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2	Nuclear	Force	from	Lattice	QCD

2)	Compute	Nambu-Bethe-Salpeter	(NBS)	wave	function

 ↵�(r, t) = h0 |n�(x+ r, t) p↵(x, t) |B = 2i

3)	Solve	the	Schrödinger	equation	for	a	non-local	potential

1)	Choose	Interpolating	Field	(IF)	for	N

e.g.

derivative	expansion

p↵(r) = ✏abc
�
uT
a (r)C�5db(r)

�
uc↵

n�(r) = ✏abc
�
uT
a (r)C�5db(r)

�
dc�

[N.	Ishii	et	al.,	PRL99	'07	]	

faithful	to	phase	shift
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3	Derivative	Expansion
V (x;E) = E +

1

Mψ(x;E)

d2ψ

dx2
(1)

V (x, x′) =

(

V0(x) + V1(x)
d

dx
+ V2(x)

d2

dx2
+ · · ·

)

δ(x− x′) (2)

2

Ø  Since	the	higher-order	terms	are	of										,	the	expansion	
will	converge:	low-energy	scattering	is	well	described	by




Ø The	validity	of	local	approx.(N=0)	has	been	confirmed		
in	an	indirect	manner.

Ø Our	purpose	is	to	demonstrate	the	convergence	directly		
when	the	higher-order	terms	are	explicitly	considered.
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◆
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[K.	Murano	et	al.,	PTP125	'11	1225-	]	



4	Outline

Solve Schrödinger eq. for V 

Analytically Solvable  
coupled-channel model 

Phase Shift 
Based on the DE 

Phase Shift 
analytical 

Analytical Solution 
Non-Local 
Potential 

Lippmann-Schwinger eq. 



5	The	Birse	Model	(1/2)

V (x;E) = E +
1

Mψ(x;E)

d2ψ

dx2
(1)

V (x, x′) =

(
V0(x) + V1(x)

d

dx
+ V2(x)

d2

dx2
+ · · ·

)
δ(x− x′) (2)

ψ0 ψ1 (3)

[
− 1

M

d2

dx2
+ V (x)− E

]
ψ0(x) + 2gδ(x)ψ1(x) = 0

[
− 1

M

d2

dx2
+∆− E

]
ψ1(x) + 2gδ(x)ψ0(x) = 0 (4)

Ĥ =

∫
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(
− 1

2M
∇2

)
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〈
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〉
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[
p(x), p†(y)

]
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]
= δ(x− y) (9)
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p n n′ (11)
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✓
� 1
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◆
p(x)

+

Z
dxn

0†(x)

✓
�� 1
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◆
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0(x)

+

Z
dxn
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✓
� 1
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◆
n(x)

+

ZZ
dxdy n

†(x)p†(y)V (x� y) p(y)n(x)

 0(x� y) ⌘ h0 | p(x)n(y) | (E)i ,
 1(x� y) ⌘ h0 | p(x)n0(y) | (E)i

NBS	wave	functions

2-particle	eigenstate

V (x) =

(
�V0 for |x| < R

0 for |x| > R

+2g

Z
dxn

†(x)p†(x)p(x)n0(x) + h.c.

Ĥ | (E)i = E | (E)i



6	The	Birse	Model	(2/2)

Ø  									and										satisfy	the	coupled-channel	eqs.

[M.Birse, 1208.4807]	

✓
1

M

d

2

dx

2
+ E

◆
 0(x;E)
 1(x;E)

�
=

✓
V (x) 2g�(x)
2g�(x) �

◆
 0(x;E)
 1(x;E)

�

MV0 = 1/R2, M� = 6/R2, Mg = 6/R and R = 1Parameters:

 i(x+ 2L) = i i(x)

 

⇤
i (x) =  i(�x) L = 10

withTwisted	Boundary	Condition:

Ø General	"neutron"	interpolating	field										and	the	pNq	
NBS	wave	function																read q(x;E)

 q(x) =  0(x) + q  1(x)

 0(x)  1(x)

Nq(x) = n(x) + qn

0(x)

Nq(x)



7	Generalized	Derivative	Expansion


1

M

d

2

dx

2
+ Ei

�
 q(x;Ei) =

Z
dx

0
V (x, x0) q(x

0;Ei)

Ø  	Naïve	derivative	expansion

Ø  	Generalized	derivative	expansion

V (x, x0) =
NX

n=0

wn(x)

✓
d

dx

◆n

�(x� x

0)

V

(⇢)
(x, x

0
) =

NX

n=0

v

(⇢)
n (x)

✓
d

dx

◆n
exp

�
�(x� x

0
)

2
/⇢

2
 

p
⇡⇢

Explicit	non-locality



8	Non-local	Potentials
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ρ=0.5, q=0.2 



9	Phase	Shift	and	Convergence

pn' 
threshold	

energy E / Δ 

ph
as

e 
sh

ift
 [r

ad
] 

 (x) =

1p
2⇡

e

i�
cos(kx+ �) ρ=0.5, q=0.2 

Convergence	is	confirmed	Larger	N	is	better
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10	Interpolating	Field	Dependence

pn'	mixing	parameter				is	varied	while					is	fixed	to	0.5⇢q

N=1 N=3

Ø  	Interpolating	field	dependence	can	be	used	to	improve	
the	convergence.

Ø  	Extrapolation	to	higher	energy	is	possible.

input	energy input	energy



11						Dependence
N=1 N=3

⇢
=

0.
3

⇢
=

0.
5

⇢

0.50 pi

0.52 pi

0.54 pi

0.56 pi

0.58 pi

0.60 pi

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

theory
q=+0.6
q=+0.2
q=-0.2
q=-1.0

0.50 pi

0.52 pi

0.54 pi

0.56 pi

0.58 pi

0.60 pi

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

theory
q=+0.6
q=+0.2
q=-0.2
q=-1.0

0.50 pi

0.52 pi

0.54 pi

0.56 pi

0.58 pi

0.60 pi

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

theory
q=+0.6
q=+0.2
q=-0.2
q=-1.0

0.50 pi

0.52 pi

0.54 pi

0.56 pi

0.58 pi

0.60 pi

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

theory
q=+0.6
q=+0.2
q=-0.2
q=-1.0



12	Summary

Ø We	have	carried	out	the	generalized	derivative	expansion	
in	an	explicit	manner	using	a	1+1	dimensional	toy	model.

Ø  	The	convergence	of	the	expansion	has	been	confirmed	
as	the	phase	shift	improves	order	by	order.

Ø We	can	improve	the	convergence	by	changing
1.  the	choice	of	interpolating	fields
2.  the	Gaussian	width	in	the	generalized	expansion	

Ø  The	findings	will	be	applied	to	a	coupled-channel	system,					
where	a	small-momentum	assumption	is	not	promising.
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Ĥ =

∫
dxp†(x)

(
− 1

2M
∇2

)
p(x) +

∫
dxn†(x)

(
− 1

2M
∇2

)
n(x) +

∫
dxn′†(x)

(
∆− 1

2M
∇2

)
n′(x)

+

∫
dxdyn†(x)p†(y)V (x− y)p(y)n(x) + 2g

∫
dxn†(x)p†(x)p(x)n′(x) + 2g

∫
dxn′†(x)p†(x)p(x)n(x) (5)

N(x) ≡ n(x) + qn′(x) (6)

Ψq(x− y) ≡ ⟨0 | p(x)N(x) |Ψ(E)⟩
= ⟨0 | p(x)n(y) |Ψ(E)⟩+ q

〈
0
∣∣ p(x)n′(y)

∣∣Ψ(E)
〉

= Ψ0(x− y) + qΨ1(x− y) (7)

Ψq(x) = ψ0(x) + qψ1(x) (8)

[
p(x), p†(y)

]
= δ(x− y)

[
n(x), n†(y)

]
= δ(x− y) (9)

[
n′(x), n′†(y)

]
= δ(x− y)

p(x) |0⟩ = n(x) |0⟩ = n′(x) |0⟩ = 0 (10)

p n n′ (11)

2

x�

V (x, x′) =
N∑

n=0

vn(x)

(
d

dx2

)n exp
{
−(x− x′)2/ρ2

}
√
πρ

(13)

ϕ(x) ≡
∫ ∞

−∞
dx′

exp
{
−(x− x′)2/ρ2

}
√
πρ

Ψ(x′) → Ψ(x), ρ→ 0 (14)

V (x, x′) =
N∑

n=0

vn(x)

(
d

dx

)n

δ(x− x′) (15)

⎛

⎜⎝
(E0 −H0)Ψ(x;E0)

(E1 −H0)Ψ(x;E1)

(E2 −H0)Ψ(x;E2)

⎞

⎟⎠ =

⎛

⎜⎝
ϕ(x;E0)

(
d

dx2

)
ϕ(x;E0)

(
d

dx2

)2
ϕ(x;E0)

ϕ(x;E1)
(

d
dx2

)
ϕ(x;E1)

(
d

dx2

)2
ϕ(x;E1)

ϕ(x;E2)
(

d
dx2

)
ϕ(x;E2)

(
d

dx2

)2
ϕ(x;E2)

⎞

⎟⎠

⎛

⎜⎝
v0(x)

v1(x)

v2(x)

⎞

⎟⎠ (16)

H0 = − 1

M

d2

dx2
(17)
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Parameter set 
MV0 = 1/R2, M� = 6/R2, Mg = 6/R

R = 1

Twisted Boundary Condition 
 i(x+ 2L) = e

i✓
 i(x)

 

⇤
i (x) =  i(�x) i = 0, 1

L = 10, ✓ = ⇡/2with 

E0 = �33.67

E1, · · ·E15

A deeply bound state exists 

15	Backup:	Energy	Spectrum



16	Backup:	Birse	Model	Wave	Functions

-1

-0.5

 0

 0.5

 1

 0  2  4  6  8  10

ψ
0 

(x
)

x

(a)

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  2  4  6  8  10

ψ
1 

(x
)

x

(b)

 0

 0.1

 0.2

 0.3

 0  0.5  1

E=E0=-33.70
E=E1=0.026
E=E2=0.907
E=E3=0.205
E=E4=0.367
E=E5=0.576

-1
-0.8
-0.6
-0.4
-0.2

 0
 0.2
 0.4
 0.6
 0.8

 1

 0  0.5  1  1.5  2

Ψ
q 

(x
)

(b) E=E0=-33.70
E=E1=0.026
E=E2=0.907
E=E3=0.205
E=E4=0.367
E=E5=0.576

ψ0	 ψ1	

 q=0.2(x)

=  0(x) + 0.2 1(x)

SoluAons	with	PBC	at	L=±10	



Backup:	Potential	Determination	(regular	part) 17	

0

BBB@

(�H0 + E0) q(x;E0)
(�H0 + E1) q(x;E1)

...
(�H0 + EN ) q(x;EN )

1

CCCA
=

0

BBB@

'(x;E0) D'(x;E0) · · · DN'(x;E0)
'(x;E1) D'(x;E1) · · · DN'(x;E1)

...
...

. . .
...

'(x;EN ) D'(x;EN ) · · · DN'(x;EN )

1

CCCA

0

BBB@

v0(x)
v1(x)

...
vN (x)

1

CCCA

'

(⇢, q)
(x) ⌘

Z
dx

0 exp
�
�(x� x

0
)

2
/⇢

2
 

p
⇡⇢

 q(x
0
)

determination 

V

(⇢)
(x, x

0
) =

NX

n=0

vn(x)

✓
d

dx

2

◆n
exp

�
�(x� x

0
)

2
/⇢

2
 

p
⇡⇢

(�H0 + Ei) q(x;Ei) =

Z
dx0V (x, x0) q(x;Ei)



potential / δ function 

•  delta function potential at the origin 

V (x, x′) =
N∑

n=0

vn(x)

(
d

dx2

)n exp
{
−(x− x′)2/ρ2

}
√
πρ

(13)

ϕ(x) ≡
∫ ∞

−∞
dx′

exp
{
−(x− x′)2/ρ2

}
√
πρ

Ψ(x′) → Ψ(x), ρ→ 0 (14)

V (x, x′) =
N∑

n=0

vn(x)

(
d

dx

)n

δ(x− x′) (15)

⎛

⎜⎝
(E0 −H0)Ψ(x;E0)

(E1 −H0)Ψ(x;E1)

(E2 −H0)Ψ(x;E2)

⎞

⎟⎠ =

⎛

⎜⎝
ϕ(x;E0)

(
d

dx2

)
ϕ(x;E0)

(
d

dx2

)2
ϕ(x;E0)

ϕ(x;E1)
(

d
dx2

)
ϕ(x;E1)

(
d

dx2

)2
ϕ(x;E1)

ϕ(x;E2)
(

d
dx2

)
ϕ(x;E2)

(
d

dx2

)2
ϕ(x;E2)

⎞

⎟⎠

⎛

⎜⎝
v0(x)

v1(x)

v2(x)

⎞

⎟⎠ (16)

H0 = − 1

M

d2

dx2
(17)
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Schrodinger eq. 

integrate for [–ε,ε] 
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Backup:	False	Repulsion	of	Birse 19	

VBS(x;E) =
1

M

 00
q (x;E)

 q(x;E)
+ E

V

B
S
(x
;E

=
0)

x

false repulsion caused by a 
zero in the denominator 

[M.Birse, 1208.4807]	

derivative expansion is necessary 
when the w.f. has nodes 
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