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Nucleon Vector Form Factors and GEp/GMp

 JLab@12GeV + Super BigBite: 
explore form factors at Q2 up to 18 GeV2

(GE/GM) dependence
u-, d-flavor contributions to form factors
(F1 / F2) scaling at Q2 -> ∞

Research Management Plan March 3, 2014 p. 5

2.2 Proton Form-Factor Ratio Measurements up to Q2= 12 GeV2 using Recoil Polarization

Introduction The experiment GEp (E12-07-109) was approved by PAC32 in August of 2007 and was
the experiment that provided the original motivation for the Super Bigbite Spectrometer. It will measure
the Sachs Form Factors ratio Gp

E/Gp
M of the proton using the polarization-transfer method in the reaction

p(�e, e��p). The polarization of the recoil proton will be measured using a large-acceptance spectrometer,
based on the Super Bigbite magnet, that will incorporate a double polarimeter instrumented with GEM
trackers and a highly-segmented hadron calorimeter.

The electron will be detected in coincidence by a electromagnetic calorimeter that is sometimes referred
to as “BigCal”. PAC35 allocated 45 days of beam time for the proposed measurement and recommended a
maximum value of Q2 = 12 GeV2.

These parameters were used to readjust the original plan of measurements which will be made at three
values of Q2 : 5, 8, and 12 GeV2 , while achieving an error in the ratio Gp

E/Gp
M of 0.07. The projected results

are shown in Fig 3, in which we show results from earlier Gp
Emeasurements, and the anticipated errors for the

present GEp experiment. The excellent precision that GEp will obtain even at 12 GeV2 is clearly evident.
Additional measurements at even higher values of Q2 will be evaluated after SBS commissioning.

Figure 3: Gp
E/Gp

M existing measurements and expected statistical accuracy for the GEp experiment. The
projected errors for the measurements made with the Super Bigbite Spectrometer are indicated by the filled
blue squares, corresponding to 45-day run with the recommended highest value of momentum transfer 12
GeV2.

Equipment A schematic representation of the experiment is shown in Fig. 4.

[Research Mgmt. Plan for SBS(JLab Hall A)]
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FIG. 2: The ratios κ−1
d F d

2 /F
d
1 , κ

−1
u F u

2 /F
u
1 and κ−1

p F p
2 /F

p
1 vs.

momentum transfer Q2. The data and curves are described
in the text.

The form factors Fu
1 , F d

1 , Fu
2 and Fu

2 are shown in
Fig. 3, all multiplied by Q4 for better clarity in the high-
Q2 range. The values are given in Table I.

TABLE I: The flavor contributions to the proton form factors,
obtained usingG n

E
/G n

M
form factor data from Refs.[13-18] and

the Kelly fit [20] for the other form factors. The Q2 values
are given in GeV2.

Q2 Ref. F u
1 F d

1 F u
2 F d

2

0.30 [17] 1.075(6) 0.505(12) 0.716(6) −0.995(12)

0.45 [18] 0.853(6) 0.377(12) 0.515(6) −0.777(12)

0.50 [14] 0.789(6) 0.332(12) 0.473(6) −0.708(12)

0.50 [16] 0.789(4) 0.340(7) 0.463(4) −0.713(7)

0.59 [17] 0.695(6) 0.283(13) 0.394(6) −0.617(13)

0.67 [15] 0.628(6) 0.249(12) 0.342(6) −0.552(12)

0.79 [17] 0.544(8) 0.206(15) 0.283(8) −0.467(15)

1.00 [16] 0.434(5) 0.154(10) 0.211(5) −0.357(10)

1.13 [18] 0.379(3) 0.124(5) 0.183(3) −0.298(5)

1.45 [18] 0.290(3) 0.093(6) 0.128(3) −0.213(6)

1.72 [13] 0.2257(22) 0.0529(43) 0.1103(22) −0.1429(43)

2.48 [13] 0.1380(18) 0.0278(35) 0.0632(18) −0.0707(35)

3.41 [13] 0.0851(12) 0.0131(24) 0.0370(12) −0.0337(24)

Up to Q2 ≈ 1 GeV2 there is a constant scaling fac-
tor of ∼2.5 for F1 and ∼0.75 for F2, between the u- and
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FIG. 3: The Q2-dependence for the u- and d-contributions to
the proton form factors (multiplied by Q4). The data points
are explained in the text.

d-quark contributions. Above 1 GeV2 the d-quark con-
tributions to both nucleon form factors multiplied by Q4

become constant in contrast to the u-quark contributions
which continue to rise. These experimental results are in
qualitative agreement with the predictions for the mo-
ments of the generalized parton distributions reported in
Ref. [22]. It is interesting to note that the d-contributions
correspond to the flavor that is represented singly in the
proton, whereas the u-contributions correspond to the
flavor for which there are two quarks. In the framework
of Dyson-Schwinger equation calculations, the reduction
of the ratios F d

1 /F
u
1 and F d

2 /F
u
2 at high Q2 is related to

diquark degrees of freedom [23]. The reduction of these
ratios has the immediate consequence that Sp has its ob-
served shape despite the fact that Su and Sd are almost
linear with Q2.

Another representation of the Dirac form factor is the
infinite momentum frame density, ρD , given by the ex-
pression ρD (b) =

�
(QdQ/2π)J0(Qb)F1(Q2) [24], where

J0 is the zeroth order Bessel function and b is the im-
pact parameter. The faster drop off of the d-quark form
factors in Fig. 3 implies that the u quarks have a signif-
icantly tighter distribution than the d quarks in impact-
parameter space, as was noticed in Ref. [25].

In summary, we have performed a flavor separation
of the elastic electromagnetic form factors of the nu-
cleon. We find that for large Q2 the d-quark contri-
butions to both proton form factors are reduced rela-
tive to the u-quark contributions. We find also that the
Q2-dependencies of the flavor-decomposed quantities Su

and Sd are relatively linear in contrast to the more com-
plicated behavior of Sp and Sn. This linearity is due
to the fact, as yet unexplained, that the ratios Fu

2 /F
u
1

GE(Q
2) = F1(Q

2)− Q2

4M2
F2(Q

2)

GM (Q2) = F1(Q
2) + F2(Q

2)

[G.D.Cates, C.W.de Jager, S.Riordan, B.Wojtsekhovski, 
PRL106:252003, arXiv:1103.1808]
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FIG. 1: The ratio of the Pauli and Dirac form factors, multi-
plied by Q2, S =Q2F1/F2, vs. the negative four-momentum
transfer squared Q2. The upper panel shows Sp for the proton
and Sn for the neutron using data from Refs.[13-18], as well as
the curves of the prediction [11]: ln2[Q2/Λ2] for Λ=300 MeV
which is normalized to the data at 2.5 GeV2. The bottom
panel shows the individual flavor quantities Su and Sd for the
u and d quarks, respectively.

on Gn
E
/Gn

M
for the neutron up to Q2=3.4 GeV2 were re-

cently published by Riordan et al. [13]. For the first time,
it is possible to examine the behavior of the neutron ratio
F n
2 /F

n
1 in the same Q2 range as that where the interest-

ing behavior was first seen for the proton [10]. Using the
data of Riordan et al. as well as those of Refs.[14-18], we
also show in Fig. 1 the quantity Sn ≡Q2F n

2 /F
n
1 . Scaling

of Sn is clearly not evident at the lower Q2 values shown,
although the data do not rule out this type of behavior
at a moderately higher Q2.

Thus far, by discussing F p(n)
1 and F p(n)

2 we are ex-
plicitly examining the behavior of the matrix element of
the electromagnetic operators ( 23uγµu+ −1

3 dγµd) in the
proton (neutron). If we assume charge symmetry (thus
implying �p|uγµu|p� = �n|dγµd|n�), it is possible to per-

form a flavor decomposition of the form factors F p(n)
1

and F p(n)
2 , and construct form factors corresponding to

the matrix elements of uγµu and dγµd individually [19].
Here we use the relations

Fu
1(2) = 2F p

1(2) + Fn
1(2) and F d

1(2) = 2Fn
1(2) + F p

1(2).

In what follows, we use the convention that Fu
1(2) and

F d
1(2) refer to the up and down quark contributions to

the Dirac (Pauli) form factors of the proton. At Q2=0,

the normalizations of the Dirac form factors are given by:
Fu
1 (0) = 2 (F d

1 (0) = 1) so as to yield the normalization
of 2 (1) for the u (d)-quark distributions in the proton.
The normalizations of the Pauli form factors at Q2=0 are
given by F q

2 (0) = κq, where κu and κd can be expressed
in terms of the proton (κp) and neutron (κn) anomalous
magnetic moments as

κu ≡ 2κp + κn = +1.67 and κd ≡ κp + 2κn = −2.03.

Having defined the flavor-separated Dirac and Pauli
form factors, we can also define the quantities

Su ≡ Q2F u
2 /F

u
1 and Sd ≡ Q2F d

2 /F
d
1 ,

which we have plotted in the bottom panel of Fig. 1. Each
individual data point corresponds to an experimental re-
sult onGn

E/G
n
M from Refs.[13-18]. Only the uncertainties

in the ratio Gn
E
/Gn

M
are included in the error bars of the

flavor-separated results because the other form factors
(calculated with the Kelly fit [20]) are known to much
higher accuracy, albeit dependent on the particular pa-
rameterization chosen. The behavior we see is completely
different from that of the proton and the neutron. There
is a striking lack of saturation, and indeed the variation
of Su and Sd with Q2 appears to be quite linear. It is in-
teresting also that the slope associated with the d quark
is about six times larger than that of the u quark. When
we consider the matrix elements of uγµu and dγµd indi-
vidually, the relationship between the Pauli and the Dirac
amplitudes is quite different from when we consider the
sum of the amplitudes that results in the full hadronic
matrix element (Eq. 2).
While it is instructive to plot Su and Sd so that we can

compare them directly with the widely discussed Sp for
the proton, the inclusion of the factor of Q2 masks the
detailed behavior as Q2 approaches zero. We thus plot
in the top two panels of Fig. 2 the quantities κ−1

u F u
2 /F

u
1

and κ−1
d F d

2 /F
d
1 . Here, a second aspect of the behav-

ior of the flavor decomposed form factors appears that is
quite intriguing. These ratios are relatively constant for
Q2 greater than ∼ 1GeV2, but have a more complex be-
havior for lower values of Q2. This might be interpreted
as a transition between a region where the virtual pho-
ton coupling to the three-quark component in the wave
function dominates (higher Q2) and a region where the
inclusion of a coupling to a five-quark component is es-
sential (lower Q2). We note also that the ratio F2/F1

for the proton does not show a different behavior above
and below 1GeV2 as one can see in the bottom panel of
Fig. 2. The calculation of the form factors in a relativis-
tic constituent quark model (RCQM) [21] (shown by the
blue curves in Fig. 2) deviates considerably from the data
which illustrates the discriminating power of the flavor
separated form factors. The empirical Kelly fit (which
predates Ref. [13]), corresponds to the black curves, and
is in reasonable agreement with the data, particularly at
lower Q2.
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Accessing Large Q2 : Breit Frame

Minimize Ein,out for target Q2 :

For Q2  = 8 GeV2

Q2 = (�pin − �pout)
2 − (Ein − Eout)

2

|�p| =
�

1

2
Q2 ≈ 2.0 GeV|�p| = 1

2

�
Q2 ≈ 1.4 GeV

EN ≈ 1.8 GeV EN ≈ 2.3 GeV

Back-to-back
Q2 = 4�p2

At right angle
Q2 = 2�p2
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Challenges for  Structure at Large Momentum

Stochastic noise grows faster with T [Lepage’89]:

Excited states:  boosting "shrinks" the energy gap

• In this work : 2-exponential fits

Discretization effects

 Reduction of lattice correlator noise is crucial

Signal �N(T )N̄(0)� ∼ e−ENT

Noise �|N(T )N̄(0)|2� − |�N(T )N̄(0)�|2 ∼ e−3mπT

Signal/Noise ∼ e−(EN− 3
2mπ)T

Will need current operator improvement (in progress)
(Vµ)I = q̄γµq + cV a∂ν q̄iσµνq

E1 − E0 =
�

M2
1 + �p2 −

�
M2

2 + �p2 < M1 −M0
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High-momentum Hadron States on a Lattice

[orig. B.Musch; first explored in G.Bali et al, 1602.05525;
see poster by B.Lang]: 
SOLUTION : improve the overlap by shifting the spatial
smearing operator in momentum space ("momentum smearing")

Sat-rest = exp[−w2

4
(i�∇)2] ∼ exp(−w2�k2lat

4
) -2 -1.5 -1 -0.5  0  0.5  1  1.5  2

-2
-1.5

-1
-0.5

 0
 0.5

 1
 1.5

 2-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

2015-11-29 10:38

�
Sψ

�
x,y

Nlat(x) =
�
S u

�a
x

��
S d

�b
x
Cγ5

�
S u

�c
x

�
�abc

Nucleon operator is built from ≈Gaussian smeared quarks

Gaussian shape in momentum space :
reduced overlap with quark WFs in a boosted nucleon

kx

ky

0 �k0

Modified smearing operator

Modified covariant smearing 
operator in lattice*color space
�
S�k0

�
x,y

= e+i�k0�x
�
S
�
x,y

e−i�k0�y ⟺

Smearing with twisted gauge links 

∆x,y −→ e+i�k0�x∆x,ye
−i�k0�y

Ux,µ −→ e−ikµUx,µ

�
S�k0

(ψ)
�
x
= e+

�k0�xS(e−�k0�yψy) ∼ e+
�k0�x · smooth fcn.(x)

S�k0
= exp[−w2

4
(−i�∇− �k0)

2] ∼ exp(−w2(�klat − �k0)2

4
)
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Signal Gain : Traditional vs. Boosted Smearing
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Nucleon Effective Energy: mπ = 320 MeV, a=0.081 fm, 323x64

Gaussian smearingw=4.96 (N=40) w=6.56 (N=70)

each quark is boosted with the same k=[0 0 1] 
w=5.55 (N=45) chosen for preliminary structure study
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Preliminary Study : 2 Gauge Ensembles

Exploratory study with clover-improved Wilson action (WM/JLab)
at mπ = 320 MeV with a=0.114 fm, a=0.081 fm

323x96
a=0.114 fm
pmin=0.34 GeV
tsep = (6 .. 10)a = 0.68 .. 1.14 fm
boost-smear with [1,1,0]
210*96=20,160 samples

323x64
a=0.081 fm
pmin=0.48 GeV
tsep = (8 .. 12)a = 0.65 .. 0.97 fm
boost-smear with [1,0,0]
240*64=15,360 samples

Q2 � 4.1 GeV2Q2 � 8.2 GeV2 Q2 � 4.2 GeV2Q2 � 8.3 GeV2

each quark is smeared with the same "boost"
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expect F1(Q2)~ Q4 scaling [Lepage, Brodsky (1979)]
Both form factors overshoot experiment (x3-4)

PRELIMINARY PRELIMINARY
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FIG. 2: The ratios κ−1
d F d

2 /F
d
1 , κ

−1
u F u
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1 vs.

momentum transfer Q2. The data and curves are described
in the text.

The form factors Fu
1 , F d

1 , Fu
2 and Fu

2 are shown in
Fig. 3, all multiplied by Q4 for better clarity in the high-
Q2 range. The values are given in Table I.

TABLE I: The flavor contributions to the proton form factors,
obtained usingG n

E
/G n

M
form factor data from Refs.[13-18] and

the Kelly fit [20] for the other form factors. The Q2 values
are given in GeV2.

Q2 Ref. F u
1 F d

1 F u
2 F d

2

0.30 [17] 1.075(6) 0.505(12) 0.716(6) −0.995(12)

0.45 [18] 0.853(6) 0.377(12) 0.515(6) −0.777(12)

0.50 [14] 0.789(6) 0.332(12) 0.473(6) −0.708(12)

0.50 [16] 0.789(4) 0.340(7) 0.463(4) −0.713(7)

0.59 [17] 0.695(6) 0.283(13) 0.394(6) −0.617(13)

0.67 [15] 0.628(6) 0.249(12) 0.342(6) −0.552(12)

0.79 [17] 0.544(8) 0.206(15) 0.283(8) −0.467(15)

1.00 [16] 0.434(5) 0.154(10) 0.211(5) −0.357(10)

1.13 [18] 0.379(3) 0.124(5) 0.183(3) −0.298(5)

1.45 [18] 0.290(3) 0.093(6) 0.128(3) −0.213(6)

1.72 [13] 0.2257(22) 0.0529(43) 0.1103(22) −0.1429(43)

2.48 [13] 0.1380(18) 0.0278(35) 0.0632(18) −0.0707(35)

3.41 [13] 0.0851(12) 0.0131(24) 0.0370(12) −0.0337(24)

Up to Q2 ≈ 1 GeV2 there is a constant scaling fac-
tor of ∼2.5 for F1 and ∼0.75 for F2, between the u- and
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FIG. 3: The Q2-dependence for the u- and d-contributions to
the proton form factors (multiplied by Q4). The data points
are explained in the text.

d-quark contributions. Above 1 GeV2 the d-quark con-
tributions to both nucleon form factors multiplied by Q4

become constant in contrast to the u-quark contributions
which continue to rise. These experimental results are in
qualitative agreement with the predictions for the mo-
ments of the generalized parton distributions reported in
Ref. [22]. It is interesting to note that the d-contributions
correspond to the flavor that is represented singly in the
proton, whereas the u-contributions correspond to the
flavor for which there are two quarks. In the framework
of Dyson-Schwinger equation calculations, the reduction
of the ratios F d

1 /F
u
1 and F d

2 /F
u
2 at high Q2 is related to

diquark degrees of freedom [23]. The reduction of these
ratios has the immediate consequence that Sp has its ob-
served shape despite the fact that Su and Sd are almost
linear with Q2.

Another representation of the Dirac form factor is the
infinite momentum frame density, ρD , given by the ex-
pression ρD (b) =

�
(QdQ/2π)J0(Qb)F1(Q2) [24], where

J0 is the zeroth order Bessel function and b is the im-
pact parameter. The faster drop off of the d-quark form
factors in Fig. 3 implies that the u quarks have a signif-
icantly tighter distribution than the d quarks in impact-
parameter space, as was noticed in Ref. [25].

In summary, we have performed a flavor separation
of the elastic electromagnetic form factors of the nu-
cleon. We find that for large Q2 the d-quark contri-
butions to both proton form factors are reduced rela-
tive to the u-quark contributions. We find also that the
Q2-dependencies of the flavor-decomposed quantities Su

and Sd are relatively linear in contrast to the more com-
plicated behavior of Sp and Sn. This linearity is due
to the fact, as yet unexplained, that the ratios Fu

2 /F
u
1

[G.D.Cates, C.W.de Jager, 
S.Riordan, B.Wojtsekhovski, 

PRL106:252003, arXiv:1103.1808]

expect F1(Q2)~ Q4 scaling [Lepage, Brodsky (1979)]
Both form factors overshoot experiment (x3-4)
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The form factors Fu
1 , F d

1 , Fu
2 and Fu

2 are shown in
Fig. 3, all multiplied by Q4 for better clarity in the high-
Q2 range. The values are given in Table I.

TABLE I: The flavor contributions to the proton form factors,
obtained usingG n

E
/G n

M
form factor data from Refs.[13-18] and

the Kelly fit [20] for the other form factors. The Q2 values
are given in GeV2.

Q2 Ref. F u
1 F d

1 F u
2 F d

2

0.30 [17] 1.075(6) 0.505(12) 0.716(6) −0.995(12)

0.45 [18] 0.853(6) 0.377(12) 0.515(6) −0.777(12)

0.50 [14] 0.789(6) 0.332(12) 0.473(6) −0.708(12)

0.50 [16] 0.789(4) 0.340(7) 0.463(4) −0.713(7)

0.59 [17] 0.695(6) 0.283(13) 0.394(6) −0.617(13)

0.67 [15] 0.628(6) 0.249(12) 0.342(6) −0.552(12)

0.79 [17] 0.544(8) 0.206(15) 0.283(8) −0.467(15)

1.00 [16] 0.434(5) 0.154(10) 0.211(5) −0.357(10)

1.13 [18] 0.379(3) 0.124(5) 0.183(3) −0.298(5)

1.45 [18] 0.290(3) 0.093(6) 0.128(3) −0.213(6)

1.72 [13] 0.2257(22) 0.0529(43) 0.1103(22) −0.1429(43)

2.48 [13] 0.1380(18) 0.0278(35) 0.0632(18) −0.0707(35)

3.41 [13] 0.0851(12) 0.0131(24) 0.0370(12) −0.0337(24)

Up to Q2 ≈ 1 GeV2 there is a constant scaling fac-
tor of ∼2.5 for F1 and ∼0.75 for F2, between the u- and
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FIG. 3: The Q2-dependence for the u- and d-contributions to
the proton form factors (multiplied by Q4). The data points
are explained in the text.

d-quark contributions. Above 1 GeV2 the d-quark con-
tributions to both nucleon form factors multiplied by Q4

become constant in contrast to the u-quark contributions
which continue to rise. These experimental results are in
qualitative agreement with the predictions for the mo-
ments of the generalized parton distributions reported in
Ref. [22]. It is interesting to note that the d-contributions
correspond to the flavor that is represented singly in the
proton, whereas the u-contributions correspond to the
flavor for which there are two quarks. In the framework
of Dyson-Schwinger equation calculations, the reduction
of the ratios F d

1 /F
u
1 and F d

2 /F
u
2 at high Q2 is related to

diquark degrees of freedom [23]. The reduction of these
ratios has the immediate consequence that Sp has its ob-
served shape despite the fact that Su and Sd are almost
linear with Q2.

Another representation of the Dirac form factor is the
infinite momentum frame density, ρD , given by the ex-
pression ρD (b) =

�
(QdQ/2π)J0(Qb)F1(Q2) [24], where

J0 is the zeroth order Bessel function and b is the im-
pact parameter. The faster drop off of the d-quark form
factors in Fig. 3 implies that the u quarks have a signif-
icantly tighter distribution than the d quarks in impact-
parameter space, as was noticed in Ref. [25].

In summary, we have performed a flavor separation
of the elastic electromagnetic form factors of the nu-
cleon. We find that for large Q2 the d-quark contri-
butions to both proton form factors are reduced rela-
tive to the u-quark contributions. We find also that the
Q2-dependencies of the flavor-decomposed quantities Su

and Sd are relatively linear in contrast to the more com-
plicated behavior of Sp and Sn. This linearity is due
to the fact, as yet unexplained, that the ratios Fu

2 /F
u
1

expect F1(Q2)~ Q4 scaling [Lepage, Brodsky (1979)]
Both form factors overshoot experiment (x3-4)
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Q2F2/F1 for Proton
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expect Q2 F1(Q2)/F2(Q2) ~ log[Q2 /Λ2] scaling 
[Belitsky, Ji, Yuan (2003)]
Qualitative behavior of F1u, F1d agrees with phenomenology

PRELIMINARY



Nucleon Form Factors at High Monentum LATTICE 2016, Southampton,  Aug 24-30

 

S. Syritsyn, B.Musch, A.Gambhir, K.Orginos

0 2 4 6 8 10
Q2 [GeV2]

0

1

2

3

4

5

6

Q
2
F

P 2
/F

P 1

a=0.081 fm
a=0.114 fm

Q2F2/F1, Comparison to pQCD scaling

2

1
/F 2F2

S 
= 

Q

pS2
nS

BJY - pQCD (2003)
2

4

6

]2 [GeV2Q

2
dS

-

uS

1 2 3 4 5 6 7 80

2

4

FIG. 1: The ratio of the Pauli and Dirac form factors, multi-
plied by Q2, S =Q2F1/F2, vs. the negative four-momentum
transfer squared Q2. The upper panel shows Sp for the proton
and Sn for the neutron using data from Refs.[13-18], as well as
the curves of the prediction [11]: ln2[Q2/Λ2] for Λ=300 MeV
which is normalized to the data at 2.5 GeV2. The bottom
panel shows the individual flavor quantities Su and Sd for the
u and d quarks, respectively.

on Gn
E
/Gn

M
for the neutron up to Q2=3.4 GeV2 were re-

cently published by Riordan et al. [13]. For the first time,
it is possible to examine the behavior of the neutron ratio
F n
2 /F

n
1 in the same Q2 range as that where the interest-

ing behavior was first seen for the proton [10]. Using the
data of Riordan et al. as well as those of Refs.[14-18], we
also show in Fig. 1 the quantity Sn ≡Q2F n

2 /F
n
1 . Scaling

of Sn is clearly not evident at the lower Q2 values shown,
although the data do not rule out this type of behavior
at a moderately higher Q2.

Thus far, by discussing F p(n)
1 and F p(n)

2 we are ex-
plicitly examining the behavior of the matrix element of
the electromagnetic operators ( 23uγµu+ −1

3 dγµd) in the
proton (neutron). If we assume charge symmetry (thus
implying �p|uγµu|p� = �n|dγµd|n�), it is possible to per-

form a flavor decomposition of the form factors F p(n)
1

and F p(n)
2 , and construct form factors corresponding to

the matrix elements of uγµu and dγµd individually [19].
Here we use the relations

Fu
1(2) = 2F p

1(2) + Fn
1(2) and F d

1(2) = 2Fn
1(2) + F p

1(2).

In what follows, we use the convention that Fu
1(2) and

F d
1(2) refer to the up and down quark contributions to

the Dirac (Pauli) form factors of the proton. At Q2=0,

the normalizations of the Dirac form factors are given by:
Fu
1 (0) = 2 (F d

1 (0) = 1) so as to yield the normalization
of 2 (1) for the u (d)-quark distributions in the proton.
The normalizations of the Pauli form factors at Q2=0 are
given by F q

2 (0) = κq, where κu and κd can be expressed
in terms of the proton (κp) and neutron (κn) anomalous
magnetic moments as

κu ≡ 2κp + κn = +1.67 and κd ≡ κp + 2κn = −2.03.

Having defined the flavor-separated Dirac and Pauli
form factors, we can also define the quantities

Su ≡ Q2F u
2 /F

u
1 and Sd ≡ Q2F d

2 /F
d
1 ,

which we have plotted in the bottom panel of Fig. 1. Each
individual data point corresponds to an experimental re-
sult onGn

E/G
n
M from Refs.[13-18]. Only the uncertainties

in the ratio Gn
E
/Gn

M
are included in the error bars of the

flavor-separated results because the other form factors
(calculated with the Kelly fit [20]) are known to much
higher accuracy, albeit dependent on the particular pa-
rameterization chosen. The behavior we see is completely
different from that of the proton and the neutron. There
is a striking lack of saturation, and indeed the variation
of Su and Sd with Q2 appears to be quite linear. It is in-
teresting also that the slope associated with the d quark
is about six times larger than that of the u quark. When
we consider the matrix elements of uγµu and dγµd indi-
vidually, the relationship between the Pauli and the Dirac
amplitudes is quite different from when we consider the
sum of the amplitudes that results in the full hadronic
matrix element (Eq. 2).
While it is instructive to plot Su and Sd so that we can

compare them directly with the widely discussed Sp for
the proton, the inclusion of the factor of Q2 masks the
detailed behavior as Q2 approaches zero. We thus plot
in the top two panels of Fig. 2 the quantities κ−1

u F u
2 /F

u
1

and κ−1
d F d

2 /F
d
1 . Here, a second aspect of the behav-

ior of the flavor decomposed form factors appears that is
quite intriguing. These ratios are relatively constant for
Q2 greater than ∼ 1GeV2, but have a more complex be-
havior for lower values of Q2. This might be interpreted
as a transition between a region where the virtual pho-
ton coupling to the three-quark component in the wave
function dominates (higher Q2) and a region where the
inclusion of a coupling to a five-quark component is es-
sential (lower Q2). We note also that the ratio F2/F1

for the proton does not show a different behavior above
and below 1GeV2 as one can see in the bottom panel of
Fig. 2. The calculation of the form factors in a relativis-
tic constituent quark model (RCQM) [21] (shown by the
blue curves in Fig. 2) deviates considerably from the data
which illustrates the discriminating power of the flavor
separated form factors. The empirical Kelly fit (which
predates Ref. [13]), corresponds to the black curves, and
is in reasonable agreement with the data, particularly at
lower Q2.
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FIG. 1: The ratio of the Pauli and Dirac form factors, multi-
plied by Q2, S =Q2F1/F2, vs. the negative four-momentum
transfer squared Q2. The upper panel shows Sp for the proton
and Sn for the neutron using data from Refs.[13-18], as well as
the curves of the prediction [11]: ln2[Q2/Λ2] for Λ=300 MeV
which is normalized to the data at 2.5 GeV2. The bottom
panel shows the individual flavor quantities Su and Sd for the
u and d quarks, respectively.

on Gn
E
/Gn

M
for the neutron up to Q2=3.4 GeV2 were re-

cently published by Riordan et al. [13]. For the first time,
it is possible to examine the behavior of the neutron ratio
F n
2 /F

n
1 in the same Q2 range as that where the interest-

ing behavior was first seen for the proton [10]. Using the
data of Riordan et al. as well as those of Refs.[14-18], we
also show in Fig. 1 the quantity Sn ≡Q2F n

2 /F
n
1 . Scaling

of Sn is clearly not evident at the lower Q2 values shown,
although the data do not rule out this type of behavior
at a moderately higher Q2.

Thus far, by discussing F p(n)
1 and F p(n)

2 we are ex-
plicitly examining the behavior of the matrix element of
the electromagnetic operators ( 23uγµu+ −1

3 dγµd) in the
proton (neutron). If we assume charge symmetry (thus
implying �p|uγµu|p� = �n|dγµd|n�), it is possible to per-

form a flavor decomposition of the form factors F p(n)
1

and F p(n)
2 , and construct form factors corresponding to

the matrix elements of uγµu and dγµd individually [19].
Here we use the relations

Fu
1(2) = 2F p

1(2) + Fn
1(2) and F d

1(2) = 2Fn
1(2) + F p

1(2).

In what follows, we use the convention that Fu
1(2) and

F d
1(2) refer to the up and down quark contributions to

the Dirac (Pauli) form factors of the proton. At Q2=0,

the normalizations of the Dirac form factors are given by:
Fu
1 (0) = 2 (F d

1 (0) = 1) so as to yield the normalization
of 2 (1) for the u (d)-quark distributions in the proton.
The normalizations of the Pauli form factors at Q2=0 are
given by F q

2 (0) = κq, where κu and κd can be expressed
in terms of the proton (κp) and neutron (κn) anomalous
magnetic moments as

κu ≡ 2κp + κn = +1.67 and κd ≡ κp + 2κn = −2.03.

Having defined the flavor-separated Dirac and Pauli
form factors, we can also define the quantities

Su ≡ Q2F u
2 /F

u
1 and Sd ≡ Q2F d

2 /F
d
1 ,

which we have plotted in the bottom panel of Fig. 1. Each
individual data point corresponds to an experimental re-
sult onGn

E/G
n
M from Refs.[13-18]. Only the uncertainties

in the ratio Gn
E
/Gn

M
are included in the error bars of the

flavor-separated results because the other form factors
(calculated with the Kelly fit [20]) are known to much
higher accuracy, albeit dependent on the particular pa-
rameterization chosen. The behavior we see is completely
different from that of the proton and the neutron. There
is a striking lack of saturation, and indeed the variation
of Su and Sd with Q2 appears to be quite linear. It is in-
teresting also that the slope associated with the d quark
is about six times larger than that of the u quark. When
we consider the matrix elements of uγµu and dγµd indi-
vidually, the relationship between the Pauli and the Dirac
amplitudes is quite different from when we consider the
sum of the amplitudes that results in the full hadronic
matrix element (Eq. 2).
While it is instructive to plot Su and Sd so that we can

compare them directly with the widely discussed Sp for
the proton, the inclusion of the factor of Q2 masks the
detailed behavior as Q2 approaches zero. We thus plot
in the top two panels of Fig. 2 the quantities κ−1

u F u
2 /F

u
1

and κ−1
d F d

2 /F
d
1 . Here, a second aspect of the behav-

ior of the flavor decomposed form factors appears that is
quite intriguing. These ratios are relatively constant for
Q2 greater than ∼ 1GeV2, but have a more complex be-
havior for lower values of Q2. This might be interpreted
as a transition between a region where the virtual pho-
ton coupling to the three-quark component in the wave
function dominates (higher Q2) and a region where the
inclusion of a coupling to a five-quark component is es-
sential (lower Q2). We note also that the ratio F2/F1

for the proton does not show a different behavior above
and below 1GeV2 as one can see in the bottom panel of
Fig. 2. The calculation of the form factors in a relativis-
tic constituent quark model (RCQM) [21] (shown by the
blue curves in Fig. 2) deviates considerably from the data
which illustrates the discriminating power of the flavor
separated form factors. The empirical Kelly fit (which
predates Ref. [13]), corresponds to the black curves, and
is in reasonable agreement with the data, particularly at
lower Q2.

[G.D.Cates, C.W.de Jager, 
S.Riordan, B.Wojtsekhovski, 

PRL106:252003, arXiv:1103.1808]

expect Q2 F1(Q2)/F2(Q2) ~ log[Q2 /Λ2] scaling 
[Belitsky, Ji, Yuan (2003)]
Qualitative behavior of F1u, F1d agrees with phenomenology
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GEp/GMp for Proton

Need to evaluate disconnected diagrams 
and operator improvement term
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2.2 Proton Form-Factor Ratio Measurements up to Q2= 12 GeV2 using Recoil Polarization

Introduction The experiment GEp (E12-07-109) was approved by PAC32 in August of 2007 and was
the experiment that provided the original motivation for the Super Bigbite Spectrometer. It will measure
the Sachs Form Factors ratio Gp

E/Gp
M of the proton using the polarization-transfer method in the reaction

p(�e, e��p). The polarization of the recoil proton will be measured using a large-acceptance spectrometer,
based on the Super Bigbite magnet, that will incorporate a double polarimeter instrumented with GEM
trackers and a highly-segmented hadron calorimeter.

The electron will be detected in coincidence by a electromagnetic calorimeter that is sometimes referred
to as “BigCal”. PAC35 allocated 45 days of beam time for the proposed measurement and recommended a
maximum value of Q2 = 12 GeV2.

These parameters were used to readjust the original plan of measurements which will be made at three
values of Q2 : 5, 8, and 12 GeV2 , while achieving an error in the ratio Gp

E/Gp
M of 0.07. The projected results

are shown in Fig 3, in which we show results from earlier Gp
Emeasurements, and the anticipated errors for the

present GEp experiment. The excellent precision that GEp will obtain even at 12 GeV2 is clearly evident.
Additional measurements at even higher values of Q2 will be evaluated after SBS commissioning.

Figure 3: Gp
E/Gp

M existing measurements and expected statistical accuracy for the GEp experiment. The
projected errors for the measurements made with the Super Bigbite Spectrometer are indicated by the filled
blue squares, corresponding to 45-day run with the recommended highest value of momentum transfer 12
GeV2.

Equipment A schematic representation of the experiment is shown in Fig. 4.

Need to evaluate disconnected diagrams 
and operator improvement term
Experiments hint at GEp/GMp intersection at Q2=8 GeV2



Nucleon Form Factors at High Monentum LATTICE 2016, Southampton,  Aug 24-30

 

S. Syritsyn, B.Musch, A.Gambhir, K.Orginos

Disconnected Quark Loops

Hierarchical probing method [K.Orginos, A.Stathopoulos, ’13] : 

In sum over N=2nd+1 3D(4D) Hadamard vectors, 
near-(x,y) terms cancel:
1

N

�

i

zi(x)zi(y)
† =

�
0, 1 ≤ |x− y| ≤ 2k,
1, x = y or 2k < |x− y|

Stochastic evaluation:

Var
��

x

/D
−1

(x, x)
�
∼ 1

NMC

�

x

eiqx /D
−1

(x, x) ≈ 1

NMC

NMC�

i

ξ†(i)
�
eiqx /D

−1
ξ(i)

�

(contributions from                    )/D
−1

(x �= y)

E
�
ξ†(x)ξ(y)

�
= δx,y

ξ(x) = random Z2-vector{

Exploit                  FALLOFF  to reduce                  :/D
−1

(x, y)
�

x �=y

| /D−1
(x, y)|2

[See A.Gambhir's talk "Algorithms for disconnected diagrams",
Wed 11:50 - 12:10 in <<Algorithms and Machines>>] : 

Further decrease variance by deflating low-lying,
long-range modes
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Disconnected Nucleon FF’s for  up to ~1 GeV2

Nf=2+1 dynamical fermions, m"=319 MeV 
(the "coarse" JLab Clover ensemble)

[J. Green, S. Meinel, et al (LHPc); PRD92:031501]
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Disconnected Contributions to F1, F2
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Summary and Outlook

First calculation of high-momentum form factors with 
momentum-boosted smearing

momentum-boosted smearing is efficient in improving signal for relativistic hadrons on a lattice

F2/F1 scaling agrees qualitatively with perturbative QCD
agreement is apparently independent of excited states

The new TMD and PDF programmes on a lattice (Lin, Engelhardt) depend 
on efficient and reliable evaluation relativistic nucleon matrix elements

computing form factors is a "benchmark" for studying discretization and excited state effects for 
relativistic nucleons on a lattice

More statistics and operator improvement are underway


