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① Diquark picture is a hopeful candidate to explain exotic hadrons  
(tetra-, penta-quarks etc.) which cannot be explained naturally by quark model.

② Diquarks are considered as the central ingredient of cold, dense matter 
where they condense to form a color superconductor.

Brief summary of diquark : Why are diquarks important ?

For example,

It is considered that diquarks play an important role  
in variety of phenomena in hadronic physics.

Our motivation for this work

To check if diquark states are for real using lattice QCD simulation. 



Outline Diquarks The Calculations Conclusions

Diquark operators: complete classification

JP Color Flavor Operator
0+ 3̄ 3̄ q̄Cγ5q , q̄Cγ0γ5q
1+ 3̄ 6 q̄Cγ⃗q , q̄Cσ0iq
0− 3̄ 6 q̄Cq, q̄Cγ0q
1− 3̄ 3̄ q̄C γ⃗γ5q, q̄Cσijq

From R. Jaffe, hep-ph/0409065
Spin-color effective interaction→ wealth of predictions:

parity-odd states heavier (suppressed in non-relat. limit)
M(0+) < M(1+): 0+ is “good” diquark, while 1+ is “bad”
in the real world ∆M ≡ M(1+) −M(0+) ≃ 200 MeV
∆M from spin-spin interaction ∝ 1

m1m2
for heavy quarks
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Classification of diquarks

Diquark correlation is enhanced in a good diquark channel.
・Parity-odd states are heavier than parity-even states.

M(0+) < M(1+)・                            .

Spin color effective interaction predicts that there is a good diquark.

We should check this prediction using the first principle calculation. 

                                                                   

From R. Jaffe, hep-ph/0409065



How to investigate diquark state using lattice QCD?

light quark

light quark

Diquark states are colored.

< Possible choices > 
1. Gauge fixing 
2. Other gauge invariant formula

Gauge invariant strategy is adopted 
in this work.



light quark

light quark

How to investigate diquark state using lattice QCD?

static quark

Combine diquark + static quark 
into color singlet

Static-light-light baryon

We are looking at a diquark in the background field of a static quark. 
relevant limit: static quark far from light quarks



Ⅰ. Calculation of diquark mass
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From the correlator at large t,  
                   we can extract the sum of diquark mass and static quark mass. 

�M = M(�1)�M(�2) = diquark mass di↵erence

Using a static-light-light baryon, we can calculate  
                                             diquark mass difference in gauge invariant manner.

First, calculate a static-light-light baryon correlator in standard manner.

Finally, we can obtain mass difference between two diquarks.

(Static quark → mass UV divergent)
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II. Wavefunction: density-density correlator

θ

r

ρ(x)

(y)ρ

t=0 t=T/2

t=T/4

Fix distance from static quark→ fixed background field
Look at angular distribution
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Ⅱ. Search for diquark interaction: Density-density correlator
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Calculation of density-density correlator

In the middle of  t-direction, we calculate density-density 
correlators as a  function of θ in the spherical shell.

Q
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✓

If the density-density correlator is enhanced when two light quarks 
approach each other, this can be interpreted as diquark attraction.



Numerical setup 
・O(a)-improved 2-flavor Wilson fermions  
・Wilson gauge action

323 ⇥ 64 m⇡ = 380 MeV

(thanks to CLS ensemble)
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light quark propagator: source and sink smeared with HYP smeared gauge links

static quark propagator: calculated with HYP smeared gauge links

t

For mass
For density-density correlation

(Alexandrou et al, hep-lat/0609004, 2005:                ,                              MeV )
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Numerical calculation

                                                                   

From R. Jaffe, hep-ph/0409065

We calculate  
       1.  mass differences between     diquark and other diquarks 
       2.  density-density correlators for all diquark channels.

€ 

γ 5

€ 

γ 5

€ 

γ 0γ 5

€ 

γ 0γ 5



Mass differences between     diquark and other diquarks

t

parity odd states parity even vectors
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Comparison with previous lattice result

2

TABLE I: Summary of our simulations, including the value
of κ, which determines the bare quark mass, the pion mass,
mπ, and nucleon mass, MN , in lattice and, for the latter, in
physical units and the number of gauge configurations.

κ amπ aMN [MN GeV] number of confs

Quenched 163 × 32 β = 5.8, a−1 = 1.47 GeV

0.1560 0.619(2) 1.139(8) [2.04(1)] 356

0.1575 0.549(2) 1.052(9) [1.55(1)] 160

0.1590 0.473(2) 0.961(9) [1.41(1)] 200

Quenched 163 × 32 β = 6.0, a−1 = 2.15 GeV

0.153 0.423(1) 0.783(8)[1.68(2)] 364

0.154 0.366(2) 0.716(7)[1.54(2)] 503

0.155 0.300(2) 0.634(8)[1.36(2)] 287

Quenched 203 × 40 β = 6.2, a−1 = 2.94 GeV

0.1510 0.286(3) 0.563(8) [1.66(2)] 116

0.1520 0.214(3) 0.487(9) [1.43(3)] 166

0.1523 0.188(3) 0.460(11)[1.35(3)] 157

Unquenched Wilson 243 × 40 β = 5.6, a−1 = 2.42 GeV

0.1575 0.270(3) 0.580(7)[1.40(2)] 185

The mass of our static-light-light baryon can be
obtained from the large time limit of the correlator
GΓ(t) = ⟨JΓ(x⃗, t)J†

Γ(x⃗, 0)⟩. The effective mass, meff(t) ≡
− log [GΓ(t)/GΓ(t − 1)], becomes time independent for
large t when the lightest state dominates (plateau re-
gion), yielding its mass. To reduce the statistical errors,
we need to keep t small by isolating the ground state
as fast as possible. This is accomplished by suppressing
higher excitations using Wuppertal smearing [12] on the
source and sink with hypercubic (HYP) smeared spatial
links [13] for the Wuppertal smearing function [14]. In
addition we use HYP smearing on the temporal gauge
links U4(x) that enter in the construction of the static
propagator given by

Sstat.(x2, t2,x1, t1) = δ3(x2 − x1)

„

1 + γ0
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(3)
for t2 > t1. The exponential prefactor exp(−mq(t2 − t1))
has been dropped, since this introduces a constant shift
in all energies by the bare heavy quark mass mq, which
cancels in the mass differences that we measure between
baryons with diquarks in different channels.

We show in Fig. 1 the effective mass differences, ∆meff ,
between the “good” (scalar) diquark created by taking
Γ = γ5, and the other channels. As expected the mass
difference is zero for the other scalar diquark with posi-
tive parity created by taking Γ = γ0γ5. The other pos-
itive parity channels, i.e. the “bad” (vector) diquarks,
are degenerate and are clearly higher in energy than the
“good” diquarks as pointed out in Ref. [8]. The nega-
tive parity states, as expected, have even larger energies.
Their effective masses are much noisier making it difficult
to identify a clear plateau void of contamination from yet
higher states. The general behavior is however similar to
the positive parity diquarks: the vector channels are also
degenerate and tend to have a larger mass than the scalar

FIG. 1: Effective mass difference, ∆meff , in the various di-
quark channels, at β = 6.0 for our lightest quarks. The ar-
rows (from left to right) indicate the time slice of the source,
of the density insertions and of the sink.

channel created by taking Γ = I. To verify that the mass
difference seen between the two scalar channels is signif-
icant one would need to improve the quality of the mass
plateaus.

Effective color-spin Hamiltonian arguments [8] predict
that for heavy constituent quarks the mass difference
∆m ≡ mγi

− mγ5
between the “good” and “bad” di-

quarks scales like 1/mq1
mq2

, where mq1,2
are the masses

of the constituent quarks. On the other hand in the light
quark regime we have m2

π ∝ mq. Therefore for intermedi-
ate values of mq where both relations hold approximately
we make the Ansatz ∆m ∝ 1/m4

π. In the opposite limit
mq → 0, ∆m is expected to approach a constant value.
These two behaviors can be connected by the Ansatz

∆m =
c1

1 + (mπ/c2)
4
, (4)

with c1 and c2 to be determined from the lattice data.
We show in Fig. 2 results for ∆m as a function of m4

π

for our three β values. All lattice data should fall on
a universal line if we are close to the continuum limit.
We observe that this is indeed the case on our two finest
lattices whereas for the coarsest, scaling violations are
apparent. In the same figure we also show ∆m ob-
tained using unquenched, dynamical Wilson configura-
tions. It nicely falls on the same curve as the fine-
lattice quenched results. This corroborates that scal-
ing has set in and that quenching effects at these quark
masses are small. Therefore a quenched study of diquark
properties in the quark mass range used here is a very
good approximation and will be adopted in the rest of
the discussion. The Ansatz given in Eq. (4) provides
a good fit to the lattice data. Using the lattice data
with good scaling behavior at β = 6.0 and 6.2, we find
c2 = 0.78± 0.15 GeV, and c1 = 0.138± 0.01 GeV, which
is the mass difference at the chiral limit [15]. This mass
splitting can be compared to the ∆-nucleon mass split-
ting, δm∆N . Using our quenched data at β = 6.0 we find
for the ratio ∆m/δm∆N = 0.67(7), 0.73(8) and 0.67(8)

From Alexandrou et al, hep-lat/0609004, 2005

parity odd states

parity even vectors
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Good diquark states have degenerated mass. 

This behavior is different from  
    Jaffe’s prediction  
        and previous lattice result.
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density-density correlation

cos ✓

clear attraction in a good diquark          

        Red: good diquark 
    Green: parity even vector 
       Blue: parity odd scalar 
Magenta: parity odd vector 

Preliminary

q-q far from each other q-q close to each other



Summary of my talk

The good diquark is the lightest among all possible states.  

Clear attraction between two quarks is visible in a good diquark .

This statement is consistent with the prediction obtained by 
phenomenological calculation.

Lattice QCD supports the possibility of existence of diquark states.


