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Nuclear Force from Lattice QCD
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[N. Ishii et al., PRL99 '07 ]

r1) Choose Interpolating Field (IF) for N
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r2) Compute Nambu-Bethe-Salpeter (NBS) wave function
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faithful to phase shift
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3) Solve the Schrodinger equation for a non-local potential

1 d?
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derivative expansion




Derivative Expansion

V(w,o') = (Vo(x) N Vl(a;)% N VQ(:E)% L ) 5(x — o)

N\ y

> Since the higher-order terms are of O(p"), the expansion
will converge: low-energy scattering is well described by

V(N)(:E,:U/) _ <VO($) 4+t VN(;L»)CZU_N) (S(g; — gj/).

> The validity of local approx. (N=0) has been confirmed
in an indirect manner. [K. Murano et al., PTP125 '11 1225

> Our purpose is to demonstrate the convergence directly
when the higher-order terms are explicitly considered.




Outline

Analytically Solvable

coupled-channel model

Solve Schrodinger eq. for V

Non-Local
Analytical Solution Potential

Lippmann-Schwinger eq.

\

Phase Shift <j> Phase Shift

analytical Based on the DE




The Birse Model (1/2)

A= [wiw(-57)pe 7
—Vo for |x| < R
Viz)/=
—I—/d:ch(:c) —ﬁﬁ) n(x) o ] > R
+/dwn’T(az) A — ﬁW) n'(x) p

2-particle eigenstate  H |U(E)) = E |¥(E))



The Birse Model (2/2)

> Yo(x) and ¥1(x) satisfy the coupled-channel egs.

(e o2) (2] = (o 57) (065
[M.Birse, 1208.4807]

g y

Parameters: MVy =1/R?*, MA =6/R*, Mg=6/R and R=1

Twisted Boundary Condition: pi(r 42L0) = ii(z)  with
Vi (z) = Yi(—x) L =10

> General "neutron" interpolating field N, (x) and the qu 1
NBS wave function ¥, (z; F) read
Ny(x) = n(z) + gn'(x)
U, (x) = o(r) + qip1(z)
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Generalized Derivative Expansion

» Naive derivative expansion
:iwn(x) a né(az—x’)
— dx

> @Generalized derivative expansion

V) (2, 2/) Z ") (z ( ) eXp{—(ﬁf/%:')Q//)Q}

Explicit non-locality




Non-local Potentials
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Phase Shift and Convergence 9

1 10
xT) = e’ cos(kx + o
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Larger N is better mmp Convergence is confirmed




Interpolating Field Dependence

pn’ mixing parameter g is varied while O is fixed to 0.5

N=1 N=3

P eneray theory 060 pl g theory
put energy 4=10.6 tnput energy q=+0.6
\ g=+0.2 ~ . gq=+0.2 ~
0.58 pi g::?g a 0.58 pi | //'\‘\\ g::?g : i
0.56 pi | 0.56 pi | / : f\x\vj
054pi [f o, & 0.54 pi | .
0.52 pi ; ° S 1 0.52 pi
0.50 pi S 0.50 pi —
0O 01 02 03 04 05 06 0.7 08 09 1 0O 01 02 03 04 05 06 0.7 08 09 1
4 N
> |nterpolating field dependence can be used to improve
the convergence.
> Extrapolation to higher energy is possible.
G Y




p=0.9

p=0.3

P Dependence
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Summary
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» We have carried out the generalized derivative expansion
in an explicit manner using a 1+1 dimensional toy model.

> The convergence of the expansion has been confirmed
as the phase shift improves order by order.

» We can improve the convergence by changing
1. the choice of interpolating fields
2. the Gaussian width in the generalized expansion

> The findings will be applied to a coupled-channel system,
where a small-momentum assumption is not promising.



Backup Slides
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Backup: Schematic Picture of the Birse Model

14

1 a vol@)| _ ((Viz) 208()\ [voa)
(deZ " E> ¢1(5L’)] (295 z) A ) ¢1(37)]
\_ [M.Birse, arXiv:1208.4807])

/ Y : open channel \ / : closed channel \

Vo Jz[ <R
V(z) = . o> R J 1 bound state at E=-33.7
(M=1, A=6, g=6, R=1)




Backup: Energy Spectrum

Parameter set
MVy=1/R?* MA=6/R* Mg=6/R
R=1 By - By
Twisted Boundary Condition
Vi(x + 2L) = ewwi(x)
V; (z) = Yi(—x) 1 =10,1

with L =10, 0 = 7/2

A deeply bound state exists Ey = —33.67
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Backup: Birse Model Wave Functions
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\Dq=0-2(33)

‘ Solutions with PBC at L=£10 ‘
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Backup: Potential Determination (regular part) 17

N

Vo) (2, 2') = Zvn(w) (%) exp{—(a\j/%px) /p*}

n=0
| Y,
determination

(—HQ —I—EZ)\I/q<ZIZ,EZ) = /dZC,V(ZE,ZU,)\IJq(x,Ez)

v

(—Ho + Eo)V,(z; Ep) o(z; Eo)  Do(x; Ep) DN p(x; Ey) vo(T)
(—Ho + E1)Yy(x; Er) _ o(z; E1)  Dy(z; Er) DN o(z; Ey) v1 ()
(—Ho+ Bx)¥y(a; Bx))  \e(w:iBx) D@ Bx) - DV¥e(a:Ex)) \ow(@)




Backup: Potential Determination (delta part)
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potential / 0 function

 delta function potential at the origin

Un(Z) = V() + gnd ()

determine gn to make it energy-independent

@;(CI:) : regular part

4 N N
(E— Ho)¥(z) =) (Un() + gnd(x)) D"p(x) Schrodinger eq.
n=0

2
M\P/H_O) = Z gn D" ()] ,—g integrate for [—¢,¢€]
¥ (25 Eo) p(2: Eo)l—o (D@ Bo)lp—g  [D%0(x5 E0),_o\ (90
V(@ B) | = | le(@ By [Do(@iE)]lyey  [D*0(wi Eo)],_, | | 91
77 (z; E) o(x; Ea)],—g  [Do(x; E2)],—g  |D%0(z;E2)] ) \g2




Backup: False Repulsion of Birse 19

VBs(ZE; E = O)

1 ¥, (z; E)

Ves(z: B) = 115 (2, E)
g\ 4

+ £ [M.Birse, 1208.4807]

10

false repulsion caused by a
zero in the denominator

derivative expansion is necessary
when the w.f. has nodes

i.. 5.: O




Backup: Derivation of GDE 20

We consider the potential in the momentum space and
in the coordinate space as

<p1|V|p2> EV(k,P), (Al)
(x1 |V |x2) =V (R,7),

respectively, where k, P, r, and R are defined by

k=pi —p2, P=(p1+0p2)/2,
r=x1 —x2, R=(x1+x2)/2.

(A2)

They are related to each other by the Fourier transfor-

mation
dkdP
V(R,7) / / e* BV (k, P)etPr. (A3)



Backup: Derivation of GDE
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Now, we attempt to keep a part of the P dependence
explicitly: we divide V(k, P) into two parts as

V(k,P) = U(k, P) exp {—ip%ﬂ} , (A6)

using an arbitrary parameter p. This time, P in U (k, P)
is replaced by the derivative, while that in the Gaussian
is holded. The result is given as

exp {—7"2/,02}

VTP

V(R,r) = / dk B T (k, —id /or) (A7)

exp {—r?/p*}

= UZ(R, —26/87“) ﬁp ,

(A8)




