

(x, y) = R

t

(x, t = ⇠

g

y), (33)

where

R

s

(x, y) =
W

ss

(x, y)

W

ss

(x+ 1, y)
, (34)

R

t

(x, t) =
W

st

(x, t)

W

st

(x+ 1, t)
, (35)

5

are the ratios of spatial-spatial and spatial-temporal Wilson loops. In asymptotic region,
these ratios fall exponentially with the linear interquark potential and do not depend on
r, R

x

(r, y) = e

�asVs(yas) and R

t

(r, t) ⇠ e

�asVs(tat). In addition, finite volume e↵ects are
under control as those cancel out in the ratios. As the interquark potential at the same
physical distance should yield the same value, one can extract the anistropy ⇠

g

by imposing
R

s

(r, y) ⌘ R

r

(r, t = ⇠

g

y). In practice, we determine ⇠

g

by minimizing

L(⇠
g

) =
X

r,y

(R
ss

(r, y)�R

st

(r, ⇠
g

y))2

(�R

s

)2 + (�R

t

)2
, (36)

L(⇠
g

) =
X

x,y

(R
ss

(x, y)�R

st

(x, ⇠
g

y))2

(�R

s

)2 + (�R

t

)2
, (37)

where �R

s

and �R

t

are the statistical errors of R
s

and R

t

, respectively.

In the original Klassen’s approach, the Wilson loops are considered the plain ones in
which r is either x or z. A typical di�culty in this approach is the limited number of
data points due to the severe signal-to-noise in the calculations of Wilson loops. By noting
that r can be any path in x � z plain, we consider the generalized Wilson loops along the
closed path C

y

(x, z, y) and C

t

(x, z, t) with x � z. Analogous to the plain case, we define
~r = (x, z) and ~r + 1 = (x + 1, z) for the fixed value of z. Using this generalized Klassen’s
method, we not only find the asymptotic region in which ⇠

g

converges, but also reduce the
statistical errors. Our findings are summarized in Fig. 1 and Fig. 2. For each ensemble,
we plot the ⇠

g

as a function of min(r ⇤ y) with four di↵erent sets of data: all plain Wilson
loops (purple triangle), plain Wilson loops except y = 1 (blue circle), generalized Wilson
loops except y = 1 (red square), and generalized Wilson loops except either y = 1 or r = 1
(green diamond). In this calculation, the largest value of r ⇤ y is detemined as the one
before we invoke significant noises, while the values of z are z = 0, 1, 2, 3. As pointed out in
previous studies of anistropic lattice, inclusion of Wilson loops for y = 1 causes significant
systematice errors due to excited state contaminations. In all cases in this study, we find
that ⇠

g

converges to the asymptotic value around min(r ⇤ y) = 4 ⇠ 6. Therefore, we choose
min(r ⇤ y) = 6 for the determination of ⇠

g

, where the sizes of systematic errors are well
below those of statistical errors. The extracted values are represented by the blue band in
each figure and summarized in Table 1.
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should approach the asymptotic value.
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(m
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⇠
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= 4.72(12), m
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T N
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2

in the region of light quark masses, i.e. m2
ps

⇠ m

q

, and arrive at the form

⇠
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(⇠0
g

, ⇠

0
f

,m0) = a0 + a1⇠
0
g

+ a2⇠
0
f

+ a3m0, (32)

⇠

f
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g

, ⇠

0
f
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0
g

+ b2⇠
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f

+ b3m0, (33)

M

2
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(⇠0
g

, ⇠

0
f

,m0) = c0 + c1⇠
0
g

+ c2⇠
0
f

+ c3m0. (34)

For a each set of bare parameters, nonperturbative determinations of ⇠

g

and ⇠

f

will be
carried out through the interquark potential and the relativistic meson dispersion relation,
respectively. We then fit the numerical data to these functions and obatain the coe�cients,
a

i

, b
i

and c

i

. We obtained

a0 = 0.6(16), a1 = 0.97(13), a2 = 0.31(23), a3 = 2(4), (35)

b0 = 1.8(24), b1 = 0.06(18), b2 = 1.1(3), b3 = 4(7), (36)

c0 = 0.475(5), c1 = �0.0168(4), c2 = �0.0375(6), c3 = 0.986(11). (37)

In order to determine the critical values for the bare parameters we impose the following
renormalization conditions:

⇠
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, ⇠
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Our target anistropy is ⇠ = 6.3.

1.2.2 Gauge anistropy

We determine the gauge anistropy ⇠

g

from the static potential using Klassen’s method:
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s
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are the ratios of spatial-spatial and spatial-temporal Wilson loops. In asymptotic region,
these ratios fall exponentially with the linear interquark potential and do not depend on
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�asVs(tat). In addition, finite volume e↵ects are
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where �R
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are the statistical errors of R
s

and R

t

, respectively.

In the original Klassen’s approach, the Wilson loops are considered the plain ones in
which r is either x or z. A typical di�culty in this approach is the limited number of
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✤  Anisotropy - Gauge sector

Gauge anisotropy      is determined by using Klassen’s method

1.2 Parameter tuning
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) as functions of
bare parameters (⇠0
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0
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,m0). For a small region in parameter space, we assume that the
renomalized parameters are linear in the bare parameters. We further assume that we are
in the region of light quark masses, i.e. m2
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, and arrive at the form
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For a each set of bare parameters, nonperturbative determinations of ⇠

g

and ⇠

f

will be
carried out through the interquark potential and the relativistic meson dispersion relation,
respectively. We then fit the numerical data to these functions and obatain the coe�cients,
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, b
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and c
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. We obtained

a0 = 0.6(16), a1 = 0.97(13), a2 = 0.31(23), a3 = 2(4), (9)

b0 = 1.8(24), b1 = 0.06(18), b2 = 1.1(3), b3 = 4(7), (10)

c0 = 0.475(5), c1 = �0.0168(4), c2 = �0.0375(6), c3 = 0.986(11). (11)
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Our target anistropy is ⇠ = 6.3.
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Klassen (2000)
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are the ratios of spatial-spatial and spatial-temporal Wilson loops. In asymptotic region,
these ratios fall exponentially with the linear interquark potential and do not depend on
r, R

x

(r, y) = e

�asVs(yas) and R

t

(r, t) ⇠ e

�asVs(tat). In addition, finite volume e↵ects are
under control as those cancel out in the ratios. As the interquark potential at the same
physical distance should yield the same value, one can extract the anistropy ⇠

g

by imposing
R
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y). In practice, we determine ⇠
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where �R

s

and �R

t

are the statistical errors of R
s

and R

t

, respectively.

In the original Klassen’s approach, the Wilson loops are considered the plain ones in
which r is either x or z. A typical di�culty in this approach is the limited number of
data points due to the severe signal-to-noise in the calculations of Wilson loops. By noting
that r can be any path in x � z plain, we consider the generalized Wilson loops along the
closed path C

y

(x, z, y) and C

t

(x, z, t) with x � z. Analogous to the plain case, we define
~r = (x, z) and ~r + 1 = (x + 1, z) for the fixed value of z. Using this generalized Klassen’s
method, we not only find the asymptotic region in which ⇠

g

converges, but also reduce the
statistical errors. Our findings are summarized in Fig. 1 and Fig. 2. For each ensemble,
we plot the ⇠

g

as a function of min(r ⇤ y) with four di↵erent sets of data: all plain Wilson
loops (purple triangle), plain Wilson loops except y = 1 (blue circle), generalized Wilson
loops except y = 1 (red square), and generalized Wilson loops except either y = 1 or r = 1
(green diamond). In this calculation, the largest value of r ⇤ y is detemined as the one
before we invoke significant noises, while the values of z are z = 0, 1, 2, 3. As pointed out in
previous studies of anistropic lattice, inclusion of Wilson loops for y = 1 causes significant
systematice errors due to excited state contaminations. In all cases in this study, we find
that ⇠

g

converges to the asymptotic value around min(r ⇤ y) = 4 ⇠ 6. Therefore, we choose
min(r ⇤ y) = 6 for the determination of ⇠

g

, where the sizes of systematic errors are well
below those of statistical errors. The extracted values are represented by the blue band in
each figure and summarized in Table 1.
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2D path in x-z plane(Bresenham algorithm)
For 3D, Bolder et. al. (2001)
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For a each set of bare parameters, nonperturbative determinations of ⇠

g

and ⇠

f

will be
carried out through the interquark potential and the relativistic meson dispersion relation,
respectively. We then fit the numerical data to these functions and obatain the coe�cients,
a

i

, b
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and c
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. We obtained

a0 = 0.6(16), a1 = 0.97(13), a2 = 0.31(23), a3 = 2(4), (35)

b0 = 1.8(24), b1 = 0.06(18), b2 = 1.1(3), b3 = 4(7), (36)
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In order to determine the critical values for the bare parameters we impose the following
renormalization conditions:

⇠

g

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = ⇠

f

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = ⇠, M

2
ps

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = m

2
ps

. (38)

Our target anistropy is ⇠ = 6.3.
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hūu+ d̄di 6= 0, mūu, md̄d (7)
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✤  Anisotropy - Fermion sector

Fermion anisotropy      is determined by using meson dispersion relations
(Pseudo Goldstone Boson)
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We use the first four momentum vectors for fitting.

1 Anistropic lattice

1.1 Lattice setup

1.1.1 Action
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mūu, md̄d (2)

L = �1

4
F

a

µ⌫

F

aµ⌫
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In this section, we define the gauge and fermion actions used in this calculation. For
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Higher momentum states are consistent with the fit result.
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systematice errors due to excited state contaminations. In all cases in this study, we find
that ⇠

g

converges to the asymptotic value around min(r ⇤ y) = 4 ⇠ 6. Therefore, we choose
min(r ⇤ y) = 6 for the determination of ⇠

g

, where the sizes of systematic errors are well
below those of statistical errors. The extracted values are represented by the blue band in
each figure and summarized in Table 1.

1.2.3 Fermion anistropy

We determine the fermion anistropy through the relativistic dispertion relation of mesons,
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hūu+ d̄di 6= 0 (6)
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✤  Anisotropy - Fermion sector

Also,      from the dispersion relation for vector meson agrees.
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systematice errors due to excited state contaminations. In all cases in this study, we find
that ⇠

g

converges to the asymptotic value around min(r ⇤ y) = 4 ⇠ 6. Therefore, we choose
min(r ⇤ y) = 6 for the determination of ⇠

g

, where the sizes of systematic errors are well
below those of statistical errors. The extracted values are represented by the blue band in
each figure and summarized in Table 1.

1.2.3 Fermion anistropy

We determine the fermion anistropy through the relativistic dispertion relation of mesons,
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Fermion anisotropy      is determined by using meson dispersion relations
(Pseudo Goldstone Boson)

1.2 Parameter tuning

1.2.1 Renormalization conditions

The bare anistropy parameters, ⇠0
g

and ⇠

0
f

, are renormalized such that physical probes at
scales well below the cut-o↵ exhibit Euclidean symmetry, i.e. ⇠

g

= ⇠

f

= ⇠. For the input
quark mass m

q

, we parameterize the renormalized parameters (⇠
g

, ⇠

f

,m

q

) as functions of
bare parameters (⇠0

g

, ⇠

0
f

,m0). For a small region in parameter space, we assume that the
renomalized parameters are linear in the bare parameters. We further assume that we are
in the region of light quark masses, i.e. m2

ps

⇠ m

q

, and arrive at the form
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For a each set of bare parameters, nonperturbative determinations of ⇠

g

and ⇠

f

will be
carried out through the interquark potential and the relativistic meson dispersion relation,
respectively. We then fit the numerical data to these functions and obatain the coe�cients,
a

i

, b
i

and c

i

. We obtained

a0 = 0.6(16), a1 = 0.97(13), a2 = 0.31(23), a3 = 2(4), (9)

b0 = 1.8(24), b1 = 0.06(18), b2 = 1.1(3), b3 = 4(7), (10)

c0 = 0.475(5), c1 = �0.0168(4), c2 = �0.0375(6), c3 = 0.986(11). (11)

In order to determine the critical values for the bare parameters we impose the following
renormalization conditions:
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Our target anistropy is ⇠ = 6.3.

1.2.2 Gauge anistropy

We determine the gauge anistropy ⇠

g

from the static potential using Klassen’s method:
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We use the first four momentum vectors for fitting.
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In this section, we define the gauge and fermion actions used in this calculation. For
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Point sources for both source and sink

systematice errors due to excited state contaminations. In all cases in this study, we find
that ⇠

g

converges to the asymptotic value around min(r ⇤ y) = 4 ⇠ 6. Therefore, we choose
min(r ⇤ y) = 6 for the determination of ⇠

g

, where the sizes of systematic errors are well
below those of statistical errors. The extracted values are represented by the blue band in
each figure and summarized in Table 1.

1.2.3 Fermion anistropy

We determine the fermion anistropy through the relativistic dispertion relation of mesons,
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✤  Anisotropy Tuning - Simulation details
Table 1: Simulation parameters and results.

m0 ⇠

0
g

⇠

0
f

N

traj

/`

auto

N

conf

m

⇡

m

v

⇠

g

⇠

f

m

⇡

/m

⇢

-0.195 4.7 4.7 1600/8 200 0.1659(8) 0.1823(10) 6.19(7) 6.34(10) 0.910(7)
-0.195 4.9 4.7 2400/12 200 0.1544(6) 0.1709(13) 6.33(8) 6.33(9) 0.903(8)
-0.2 4.5 4.7 2400/8 300 0.1616(5) 0.1784(8) 6.03(6) 6.28(7) 0.906(5)
-0.2 4.7 4.5 2400/8 300 0.1743(5) 0.1910(7) 6.07(7) 6.12(6) 0.913(4)
-0.2 4.7 4.7 2400/12 200 0.1504(6) 0.1678(10) 6.13(6) 6.41(11) 0.896(6)
-0.2 4.9 4.7 3000/10 300 0.1399(5) 0.1589(7) 6.42(6) 6.35(7) 0.880(5)
-0.2 5.1 4.7 2250/14 160 0.1279(13) 0.1479(19) 6.58(9) 6.34(17) 0.865(14)

-0.209 4.7 4.5 2400/16 150 0.1455(7) 0.1643(11) 6.10(6) 6.04(10) 0.885(7)
-0.209 4.7 4.7 3000/10 300 0.1169(7) 0.1392(13) 6.22(6) 6.35(12) 0.840(10)
-0.209 4.9 4.5 3000/10 300 0.1336(6) 0.1533(9) 6.34(7) 6.11(9) 0.872(6)
-0.209 4.9 4.7 2100/14 150 0.1023(9) 0.1243(15) 6.35(6) 6.25(12) 0.823(12)
-0.215 4.7 4.7 1650/12 138 0.0904(21) 0.118(5) 6.04(9) · 0.77(3)

1.1.2 Simulation details

For this study, we use the lattice action for SU(2) gauge theory with two mass-degenerate
fermions in the fundamental representation. Configurations are generated using the Hybrid
Monte Carlo (HMC) alorithms with the second order Omelyan integrator for MD evolution,
where di↵erent time steps for gauge and fermion action are used such that the acceptance
ratio is in the range of 80 � 90%. The simulation codes were developed from the HiRep
code modified by implementing the anistropies described in previous section. Excecpt an
emsemble for the investigation of finite volume e↵ects, all lattices are L

3 ⇥ T = 123 ⇥ 128
with periodic boundary condition in each direction for both link variables and fermion
fields. Twelve ensembles were created with di↵erent bare quark masses, gauge and fermion
anistropies at � = 2.0, where the details can be found in Table 1. Thermalization and auto-
correlation times are estimated by monitoring the average plaquette expectation values. For
each ensemble N

conf

= 138� 300 configurations are accumulated after 200 trajectories for
thermalization, where every two adjacent ensembles are separated by one auto-correlation
length. The statistical errors for all quantities extracted in this work were obtained using
the standard bootstrapping technique.

2

Ensembles(                          ,             )

Configurations are generated using HMC algorithms(modified HiRep code).

Thermalization time is determined by monitoring Plaquette values.
Two adjacent configurations are separated by roughly one autocorrelation 
time(8~16 trajectories).
Implemented periodic boundary conditions for all directions.

Del Debbio, Patella, Pica (2010)
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✤  Anisotropy tuning - results

1.2 Parameter tuning

1.2.1 Renormalization conditions

The bare anistropy parameters, ⇠0
g

and ⇠

0
f

, are renormalized such that physical probes at
scales well below the cut-o↵ exhibit Euclidean symmetry, i.e. ⇠

g

= ⇠

f

= ⇠. For the input
quark mass m

q

, we parameterize the renormalized parameters (⇠
g

, ⇠

f

,m

q

) as functions of
bare parameters (⇠0

g

, ⇠

0
f

,m0). For a small region in parameter space, we assume that the
renomalized parameters are linear in the bare parameters. We further assume that we are
in the region of light quark masses, i.e. m2

ps

⇠ m

q

, and arrive at the form

⇠

g

(⇠0
g

, ⇠

0
f

,m0) = a0 + a1⇠
0
g

+ a2⇠
0
f

+ a3m0, (6)

⇠

f

(⇠0
g

, ⇠

0
f

,m0) = b0 + b1⇠
0
g

+ b2⇠
0
f

+ b3m0, (7)

M

2
ps

(⇠0
g

, ⇠

0
f

,m0) = c0 + c1⇠
0
g

+ c2⇠
0
f

+ c3m0. (8)

For a each set of bare parameters, nonperturbative determinations of ⇠

g

and ⇠

f

will be
carried out through the interquark potential and the relativistic meson dispersion relation,
respectively. We then fit the numerical data to these functions and obatain the coe�cients,
a

i

, b
i

and c

i

. We obtained

a0 = 0.6(16), a1 = 0.97(13), a2 = 0.31(23), a3 = 2(4), (9)

b0 = 1.8(24), b1 = 0.06(18), b2 = 1.1(3), b3 = 4(7), (10)

c0 = 0.475(5), c1 = �0.0168(4), c2 = �0.0375(6), c3 = 0.986(11). (11)

In order to determine the critical values for the bare parameters we impose the following
renormalization conditions:

⇠

g

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = ⇠

f

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = ⇠, M

2
ps

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = m

2
ps

. (12)

Our target anistropy is ⇠ = 6.3.

1.2.2 Gauge anistropy

We determine the gauge anistropy ⇠

g

from the static potential using Klassen’s method:

R

s

(r, y) = R

t

(r, t = ⇠

g

y), (13)

where

R

s

(r, y) =
W

ss

(r, y)

W

ss

(r + 1, y)
, (14)

R

t

(r, t) =
W

st

(r, t)

W

st

(r + 1, t)
, (15)
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Linear Ansatz for renormalized parameters
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⇠ m

q

, and arrive at the form

⇠
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, ⇠

0
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,m0) = a0 + a1⇠
0
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+ a2⇠
0
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0
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0
f

+ b3m0, (7)
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2
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(⇠0
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0
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,m0) = c0 + c1⇠
0
g

+ c2⇠
0
f

+ c3m0. (8)

For a each set of bare parameters, nonperturbative determinations of ⇠

g

and ⇠

f

will be
carried out through the interquark potential and the relativistic meson dispersion relation,
respectively. We then fit the numerical data to these functions and obatain the coe�cients,
a
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i

and c
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. We obtained

a0 = 0.6(16), a1 = 0.97(13), a2 = 0.31(23), a3 = 2(4), (9)

b0 = 1.8(24), b1 = 0.06(18), b2 = 1.1(3), b3 = 4(7), (10)
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⇠
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⇤
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(⇠0⇤
g
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0⇤
f
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2
ps

. (12)

Our target anistropy is ⇠ = 6.3.

1.2.2 Gauge anistropy

We determine the gauge anistropy ⇠

g

from the static potential using Klassen’s method:

R

s

(r, y) = R

t

(r, t = ⇠

g

y), (13)

where

R

s

(r, y) =
W

ss

(r, y)

W

ss

(r + 1, y)
, (14)

R

t

(r, t) =
W
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, (15)

3

very mild 
dependence
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Edwards, Joo, Lin (2008)
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✤  Anisotropy tuning - results
Renormalized conditions

1.2 Parameter tuning

1.2.1 Renormalization conditions

The bare anistropy parameters, ⇠0
g

and ⇠

0
f

, are renormalized such that physical probes at
scales well below the cut-o↵ exhibit Euclidean symmetry, i.e. ⇠

g

= ⇠

f

= ⇠. For the input
quark mass m

q

, we parameterize the renormalized parameters (⇠
g

, ⇠

f

,m

q

) as functions of
bare parameters (⇠0
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f

,m0). For a small region in parameter space, we assume that the
renomalized parameters are linear in the bare parameters. We further assume that we are
in the region of light quark masses, i.e. m2

ps

⇠ m

q

, and arrive at the form

⇠

g

(⇠0
g

, ⇠

0
f

,m0) = a0 + a1⇠
0
g

+ a2⇠
0
f

+ a3m0, (6)

⇠

f

(⇠0
g

, ⇠

0
f

,m0) = b0 + b1⇠
0
g

+ b2⇠
0
f

+ b3m0, (7)

M

2
ps

(⇠0
g

, ⇠

0
f

,m0) = c0 + c1⇠
0
g

+ c2⇠
0
f

+ c3m0. (8)

For a each set of bare parameters, nonperturbative determinations of ⇠

g

and ⇠

f

will be
carried out through the interquark potential and the relativistic meson dispersion relation,
respectively. We then fit the numerical data to these functions and obatain the coe�cients,
a

i

, b
i

and c

i

. We obtained

a0 = 0.6(16), a1 = 0.97(13), a2 = 0.31(23), a3 = 2(4), (9)

b0 = 1.8(24), b1 = 0.06(18), b2 = 1.1(3), b3 = 4(7), (10)

c0 = 0.475(5), c1 = �0.0168(4), c2 = �0.0375(6), c3 = 0.986(11). (11)

In order to determine the critical values for the bare parameters we impose the following
renormalization conditions:

⇠

g

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = ⇠

f

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = ⇠, M

2
ps

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = m

2
ps

. (12)

Our target anistropy is ⇠ = 6.3.

1.2.2 Gauge anistropy

We determine the gauge anistropy ⇠

g

from the static potential using Klassen’s method:

R

s

(r, y) = R

t

(r, t = ⇠

g

y), (13)

where

R

s

(r, y) =
W

ss

(r, y)

W

ss

(r + 1, y)
, (14)

R

t

(r, t) =
W

st

(r, t)

W

st

(r + 1, t)
, (15)

3

Our target anisotropy is             with                          .
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0
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, are renormalized such that physical probes at
scales well below the cut-o↵ exhibit Euclidean symmetry, i.e. ⇠

g

= ⇠

f

= ⇠. For the input
quark mass m

q

, we parameterize the renormalized parameters (⇠
g

, ⇠

f

,m

q

) as functions of
bare parameters (⇠0

g

, ⇠

0
f

,m0). For a small region in parameter space, we assume that the
renomalized parameters are linear in the bare parameters. We further assume that we are
in the region of light quark masses, i.e. m2

ps

⇠ m

q

, and arrive at the form

⇠

g

(⇠0
g

, ⇠

0
f

,m0) = a0 + a1⇠
0
g

+ a2⇠
0
f

+ a3m0, (6)

⇠

f

(⇠0
g

, ⇠

0
f

,m0) = b0 + b1⇠
0
g

+ b2⇠
0
f

+ b3m0, (7)

M

2
ps

(⇠0
g

, ⇠

0
f

,m0) = c0 + c1⇠
0
g

+ c2⇠
0
f

+ c3m0. (8)

For a each set of bare parameters, nonperturbative determinations of ⇠

g

and ⇠

f

will be
carried out through the interquark potential and the relativistic meson dispersion relation,
respectively. We then fit the numerical data to these functions and obatain the coe�cients,
a

i

, b
i

and c

i

. We obtained

a0 = 0.6(16), a1 = 0.97(13), a2 = 0.31(23), a3 = 2(4), (9)

b0 = 1.8(24), b1 = 0.06(18), b2 = 1.1(3), b3 = 4(7), (10)

c0 = 0.475(5), c1 = �0.0168(4), c2 = �0.0375(6), c3 = 0.986(11). (11)

In order to determine the critical values for the bare parameters we impose the following
renormalization conditions:

⇠

g

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = ⇠

f

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = ⇠, M

2
ps

(⇠0⇤
g

, ⇠

0⇤
f

,m

⇤
0) = m

2
ps

. (12)

Our target anistropy is ⇠ = 6.3.

1.2.2 Gauge anistropy

We determine the gauge anistropy ⇠

g

from the static potential using Klassen’s method:

R

s

(r, y) = R

t

(r, t = ⇠

g

y), (13)

where

R

s

(r, y) =
W

ss

(r, y)

W

ss

(r + 1, y)
, (14)

R
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⇠

0⇤
g

= 4.84(8), ⇠0⇤
f

= 4.72(12), m

⇤
0 = �0.2148(37) (9)

In this section, we define the gauge and fermion actions used in this calculation. For
the gauge sector, we use the Wilson action modifed as

S

g

[U ] =
�

⇠

0
g

2

4
X

i

(⇠0
g

)2
✓
1� 1

N

Re trP0i

◆
+
X

i<j

✓
1� 1

N

Re trP
ij

◆3

5
, (10)

where � = 2N/g

2
0 and ⇠

0
g

= ⇠

0 = a

s

/a

t

are the lattice bare coupling and the bare gauge
anistropy, respectively. The plaquette P is defined by

P
µ⌫

(x) = U

µ

(x)U
⌫

(x+ µ)U †
µ

(x+ ⌫)U †
⌫

(x), (11)

where U

µ

(x) denote the link variables.

For the fermion action, we use the Wilson action

S

f

[U,  ̄, ] = a

3
s

a

t

X

x

 ̄(x)D
m

 (x),

= a

3
s

a

t

X

x

 ̄

 
m0 +

1

2

X

µ

v

µ

[�
µ

(r
µ

+r⇤
µ

)� a

µ

r⇤
µ

r
µ

]

!
 (x), (12)

where r and r⇤ are denote the forward and backward covariant derivatives, respectively:

r
µ

 (x) =
1

a

µ

[U
µ

(x) (x+ µ)�  (x),

r⇤
µ

 (x) =
1

a

µ

[ (x)� U

†
µ

(x� µ) (x� µ)]. (13)

We introduced the ratio of the bare fermion to the bare gauge anistropy, v, as it could be
di↵erent to unity. From the redefintion of the fermion field, i.e.

p
v

t

 and m0/vt, along
with the introduction of the fermion anistropy ⇠

0
f

= ⇠

0
g

/(v
s

/v

t

), we rewrite the massive
Wilson-Dirac operator by

D

m

 (x) ⌘ (D +m0) (x)

=
1

a

t

" 
a

t

m0 + 1 +
3

⇠

0
f

!
 (x)� 1

2

⇣
(1� �0)U0(x) (x+ 0̂) + (1 + �0)U

†
0(x� 0̂) (x� 0̂)

⌘

� 1

2⇠0
f

X

j

⇣
(1� �

j

)U
j

(x) (x+ ĵ) + (1 + �

j

)U †
j

(x� ĵ) (x� ĵ)
⌘
3

5
. (14)
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Consistent with our 
target parameters!
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✤  Finite T calculations

Ensembles
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✤  Renormalized Polyakov Loop
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Borsanyi et. al.  (2012)

Multiplicative renormalization of Polyakov Loop
The Polyakov loop expectation value L is related to the free energy of a static quark

F via

L(T ) = e�F (T )/T . (3.1)

However, F is only defined up to an additive renormalisation constant �F , which depends

on the gauge coupling and other bare parameters but not on the temperature. Expressing

the renormalised free energy F
R

as F
R

= F+�F allows us write the renormalised Polyakov

loop as

L
R

(T ) ⌘ e�FR(T )/T = e�(F (T )+�F )/T = ZN⌧
L

L(T ), (3.2)

which defines the multiplicative renormalisation constant Z
L

. Following Ref. [43], we im-

pose a renormalisation condition at a reference temperature T
R

, by requiring that

L
R

(T
R

) ⌘ constant, (3.3)

which fixes Z
L

.

Figure 1 shows the Polyakov loop with three di↵erent renormalisation schemes corre-

sponding to di↵erent choices of T
R

and the constant in Eq. (3.3), as detailed in the figure

caption. The data are interpolated using cubic splines, with the statistical uncertainty

given by the thickness of the three interpolating curves; it can be seen to be negligible. We

then obtain the Polyakov loop susceptibility as the derivatives of the interpolating curves

for the Polyakov loop in each of the three schemes. The peak positions are indicated

with the vertical lines in Fig. 1 and give us the point of inflection at N crit

⌧

= 30.4(7) or

1/N crit

⌧

= a
⌧

T
c

= 0.0329(7), where the error reflects the systematic error coming from the

spread of the three renormalisation schemes. This corresponds to a deconfinement critical

temperature of T
c

= 185(4) MeV. We note that neither chiral nor continuum extrapolations

have been performed in our analysis.

In the limit of massless quarks, QCD becomes classically invariant under chiral trans-

formations. This symmetry is spontaneously broken at low temperature. For physical

masses, even if the chiral symmetry is explicitly broken, the associated order parameter

shows a clear transition signal at a certain temperature. The chiral condensate and, in

particular, its susceptibility �
c

are commonly used to define the crossover transition tem-

perature. We have determined the chiral susceptibility due to the two light flavours, using

[44–46]
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where Z is the partition function, M the fermion matrix, V the spatial volume and m

the degenerate light quark mass. Moreover, we introduce here the connected �
conn

and

the disconnected �
disc

contributions to the susceptibility. The traces in Eq. (3.4) are

determined using 16 noise vectors for the disconnected contribution and 4 for the connected
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Renormalization condition

Aarts et. al.  (2014)

1 Anistropic lattice

1.1 Lattice setup

1.1.1 Action
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✤  Temporal correlators

Below the critical temperature, 
the temporal correlation 
functions decay in the order of

Onset of the critical temperature, 
the correlation functions for 
vector and axial-vector mesons 
are degenerate.
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✤  Spacial correlators - Vector channel
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✤  Spacial correlators - Vector channel
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✤  Spacial correlators - Scalar channel
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✤  Spacial correlators - Scalar channel
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Above 2TC, screening mass of pseudoscalar and scalar mesons begins to deviate 
from the plateau.

Lattice artifacts due to too small      ?
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✤  Conclusion and future work

Systematic errors
For              fitting errors in scalar and axial-vector screening mass due to very 
limited numbers of data points in the asymptotic region
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2

Mistuned bare anisotropy generate up to ~3% errors.
Anisotropy tuning works at any temperature?

Massless, infinite volume, and continuum limit needs to be investigated.

How does the meson spectrum change at finite chemical potential?

SU(2) gauge theory with 2 fund. Wilson fermions on an anisotropic lattice

Anisotropy tuning works!
Non-plain Wilson loops are helpful for determining gauge anisotropy.

Parity doubling in the temporal and spacial correlators for vector channel just 
above Tc
Parity doubling in the spacial correlators for scalar channel  above 1.5Tc

Finite T results

19



Thank you for your attention!
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