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Introduction Dual approach

Dual approach

Method developed in order to overcome the sign problem.

General strategy:

The theory is exactly mapped to new d.o.f., the dual variables, by
factorizing and expanding the Boltzmann factor;

The conventional d.o.f. are integrated out, leading to constraints for the

dual variables;

These constraints allow for geometrical interpretation of the system:

dual variables for matter ←→ loops
dual variables for gauge �elds ←→ surfaces;

Dual partition sum has only real and positive contributions.
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Introduction Dual approach

Dual approach

Successful in overcoming the complex action problem of various abelian theories:

Silver Blaze phenomenon for a charged scalar φ4 �eld;
[Gattringer and Kloiber, Nucl.Phys. B869 (2013)]

Abelian Gauge-Higgs systems;
[Mercado, Gattringer and Schmidt, Phys.Rev.Lett. 111 (2013)]

O(N) and CP(N-1) models with chemical potential;
[Bruckmann, Gattringer, Kloiber and Sulejmanpasic, Phys.Lett. B749 (2015)]

Massless fermions with chemical potential and U(1) gauge �elds;
[Gattringer and Sazonov, Phys.Rev. D93 (2016)]

2-dimensional O(3) model at µ 6= 0.
[Bruckmann, Wed @ 12:10]
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Abelian color cycles SU(2)

Abelian color cycles...

SU(2) lattice gauge action:

SG [U] = −β
2

∑
x,µ<ν

TrUx,µUx+µ̂,νU
†
x+ν̂,µU

†
x,ν

= −β
2

∑
x,µ<ν

2∑
a,b,c,d=1

Uab
x,µU

bc
x+µ̂,νU

dc ?
x+ν̂,µU

ad ?
x,ν .

Abelian color cycles Uab
x,µU

bc
x+µ̂,νU

dc ?
x+ν̂,µU

ad ?
x,ν : paths in color space along

plaquettes.

2

1

p2122x ,µν ∈ N0

U21
x ,µ

U12
x+µ̂,ν

U22 ?
x+ν̂,µU22 ?

x ,ν

For SU(2) there are a total of 24 abelian color cycles (ACC).
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Abelian color cycles SU(2)

...enable the reordering of link elements...

Expand the Boltzmann factor and reorder the link elements:

Z =

∫
D[U]

∏
x,µ<ν

2∏
a,b,c,d=1

e
β
2 U

ab
x,µU

bc
x+µ̂,νU

dc ?
x+ν̂,µU

ad ?
x,ν

=

∫
D[U]

∏
x,µ<ν

2∏
a,b,c,d=1

∞∑
pabcd
x,µν=0

(
β
2

)pabcd
x,µν

pabcdx,µν !

(
Uab
x,µU

bc
x+µ̂,νU

dc ?
x+ν̂,µU

ad ?
x,ν

)pabcd
x,µν

=
∑
{p}

∏
x,µ<ν

∏
a,b,c,d

(
β
2

)pabcd
x,µν

pabcdx,µν !

∏
x,µ

∫
dUx,µ

∏
a,b

(
Uab
x,µ

)Nab
x,µ[p] (

Uab ?
x,µ

)N̄ab
x,µ[p]

pabcdx,µν ∈ N0 cycle occupation numbers
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Abelian color cycles SU(2)

..and the integration over the Haar measure

Explicit parametrization of SU(2):

U =

(
cos θ e iα sin θ e iβ

− sin θ e−iβ cos θ e−iα

)
; α, β ∈ [−π, π], θ ∈ [0, π/2]

with normalized Haar measure

dU = 2dθ sin θ cos θ
dα

2π

dβ

2π
.

Partition sum

Z =
∑
{p}

Wβ[p](−1)
∑

x,µ J21x,µ
∏
x,µ

δ(J11x,µ − J22x,µ)δ(J12x,µ − J21x,µ).
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Abelian color cycles SU(2)

Geometrical interpretation

Fluxes

Jabx,µ =
∑
ν:µ<ν

[pabssx,µν−pssbax−ν̂,µν ]−
∑
ρ:µ>ρ

[passbx,ρµ−psabsx−ρ̂,ρµ].

Notation

pabssx,µν =
2∑

c,d=1

pabcdx,µν

ρ

ν
µ

1 2

x − ν̂

x − ρ̂ −p1ss2x,ρµ

−pss21x−ν̂,µν
ps12sx−ρ̂,ρµ

p12ssx,µν

x
1 1

1

22

2
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Abelian color cycles SU(2)

Constraints

Z =
∑
{p}

Wβ[p](−1)
∑

x,µ J21x,µ
∏
x,µ

δ(J11x,µ − J22x,µ)δ(J12x,µ − J21x,µ).

Constraints:

∀x , µ !
= and

!
=

Minus sign:
(−1)# �ux crossings
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Abelian color cycles SU(2) + staggered fermions

Staggered fermions

Fermionic partition sum

ZF [U] =

∫
D[ψ̄, ψ]e−SF [ψ̄,ψ,U];

∫
D[ψ̄, ψ] =

∫ ∏
x

2∏
a=1

dψ̄a
xdψ

a
x

ψx =

(
ψ1
x

ψ2
x

)
, ψ̄x =

(
ψ̄1
x , ψ̄2

x

)
;

ηx,1 = 1, ηx,2 = (−1)x1 ηx,3 = (−1)x1+x2 ηx,4 = (−1)x1+x2+x3 .

Decomposition into color bilinears of the fermionic action:

SF [ψ̄, ψ,U] =
∑
x

(
mψ̄xψx +

1

2

∑
µ

ηx,µ[ψ̄xUx,µψx+µ̂ − ψ̄x+µ̂U
†
x,µψx ]

)

=
∑
x

m
2∑

a=1

ψ̄a
xψ

a
x +

1

2

∑
µ

ηx,µ

2∑
a,b=1

[ψ̄a
xU

ab
x,µψ

b
x+µ̂ − ψ̄b

x+µ̂U
ab ?
x,µ ψa

x ]


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Abelian color cycles SU(2) + staggered fermions

Staggered fermions

Expansion of the exponential and reordering of the terms:

ZF [U] =

∫
D[ψ̄, ψ]

∏
x

2∏
a=1

1∑
sax =0

(
−mψ̄a

xψ
a
x

)sax
×
∏
x,µ

2∏
a,b=1

1∑
kab
x,µ=0

(
−ηx,µ

2
ψ̄a
xU

ab
x,µψ

b
x+µ̂

)kab
x,µ

1∑
k̄ab
x,µ=0

(ηx,µ
2
ψ̄b
x+µ̂U

ab ?
x,µ ψa

x

)k̄ab
x,µ

=
1

22V

∑
{s,k,k̄}

(2m)
∑

x,a s
a
x

∏
x,µ

∏
a,b

(Uab
x,µ)k

ab
x,µ(Uab?

x,µ )k̄
ab
x,µ

×
∫ ∏

x,a

dψ̄a
xdψ

a
x

∏
x,a

(
ψa
x ψ̄

a
x

)sax ∏
x,µ

∏
a,b

(
−ηx,µψ̄a

xψ
b
x+µ̂

)kab
x,µ
(
ηx,µψ̄

b
x+µ̂ψ

a
x

)k̄ab
x,µ

The Grassmann integral is saturated by monomers (sax = 1), dimers
(kab

x,µ = k̄ab
x,µ = 1) and loops (chain of kab

x,µ = 1 and k̄ab
x,µ = 1). Only loops

introduce signs.
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Abelian color cycles SU(2) + staggered fermions

Interaction with the gauge �elds

Dual partition sum

Z =
∑

{p,s,k,k̄}

CMDL[s, k , k̄]Wβ[p, k , k̄]Wm[s]
∏
x,µ

(−1)J
21
x,µ+k21x,µ+k̄21x,µ

∏
L

sign(L)

×
∏
x,µ

δ
(
J11x,µ + k11x,µ − k̄11x,µ − [J22x,µ + k22x,µ − k̄22x,µ]

)
× δ

(
J12x,µ + k12x,µ − k̄12x,µ − [J21x,µ + k21x,µ − k̄21x,µ]

)
sign(L) = −(−1)#plaquettes(−1)length/2(−1)temp.winding

C. Marchis, C. Gattringer (UniGraz) Abelian Color Cycles 29/07/2016 11 / 14



Abelian color cycles SU(2) + staggered fermions

Interaction with the gauge �elds

Dual partition sum

Z =
∑

{p,s,k,k̄}

CMDL[s, k , k̄]Wβ[p, k , k̄]Wm[s]
∏
x,µ

(−1)J
21
x,µ+k21x,µ+k̄21x,µ

∏
L

sign(L)

×
∏
x,µ

δ
(
J11x,µ + k11x,µ − k̄11x,µ − [J22x,µ + k22x,µ − k̄22x,µ]

)
× δ

(
J12x,µ + k12x,µ − k̄12x,µ − [J21x,µ + k21x,µ − k̄21x,µ]

)
Dual variables for fermions:

x,µ
12 12 21 21

µ
11 k = 1x,µ k = 1x,µk = 1x,µ

11 22 22x
k = 1x,

x
k = 1x,µ k = 1x,µ k = 1x,µk = 1

2
1

2
1
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Abelian color cycles SU(2) + staggered fermions

Interaction with the gauge �elds

Dual partition sum

Z =
∑

{p,s,k,k̄}

CMDL[s, k , k̄]Wβ[p, k , k̄]Wm[s]
∏
x,µ

(−1)J
21
x,µ+k21x,µ+k̄21x,µ

∏
L

sign(L)

×
∏
x,µ

δ
(
J11x,µ + k11x,µ − k̄11x,µ − [J22x,µ + k22x,µ − k̄22x,µ]

)
× δ

(
J12x,µ + k12x,µ − k̄12x,µ − [J21x,µ + k21x,µ − k̄21x,µ]

)
Constraints:

∀x , µ !
= and

!
=
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Abelian color cycles SU(2) + staggered fermions

Strong coupling (β = 0)

Building bricks for the construction of con�gurations compatible with the gauge
constraints:

−1−1

2

1

2

1

Examples of fermions loop

No minus sign
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Abelian color cycles SU(2) + staggered fermions

Strong coupling expansion

fermion loop

gauge cycle

2

1
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Conclusions

Conclusion and Outlook

Development of a new approach, the ACC, that enable the dualization of
non-abelian LGT.

The weights for all terms of the strong coupling expansion are known in
closed form.

Up to O(β3) only positive terms.

Con�gurations with negative sign are not excluded completely by the
constraints. Possible resummations?

The ACC concept can be easily generalized to other non-abelian gauge
groups.
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Conclusions

Thank you for your attention
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