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Cabibbo-Kobayashi-Maskawa (CKM)-matrix elements

e (leptonic) decay constants f_+, fir+ — £uvy of (charged) -, K-meson — Vs, V{4

e leptonic decay (£ = e™, y,i), experimentally measured: decay widhts

5 N 2

1 — —t
D(KY = fvy) V2 fre My ( M ) <1+6 )
C(nt — fuvy) Vg 2o M2z, (1_ m? 2

MARCIANO, 2004
e measured on lattice (w/o isospin-splitting/EM)

fx
fx

e V./ Vi, with further input: first-row unitarity, Vs
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ensembles

e generated by the Budapest-Marseille-Wuppertal (BMW)-Collaboration
o N; =2+ 1 tree-level clover-improved fermions, 2-HEX smearing
e tree-level Symanzik gluon action
e 47 ensembles in total
e five B-values: 3.31, 3.50, 3.61, 3.70, 3.80 (1/a ~ 1.7-3.7GeV, a ~ 0.12-0.05 fm)
e M,: 130-680 MeV, ms physical (except two ensembles)
0 rp5at —— ‘ B=3.31 —+ | | ‘ ‘ ‘ 80 3 ——
B=3.50 e 1.0 [ =350 —+— | p=3.50 —+—
1.4 | p=3.61 e p=3.61 —+ | p=3.61 —+—-
B=3.70 B=3.70 Rl 7.0 [ B=3.70 Rl
3=3.80 — 09 rp=3.80 —+— : 1 B=3.80 —+—
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s SRR RN < S | B
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e have been used in other studies: quark masses, SU(2)-LECs and f, Bg, nucleon o-term
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extrapolation to the physical world

phys

e interpolation to physical quark-masses m,y — m,, , ms — mshys

e extrapolate to infinite volume V.. — o0

e extrapolate to the continuum limita — O

e scale-setting 1/a

variation over fits, ranges, . .

. (“Wuppertal-method”) for systematic uncertainty

e at least two different functional forms for each extrapolation

@

E.E. Scholz — Leptonic decay-constant ratio fr-/fr

LATTICE
2016

A

4



. h phys
extrapolation to MP"™°, M
e NLO-SU(3): 2 fit-parameters

fr _ + 5012 M2\ 1,0 Mg 3M | M; ey — M)
— o — = o o
fﬂ' 4 g ,Uf2 2 K 108 ,LLQ A g ,LL C1 K —

1

1 2 2
M7 = (4M% — M%), ¢ = ——,
n = 3UME w0 (47 F)2

¢y = 12872 Ly (u)

® 3-,4-,6-parameter polynomial in M > (dominant) and [M ;. — M?] (flavor-symmetry constr.):

T 1 MR- (P S - M2+ P
T
];_K = 14 [Miz—-M ](cg P AP IMG — MZ] 4 P M2 4 4parMﬁ)
7T
J;_K — 14 [MK M](gpar_i_cg—par[MIQ(_M?%] 4 6parM + 6parM;l_
T
6- 2 2 2 6- 2 212
t+c parMW[MK o MT('] +c par[MK o MTI'] )
e all fit-functions satisfy flavor-symmetry constraint: ?—K =1
T ™m m
ud S
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continuum limit extrapolation

e cut-off effects

(clover-improved fermions, tree-level Symanzik gluons) B a_l/GeV OéNf:S OéNf:4
331 1.670(07) 0327 0333
xad 3.50 2.134(15) 0.286  0.295

with strong coupling a = g”/(4m) atscale 1/a ;. & 031(32) 0244  0.254

)
3.61 2.576(28) 0.262 0.271
L . )
e «: logarithmic function of a 3.80 3.657(37) 0.227 0.237

e two ansitze: a*- and aa-scaling

% = 1 4+ (ff—i(Mﬁ,MK) — 1) (1 -+ cdisca2>

1 fit-parameter, flavor-symmetry constraint

scale-setting: mass-independent via M¢ for each 5 or per-ensemble
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infinite volume extrapolation

e ChPT: finite volume M, (L), fr k(L) <> infinite volume M, g, fr Kk

fr(L) Jr ( Fv [9 - 1. 3.
= S(1+ M [2a(M.L) - (ML) — Sgi1(M, L)) )
D) I + 91 ) = 791 (Mi L) — 21 (My L)
24 48 32 24
7 = Ki(2) + ——Ki1(V22) + —K;(V32) + —K;(22) + ...
91(2) —Ka(z) + 52 1(V2z) + VP 1(V3z) + —Ki(22)
Ky (2) 7 _z{1+3 3:5 +3-5-21 3-5-21-45_"_ }
z) = —e — — —
' V 2z 8z 2(82)2 ' 6(82)3 24(82)4
e either full g1(z) or first term of expansion in z
e 1 fit-parameter
e flavor-symmetry constraint satisfied
Q I C e Sehols — Lentonic < tant vato frc LATTICE
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functional forms for extrapolation — summary

e 4 functional forms for physical mass (NLO-SU(3) ChPT, 3-, 4-, 6-par. polynomial)
2, 3, 4, or 6 fit-parameters

e 2 functional forms for continuum limit (a”, ac)
1 fit-parameter

e 2 functional forms for infinite volume limit (full g;, leading terms)
1 fit-parameter

e 2 method for scale-setting (mass-independent, per-ensemble)

4 X 2 X 2 X 2 = 32 combinations

4,5, 6 or 8 fit-parameters
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‘R E.E. Scholz — Leptonic decay-constant ratio fr-/fr 206 g




fit ranges

B=3.31 —+— | |
1.0 FB=850 —t++ @ |
B=3.61 —t+— :
B=3.70 ; 3
09 | B=380 —++ |
e 47 ensembles: 2*7 ~ ©O(10™) combinations R
neither feasible nor sensible © o7} +
= L 4,
0.6 f----rrrmmmeee *44},&;}*.‘:"-‘{'&. ””””””””
,,,,,,,,,,,,,,,,, Pl *{?, s
0.5 fooo b PR T
e M none, 350 MeV, 300 MeV, 250 MeV 04 | -
e M2 none, 600 MeV, 550 MeV, 500 MeV 0 01 02 08 04 05 06 07
o (M,L)™: none, 3.85, 4.05
min , 8.0 —
e 3" 3.31, 3.50, 3.61 3 R
B=3.61 —t— !
7.0 | p=3.70 L
=3.80 -—|—- ‘
e > 5 data-points: 63 combinations 60 | ¥,
F +
e only “true” fits 4 el n # '
= Folee T
+o, e
4.0 '#“;#a}f+¢+<
] 3.0 | + =
e theor. 32 X 63 = 2016 fits
2.0 :
0 01 02 03 04 05 06 0.7
M/ GeV

o effective: 1368 fits (ngor > 1)
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1.0 ——————————

results from 1368 fits

p-value

1.05

SU(3)-ChPT X
| 3-par. poly. +
4+ 4-par.poly. +
| 6-par. poly. +

E.E. Scholz — Leptonic decay-constant ratio fr-/fr

unweighted average:

fx

f = 1.191(08)stat(24)5y5t

flat

p-value weighted:

[k
hialel = 1.173(11)stat(29)5y5t
f7T p-V.
average:
'f_K = 1.182 (10)sat(26)syst
4 :(2§)rcomb
LATTICE
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fit type

all types
SU(3)-ChPT
3-par. poly.
4-par. poly.
6-par. poly.
full FV
leading FV
a2-discret.
oa-discr.
mass-indep. 1/a

per-ensemble 1/a

dependence on fit types, fit ranges

1.10

1.15

i/t

flat —¢—
p-value ——

1.20

1.25

c /] i LATTI%E6
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fit range

all ranges

My, < oo

M, < 350 MeV
M, < 300 MeV
M, < 250 MeV
My < o

My <600 MeV
My < 550 MeV
My < 500 MeV
M L)>0
(ML) >3.85
(M.L) > 4.05

B >3.31
B>3.50
B>3.61

e/t

flat —>¢—
p-value ——

1.20




fK:t/fTrj:’ ‘/usv ‘/ud

Myp # Mgown, EM-effects: correction from ChPT  [Gasser, LEurwyLER (1985); CIRIGLIANO, NEUFELD (2011)]

et Ik
dsyzy = —0.0061(61) — K= — = \/1 + Osue) = 1.178(10)stat(26)syst
I ot I
Osy(2): -0.0043(12) [CIrIGLIANO, NEUFELD (2011)] and FLAG-II, -0.0078(7) [D1viTiis ET AL. (2012)]
Vis/ Vg from exp. measured decay widths [MOULSON (2014), ROSNER ET AL. (2015)]
Vis fK:I: us
—— = 0.27599(38)exp — = 0.2343(20)stat(52)syst (03 ) exp
Vid [t Vid
using super-allowed nuclear S-decay Vg = 0.97417(21)4c [HARDY, TOWNER (2015)]
‘/us — O-2282(19)stat(51)syst(03)exp&nuc
first-row unitarity with |Vj,| = 4.12(37)(06) - 1077 [ROSNER ET AL. (2015)]

VE 4+ V2 4+ |Vpl? — 1 = 0.0011(09)st2t(23)syst (05)expienue = 0.0011(25) comp
alternatively: w/o V4 from nuclear B-decay using |V| and first-row unitarity

‘/ud — 0-9736(04)stat(11)syst(01)exp %S — 0-2281(18)stat(48)syst(03)exp
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comparison with FLAG-2016

fz/fre
FLAG2016 K=/n FIAG2016_ IVl
:_ FLAG average for Ne=2+1+1 + F;:;ﬁ\grage for Ne=2+4+141
— ETM - NAL/MILC 14A
n ENAL/MILC 14A + N 13€
N HPQCD 13A N FPOCD 134
I MILC 13A I e Btat e ony
P MILC 11 (stat. err. onl ) G ETM 10E (stat. err. only)
b4 — ETM 10E (stat. err. onYy) P4 FLAG average for N=2+1
BC/UKQCD 15A
FLAG average for N,=2+1 BC/UKQCD 148
RBC/UKQCD 14B NALMILC 221
RBC/UKQCD 12 oL
ki " ity
" SBINecR & i
+ W 10
N IJ_ I%Eslgrgrsx?ocn 094 (stat. err. only)
Il {\I’_IQCD/TWQCD 09A (stat. err. only) P MILC 05
Y ACS-CS 08
H MILC 09 BC/UKQCD
= i phoe 28 08, 08A *E%Jg?ﬂ%g(? o
’—Q— ILC 04
{3 ﬁBS/CD/?JKQCD 07 FLAG average for N;=2
T.——D—q NPLQCD 0 « . g e SRt em o) CHH
{} MiL I = H ETM 10D (stat. err. only) H =
H ETM 10D (stat. err. only) |
FLAG average for N¢=2 o] B ln
~ HH ETM 14D (stat. err. only) z i SoSuaco0r A
I = . ALiA 13A R8s
',
= ETM 10D (stat. err. only) —o— HFAG 14 ¢ deca dmyand —e—
;_d:._' Gamiz 08 t dec: ® —e—
1 ) QCDSF/UKQCD 07 , o Fardy 15 nuclear fdecay | Y]

1.14 118 122 1.26 022 023 0.973 0.975

FLAG-2016 Ny = 2 4 1 avr.: FLAG-2016 Ny = 2 + 1 avr.:
fr+/f.+ =1.192(5) Vis = 0.2243(10), Vg = 0.97451(23)

our result: our results: (first row unit.+V,)
fr+/f.+ = 1.178(28) Vis = 0.2281(51), Vg = 0.9736(12)
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NLO SU(3)-ChPT fit

1-25 \3 T T : T \3 T \3 T 3\ 1.25
 B=3.50 §|3=3.61{§ B=3.70 p=3.80
B S -
1.20 | K = 1.20 [
| x 3 { 9
3 3 : ©
# n f : * T +
1.15 i i % X = 115 N
: % % : % Nﬁk r
X : :
X X 1 | 2
o 110 I T . # g 110
© i = T
; ki ; S
1.05 % £ 105}
SU(3)-ChPT, full, a° 1/a | 3 SU(3)-ChPT, full, a®, 1/a  I=
1.00 | ~ data, incl. —+— ] £ 1007 shifted data, incl. —+—
‘ fit, incl. ——<— 1 7 shifted data, gxcl, —+—
i data, excl. —+— fit, phys. 2M-M; ——
| | fit, excl. —x— | phys. point —X—
0-95 1 1 1 1 1 i 1 L 1 L 1 Ll 095 1 1 1
0 5 10 15 20 25 30 35 40 45 s 0.0 0.1 0.2 0.3 0.4 0.5
data-point # point M2 / GeV?

mass-independent scale, full FV, a?-discretization
M, < 300MeV, Mg < 600MeV, (M,L) > 3.85, 8 > 3.50

X2 = 7.6, ng.or. = 6, p = 0.27
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NLO SU(3)-ChPT fit

1.25 ‘ " ‘ T i ‘ " ‘ P 1.25 0
B=3.31 = B=3.50 i[}=3.611{ B=3.70 B=3.80 x
o ;
1.20 | i * «* 120 | [l
i fr 5 } ‘ 2
| ©
P T S N <
1.15 N IF = 115
: : : [aY]
Lo B % 2
o 1.10 % : J}% < 1.10
S | | K =
n K S
1.05 [+ Rt + A E 1.05 |
% X 3 ‘ 5 )
| | | | e
SU(3)-ChPT, full, ac, 1/a 3 SU(3)-ChPT, full, ao,, 1/a
1.00 | “data, incl. n £ 1007 shifted data, incl. ~——+—
L Ait, ingl. ——— ; @ shifted data, gxcl, —+—
da}'a’ ex¢|_ »—0—4 fit, phys. ZMK_ME
0.95 L ‘ k ‘ oo fitbexel e 0.95 ‘ phys. point ——K— ‘

0 5 10 15 20 25 30 35 40 45 s 0.0 0.1 0.2 03 0.4 05
data-point # point M2 / GeV?
mass-independent scale, full FV, aa-discretization

M, < 350 MeV, My < 600 MeV
2 __ _ _ —3 ~
X =47, Ngor. =23, p=2-10"=<0
LATTICE
TRR55 20"6
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ratio f/f

1.25

1.20

1.05 |

1.00

0.95

3-parameter polynomial fit

E.E. Scholz — Leptonic decay-constant ratio fr-/fr

" ‘ T T ‘ i ‘ D 1.35 ‘ ‘ ‘
B=3.50 B=3.6‘IWE B=3.70 §B=3.80§ 3-par/ poly., full, a2, 1/a
1 7% <« 130 | shifted data, incl. —+— |
ﬁ . 4 shifted data, gxcl, ——
| | | | o fit, phys. 2Mj-My ———
ﬁ . % 8 125 phys. point ~——
g k4 b o
b I g ﬁ B L 120 |4
# ' i N \
2
AR £ el
jjﬁ N } % ? 1.10
T L * | " E_
: : -
] + 5 Q 1.05}
3-par. poly, full, aj{ﬂa 3
i data, incl, '—+— £
J k S it incl, e % 1.00 f
data, excl. ——{ | 0
P fit, excl. —<— | |
L e 0.95 ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 35 40 45 pnys 0.0 0.1 0.2 0.3 0.4 0.5
data-point # point M2 / GeV?
mass-independent scale, full FV, a?-discretization
M, < 300MeV, Mg < 600MeV, (ML) > 3.85, 8 > 3.50
x? = 5.8, ngor. =5, p = 0.33
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3-parameter polynomial fit

125 1.35 ‘ ‘ ‘ ‘
B=3.31  B=3.50 §B=3.61% B=3.70 B=3.80 3-par.|poly., full, a%, 1/a
5 }[ <« 130 | shifted data, incl. —— |
1.20 | i P X shifted data, gxcl, —+—
' | i | | o fit, phys. 2Myc My ———
} o J[ B 125 phys. point ——— |
T S =
1.15 3 £ T =
= N % | S 1.20 4
X X F 2
3 X X 32 =
i + | | S
| s K ~ 110
1.05 [+ X + X 5
1 % S 105 |
¥ 3-par. poly., full, a%;} 1/a 3
1.00 |- data, incl, —+— £
t : it incl. % 1.00 1
data, excl. —+—
| P fit, excl. —<— | |
0.95 ST 0.95 ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 35 40 45 pnys 0.0 0.1 0.2 0.3 0.4 05
data-point # point M2 / GeV?
. 2 . . .
mass-independent scale, full FV, a“-discretization
M, < 350MeV, Mx < 600 MeV
2 - —_ N —4 ~
X' =954, nqos. =22, p=1.7 - 10 ~ O
o LATTICE
TRR55 2016
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ratio f/f

1.25

1.20

1.05 =

1.00

0.95

SFB
TRRSS5

4-parameter polynomial fit

|8
i

N

par. poly, full, a2§
data, incl. =+
| ity incl, [———
data, excl. |—+——
| it excl. |

Al ! "

B=‘3.50‘ % 5361 T B=‘3.70‘§B=3‘.80§ |

1/a

0

5 10 15 20 25 30 35 40 45 phys.

data-point #

point

1.35

) ratio fi/f;

2
b

shifted (CL, inf. vol., phys. 2M&M

1.30
1.25
1.20 4

1.15 [1[L

4-parpoly., full, a%, 1/a

shifted data, incl.
shifted data, gxcL‘,
fit, phys. 2Mj M7
phys. pojint

1

mass-independent scale, full FV, a?-discretization
M, < 300MeV, Mg < 600MeV, (M,.L) > 3.85, 8 > 3.50

X2 = 5.8, Ng.o.r. = 4, p = 0.21

1.10 ]
1.05 | I % | IR
1.00 | ' /
0.95 ‘ ‘ ‘ \
0.0 0.1 0.2 0.3 0.4 0.5
2 2
M2 / GeV
LATTICE
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@

1.25
1.20 |
1.15

“_lﬁ

X

5 1.10

©
1.05
1.00 |
0.95

SFB
TRRSS5

4-parameter polynomial fit

| B=é.31 B=‘3-50‘ }l

Dh——

3 X

data, incl.
o fit, incl.
data, excl.
~ fit, excl.

»—0—13
o

B=3.61 ] B=‘3.7o‘§ B=3‘.80§

éjl-par. poly, full, a2 1/a

f

0

5 10 15 20 25 30
data-point #

35 40 45 phys.

point

) ratio fi/f;

2
b

shifted (CL, inf. vol., phys. 2M&M

1.35
1.30

1.25 |

120 |

1.15

1.05

1.00 1

4-par. poly., full, a2, 1/a
shifted data, incl.
shifted data, gxcl,
fit, phys. 2Mj M7

phys. point

i
[ —

—K— ]

0.95
0.0

0.1

0.2 0.3 0.4

2 2
M2/ GeV

mass-independent scale, full FV, a?-discretization

8> 3.61

X2 =172 ngosr. =18, p=2 - 1078 = 0

E.E. Scholz — Leptonic decay-constant ratio fr-/fr
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@ |

ratio f/f

1.25

1.20

1.05 |

1.00

0.95

SFB
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6-parameter polynomial fit

B=‘3.50‘ }l B;S.G‘; % B=‘3.70‘§B=3‘.80% |
f

$-par. poly, full, a2 1/a
data, incl. —+—
L it incl, —<—
data, excl. —+—

5 10 15 20 25 30 35 40 45 phys.

point

data-point #

) ratio fi/f;

2
b

shifted (CL, inf. vol., phys. 2M&M

mass-independent scale, full FV, a?-discretization
my < 600MeV, (M,L) > 4.05

X2 = 11, ng..f. = 10, p = 0.32

1.35 ‘ ‘ ‘
6-par. poly., full, a2, 1/a
130 [ shifted data, incl. —— ]
shifted data, gxcl, —+—
fit, phys. 2M(-M; ——
105 [ phys. point —X— ]
1.20 |~
115 [
1.10
1.05
1.00
095 I I I l‘ }L I
0.0 0.1 0.2 0.3 0.4 0.5
2 2
M7 / GeV
LATTICE
2016
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6-parameter polynomial fit

1.25 1.35 ‘ ‘ ‘ ‘
B=3.31  B= _3.50 B 3611{ B= 370 B 380 6-par. poly., full, a2, 1/a
5 }l ; ; 3 <« 130 | shifted data, jncl, —— |
1.20 | I = fit, phys. 2MicM
. % . | Es o phys. point +
} g 1 T 105
X s ; S 125}
HE S <
1.15 I m g = = 3
: : : A NI
o« #F * % f b
£ 110 o 7 = 115
* s s = . -
x * % o
% L 2 110
1.05 = " % | L £
-
1 5 O 1.05}
| 6-par. poly., full, a%, 1/a S
1.00 | data, incl. —+— | =S
| - fit, incl. —— % 1.00 ¢
0-95 I I \ I I I I I \ I I 095 I I I I
0 5 10 15 20 25 30 35 40 45 phys. 0.0 0.1 0.2 0.3 0.4 0.5
data-point # point M2 / GeV?

mass-independent scale, full FV, a?-discretization
all points

X2 =95 ngor. =39, p=1.3 - 107% =~ 0
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flavor-symmetry constraint

Myd = Mmsimplies M, = Mg, fr = [k

fx

fTr myd=ms

= 1

also at (any) finite volume and lattice spacing

only functional forms satisfying this constraint

LATTICE
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extrapolation to physical masses

e we use M, Mg instead of (bare, renormalized) quark masses

MZ|io.chpr = 2Bomug
M[2(|LO-ChPT = Bo(mud + ms)
(2M12< - M§)|LO—ChPT = 2Byms

e correction in isospin-limit (FLAG-recommendation)

QR =

MP™ = 134.8(0.3) MeV M = 494.2(0.4) MeV

E.E. Scholz — Leptonic decay-constant ratio fr-/fr
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NLO-SU(3)-ChPT extrapolation

1 1
2 2 2 2
]\477 = §(4MK - Mﬁ) 3 Co = W , C1 = 128 L5(/J)
2 fit-parameters, flavor-symmetry constraint satisfied
LATTICE
QR E.E. Scholz — Leptonic decay-constant ratio fg/ fr L
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polynomial forms

expansion in

Y Mi: dominant behaviour

o [M; — M?Z]: flavor-symmetry constraint

3-, 4-, or 6-parameter fit:

fK . 2 2 3-par
E = 1+ [Mj — M] (Co
fK L 2 2 4-par
E = 1+ [Mj — M] (Co
];_K = 14+ [M; — M’] (cg-w

6-par 2 2
+ ¢, M [M; —

T

_|_

_|_

_|_

MG — M + )
APIME — M+ 4 )

6-par 2
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real world leptonic decay constant ratio

e measured in experiment: ratio of charged leptonic decay constants with 6 quark flavors (u,d,s,c,b,t)

e suppressed in Ny = 2 + 1: dynamical charm, bottom, top, but (mcharm/Mstrange)

Frt
j

e (hard) isospin-breaking mu, # Mdown, EM-effects (charges)

not taken into account in this lattice QCD simulation

2 ~ 140 . ..

e ChPT-analysis of these effects [GASSER, LEUTWYLER (1985); CIRIGLIANO, NEUFELD (2011)]

e 5SU(2): —0.0043(12) [C

‘R F

S+
K \/1 + Osu(2)
,N. (2011)] and FLAG-II, -0.0078(7) [DrviTiIS ET AL. (2012)]
5 — \ fK:I: —
suz = —0.0061(61) — r = 1.178(10)4:2t(26)syst
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CKM-matrix elements V4, V.

Vis
Tt 0 97509(38) s

Vid [+

[MouLSON (2014), ROSNER ET AL. (2015)]

us

v = 0.2343(20)stat(52)syst (03) exp
ud

e using super-allowed nuclear 8-decay Vg = 0.97417(21)p,c [HARDY, TOWNER (2015)]
Vis = 0.2282(19)t2t(51)syst (03) expéenuc
e first-row unitarity (|Vip| = 4.12(37)(06) - 10~° [ROSNER ET AL. (2015)])
Vi 4+ V24 [Vl — 1 = 0.0011(09)52t(23) syt (05) experuc = 0.0011(25) comb
e alternatively: w/o V|4 from nuclear B-decay using | V| and first-row unitarity

‘/ud — 0-9736(04)stat(11)syst(01)exp ‘/US — 0-2281(18)stat(48)syst(03>exp

[ LATTICE
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' Direct (light green) 4

0.225 . All (yellow) —

—, i |
>3o_220 — K /m, and t->Kv/t->mv —
0.215 — B decays |
- Indirect .
- FFSBs " excluded area has CL > 0.95 |
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