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Introduction
The gradient flow is a mapping Aµ(x)→ Bµ(x, t) which
defines a family of gauge fields parametrized by a con-
tinuous flow time t

∂Bµ

∂t
= DνGνµ Bµ|t=0 = Aµ

where Gµν = ∂µBν − ∂νBµ + [Bµ, Bν ].
At leading order in momentum space the solution is

B̃µ = (e−tK(p,α))µνÃν(p) K(p, α) = p2δµν+(α−1)pµpν .

Our computation
Using the C++ library [4], we compute numerically (for
T = L)

N̂ (c,
a

L
) =

c4

64

∑
p

sin2(p0x0)

3∑
l>j=1

Slj(p)

where Sµν for the plaquette is given by

Sµν(p) = p̂2µD̄νν(p) + p̂2νD̄µµ(p)− 2p̂µp̂νD̄µν(p)

for openSF boundary conditions the sine becomes cosine
and p0 takes different values [3].

OpenSF results
We see the same behavior as expected.

Conclusion and outlook
At tree-level order we have studied the technically ap-
pealing framework of [3] for the implementation of SF
and openSF boundary conditions. In both situations
we confirm that O(a2) improvement is achieved by the
Zeuthen flow if combined with an improved action and
observable. The boundary O(a) effect is eliminated by
ct = 1 which is implicit in our framework. Some-
what surprisingly, no higher order cutoff effects from the
boundary seem to be present at this order, i.e. O(a2) im-
provement holds as c is increased to 0.5 and beyond. In
order to vary ct we are currently looking at the staggered
set-up of [5] to see if we can identify suitable improve-
ment conditions for ct which could then be tried out
non-perturbatively.
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Finite volume coupling
In the finite volume with SF boundary conditions, we use a non perturbative definition of the coupling
through the magnetic energy density [1]

Emag(t, x) = −1

2
tr (Gij(t, x)Gij(t, x))

t2 〈Emag(t, x)〉
∣∣√

8t=cL,x0=
T
2

= N̂
(
c,
a

L

)
ḡ2GF (L)

and we compute numerically the the normalization factor which in the continuum is

N (c) = lim
a
L→0
N̂

(
c,
a

L

)
.

The gradient flow on the lattice can be defined through the equation

a2∂tVµ(t, x) = −g20∂x,µ(Slat[V ])Vµ(t, x), Vµ(0, x) = Uµ(x)

in which ∂x,µ stands for the differential operator with respect to the link variable Vµ(t, x) = exp{aBµ}.
We choose as lattice action Slat = SW which define the Wilson flow and Slat = SLW which define
the Zeuthen flow through the modified equation [2]

a2∂tVµ(t, x) = −g20(1 +
a

12
DµD

∗
µ)∂x,µ(SLW [V ])Vµ(t, x), Vµ(0, x) = Uµ(x)

Energy density discetizations: clover and plaquette
We consider the observable on the lattice defined by the clover and the plaquette discretization of
Gµν :

Gclµν = ∂̃µ(1− 1

2
a ∂∗ν)Bν − ∂̃ν(1− 1

2
a ∂∗µ)Bµ

Gplµν = ∂µBν − ∂νBµ
in terms of lattice derivatives as in [1].
We use SF/openSF boundary conditions as in [3], where the author implicitly applies an orbifolding
principle. This gives the technical advantages of translation invariance which allows us to use the
4-momentum representation set-up:

〈B̃µ(p, t)B̃ν(q, s)〉 = δ(p+ q)D̄µν(p, t, s;λ)

where the flow dependence at lowest order is given by the heat kernel

D̄µν(p, t, s;λ, α) =
(
e−tK(p,α)

)
µρ
Dρσ(p, λ)

(
e−sK(p,α)

)
σν
.

SF results

On the left, O(a2) improvement is seen only with Zeuthen flow, LW action and improved observable.
We then “unimprove" one by one to distinguish the cutoff effects by Wilson flow, Wilson action or
plaquette/clover observables, respectively.
On the right, increasing c, the boundary effects should become stronger while the bulk cutoff effects
become smaller. Apparently, no O(a2) or O(a3) effects seem to be generated by the time boundaries.


