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@ Baryon interactions from lattice QCD



2 Methods for Hadron Interaction from Lattice QCD
QCD P> Hadron Interaction P> Nuclear Physics

Liischer’s finite volume method — Liischer '86, '91
energy shift of two-particle in “box” P> phase shift

1
Ep =2VEk%2+m?2-2m = kcotd(k Z = (

kL/2m)?

HAL QCD method — Ishii-Aoki-Hatsuda '07
NBS wave function P> potential P> phase shift
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NN Interactions from Lattice QCD

‘ Liischer HAL QCD ‘ phys. point
dineutron (1Sg) | bound <  unbound | unbound
deuteron (3S1) | bound <  unbound bound

—> inconsistencies between two methods, which is correct?

P> Today we will clarify the origin of this puzzle
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© Direct measurement vs HAL QCD method
@ Formalisms
@ Direct Measurement
@ HAL QCD Measurement



Luscher's Finite Volume Method

“ sgan ® . e 3

o “energy shift” in finite box L
LT 77 77—

e o b s e

AEp = Egp —2mp = QM—%nB 2 £
— phase shift 5(k)
1 1 E
kcotd(k) = —
cotd(k) = — > In|2 — (kL/27)2
nez3
1+ THEORY
| PRACTICE — "Direct Method ° NN(lso) (Yamazaki et al. '12)
e measure: plateau in effective mass B TP ' ' '
R(1) Lo
AEug(t) =log ——~— — AFE e 7
H( ) Og R(t + 1) L 0005 e
Gup(t) T oosssss
R(t) = =B\ oxpl— (Epp — 2mg)t e b
(t) EMOIE exp[— (Epp — 2mp)t] osusf {>H
with Gpp(t)(Gp(t)): BB(B) correlators M_(; 4 + & e



Time-dependent HAL QCD Method I

77 77—

B Nambu-Bethe-Salpeter wave function LT A

a

| (0IT{B(& + 7, 1) B(&,1)}7(0)|0)
R(7t) = (GO} ok
= ZAnqpn(f“)e—(En—QmB)t + O~ (Bun—2mp)ty P

B with elastic saturation R(r,t) satisfies

19 9
dmp Ot? ot

P> “potential” using velocity expansion U(r,r") ~ V(r)é(r — ')

1 (8/0t)*R(7,t)  (9/Ot)R(F,t)  HoR(F,t)
mpg R(7,t) R(7,t) R(7,t)
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P> This method does not require the ground state saturation.
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Difficulties in Multi-Baryons
P> Liischer's method requires ground state saturation

Gun(t) = coexp(—ESN

)t) +c exp(—E£

NN)

@ S/N problem: [mass number A] x [light quark] x [t — o0]

S/N ~exp[—A x (my — (3/2)mz) x t]

o smaller gap of scattering state: AE ~ 5 %/m ~ O(1/L?)
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— mp
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NN
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t)+--~coy exp(—E(()NN)t)
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Contamination of Scattering State and Fake Plateau

Example
R(t) — boe—AEBBt + ble—(sEclt + Coe—éEinclt

with 6B — AEpp = 50 MeV ~ O(1/L?), §Fine — AEsp = 500 MeV ~ O(Aqcp)

: 6f =g ]
e g.s. saturation - "eg .
ABG(t) - ABgg — 0 2 4 "=cso08d} b1
Z 2 eeee o al
e elastic saturation ¢t ~ 1 fm Lé‘g 0 06@90@0@(15%%3
<
0 . . I =21 e
e few % of contamination =, eeeeegcoﬂ)@{){’{’%%< 0d
—> “mirage” of plateau Eg § cr/bo0.0L b1 b
around t ~ 1 —1.5fm 4 7| & co/b=0.01,0,/b=0
much larger ¢ for true g.s. —gf| @ co/by=0.0Lbi/by=—0.1
0.0 0.5 1.0 15 2.0

t [fm]
—> a true ground state can be checked by quark source dependence
P HAL QCD — scattering state are not noises, but signals
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Lattice Setup: Wall Source and Smeared Source
(] =Z= interaction from both direct and HAL QCD methods

[0 CHECK 2 quark sources — mixture of excited states are different

o wall source
standard of HAL QCD
@ smeared source
standard of direct method?

i

s
5\
a‘\‘ d
=

B setup — 2 + 1 improved Wilson + lwasaki gauge’
o lattice spacing: a = 0.08995(40) fm, a~! = 2.194(10) GeV
o lattice volume: 323 x 48, 403 x 48, 483 x 48, and 643 x 64
my = 0.51 GeV, my = 1.32 GeV, mg = 0.62 GeV, mz = 1.46 GeV

T Yamazaki-Ishikawa-Kuramashi-Ukawa, arXiv:1207.4277.



Energy Shift of ==

- Smeared Src. vs. Wall Src.

AES(t) — AE[7?? — depends on quark source (smeared or wall)

EZ(1Sg) at 483 x 48

EZ(3S;) at 483 x 48

15 - = 15
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@ wallsrc. Z2(°S)) ]
~15% 5 10 15 20 ~15% 5 10 15 20
t [al t [a]

e source dependence suggests these plateaux are “fake” signal

L — > Smeared src. Wall source
AFE==('Sp) | < 0 bound ~ 0 unbound
AF==(3S1) | > 0 unphysical ~ 0 unbound
cf. AE <0 => binding or AE = 0 =—> scattering
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Generalized Sink Operator

és) Zg (I71) Z (E(R+7t)2(R, t)J==(t = 0)) — exp(—E=zt)

—> g.s. energy does not depend on g(r)
e g(r) = 1: standard sink operator

e g(r) =1+ Aexp(—DBr): exp-type projection

Smeared Src. Wall Src.
(1 ”
one can make any “fake plateau “stable”
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HAL: Potential of Z=(!S;) Smeared Src. vs Wall Src.
NBS wavefunction: RS™¢(r ) or RV (r 1)

1 (8%2/0t))R(r,t)  (0/0t)R(r,t)  HoR(r,t)
4m  R(rt)  R(rt) Rt

Ve(r) =

«.Smeared src. t-depend ;. wall src. ¢-stable
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HAL: Potential of Z=(!S;) Smeared Src. vs Wall Src.

w..wall src. t-stable

- 30 1 | wallsrc.t=15
% | wallsrc.t=13
S 20
@ wall src. — good convergence = | wallsrc. =11
s 10
@ smeared src. — t-dep. g o
—~=-10
o smeared src. — wall src. for large t 9 _,
0
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Residual Diff. of Pot.: Next Leading Order Correction
Derivative expansion: U(r,r’) = {Vo(r) + Vi (r)V2}6(r — 1) (for 1Sg)
. HO] Rir,t) = / U (r, "V R( 1)
~ Vo(r)R(r,t) + Vi (r)V2R(r,t) 4 - --

Rowear and RVl = Vo (r) and Vi ()
P HAL method works — quark src. independent w/o g.s. saturation

[] Leading order approximation [] Next leading order correction

40 d 40
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HAL meets Lischer: Energy Shift from Potential
e HAL QCD works well w/o g.s. saturation problem
use potential => true “energy shift” in finite volume
B Eigenequation in finite box L3 with HAL QCD potential V (7)
[Hy+ V] = AEY

O eigenvalue AEy x 1/L3 — 0 => scattering by Liischer’s formula

e potential V (r) 1
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© Origin of Fake Signal in Direct Method



Wavefunction, Potential, Eigenvalues and Eienfunctions

NBS wave function Potential
3 _ -
smear smear@t 12 . % 40 % ‘6133?2;‘%;;}%%
1213 HAL method = ., 47 xas@r=12 ——
_ wall @t =12 z lI
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j/ E’: 20
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Excited States in Wavefunction
P> R-corr. decomposition by energy eigenmodes <« from HAL pot.

Rwall/smcar(f»’ t) _ Z a;;vall/smear\ljn (,,:‘7 t) exp (7AEnt)

R(F=0,t) =

O ex. 1st excited state
o wall source
b1/bp < 0.01

@ smeared source
bl/bo ~ —0.1

@ with energy gap
E1 — EO ~ 50 MeV
for L3 = 483

n
ZR(F,t) _ beall/smeare—AEnt
r n

“contamination” of excited states b,, /by
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Origin of Fake Plateau — Contamination of Excited States

R(p=0,t bn AFEnt
AEeff(t) Elog (p Y ) _1 Z eXp( n )
R(p=0,t+1) Z bpexp (—AE,(t+ 1))
M “direct measurement” — reproduced by low-lying modes'
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Origin of Fake Plateau — Contamination of Excited States

O Rp=00) Y. biesp(-ABW
ABea() =108 1) ~ 8 S oxp (—AB (£ 1))

B “direct measurement” — reproduced by low-lying modes
[] g.s. saturation of smeared source — 100 lattice units ~ 10 fm !!!

% b:Vni‘e‘gr Latt=14
N by =0,. 2 att =14
3 wall src. ( SO) ——
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o
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I 2 2
st o l //
~ A 4
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o -5 %‘ A
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Summary: kiseher Direct vs HAL QCD

@ “Direct method” — ground state saturation is extremely difficult
e scattering states —> “fake plateau” P> Wrong Conclusion!
e much smaller gap & larger noise @ phys. pt. => almost impossible

e HAL QCD works well without g.s. saturation
HAL QCD —> “correct” AFE}, and input of Liischer’s formula
@ NBS corr. + “potential” —> excited states contamination
and origin of fake plateau.

e (even if you do not trust HAL QCD method)
fake plateau can be checked by Liischer’s formula P> Aoki's Talk
in 4 . .
Pot. with wall src. % Direct with wall src.
$NLO pot. corr. $ Fake plateaux

Copy f/iq

Pot. with smear src. Direct with smear src.
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Demo: Contamination of Scattering State
Mock up data

R(t) — boe—AEBBt + ble_(SEelt + coe—éEinelt

with 6Fe — AEgp = 50 MeV ~ O(1/L?), 6 Einel — AEpp = 500 MeV ~ O(Aqcp)

@ g.s. saturation around ¢t — 10 fm
o fake plateau around t ~ 1 fm
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AE.g(t) = BEL(t) — 2mdi(t): Smeared Src. vs. Wall Src.
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=Z(1Sg) is Unbound at m, = 510 MeV

AE, [MeV]
&

kcot d(k

Z Ao

volume dep. of AEj,
=
———————— o/ L3t * 2
o

¢ eigenvalue
1.0 2.0

1/L3 a3 x 107°]

AE =2

phase shift ¢

m2+k;2_

407 x 48 at t = 12
483 x 48 att=12
64" x 64 att =12
Luscher formula
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t-depenence of Potential

t-dependence of Wall Src. potential is stable

40 643 t=12—17

¥ wallsrc.
A wallsrc.

N o oW
o O o o o

eff

2 xmdt or ELE

=(1S,) potential [MeV]
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Time-dependent HAL QCD Method

B space-time correlation function
R(7,t) = (0|T{B(Z + 7, t)B(Z,t)}7 (0)[0) /{GB(t)
:ZAnwn(F)ei(Enisz) —|—O(6 (Byn— 2m3)t)

O each 1y, (Pe Ert = (0|T{B(z + 7,t) B(Z,t)}|2B,n) satisfies

[ o 0l = [ @ ()

with non-local interaction kernel U (7, 17)
B R-corr. satisfies t-dep. Schrodinger-like eq. with elastic saturation

[1 L Ho} R(7,t) = / dr'U (7,17 ) R(r7, )

dmp 8t2 ot ’ ’

P> “potential” using velocity expansion U(r, ') ~ V (r)d(r — r’)
V() = 1 (0/0t)R(F, t) (0/0t)R(T, ) HyR(7,t)

dmp  R(7,t) R(7,t) R(7,t)

P> This method does not require the ground state saturation.




HAL: Wave Function and =

=('Sp) Potential V,.(7)

o wall src. — weak t-dep.
£ 3x10° smeared src.; £ = 14 ———
£ V4 L= S S o smeared. src. — strong t-dep.
é 6x107 ;'.; wall stcf=13 — —> contribution of excited states
$ F t=15 e time-dep. HAL method works well
ERa| —> O(100) MeV of cancellation
S s
g 2x10
Z
N Ll i — V() HoR (9/0t)R (0/0t)*R
) = — —
0 05 1 15 2 25 3 35 Ve R R AmR
r [fm]
I waII src. O smeared src.
SOt % wall SIC. t— 12 150 . smeared src. t— 12
: 100 |
4]
z ! z |
2 0t Z 0
@) @]
~ total. ———— =~ -50 ¢
lap.
“ di -100 t
. : LS S — -150 B2 : :
0 05 1 15 2 25 35 0 05 1 15 2 25 3 3



Next Leading Order of Derivative Expansion
Derivative expansion: U(r,r’) = {Vo(r) + Vi (r)V?}6(r — 1) (for 1Sg)
[417168; — é?at — Ho] R(r,t) = /d?’r’U(r, YR(r', 1)
. 1 (8*/0)R  (9/9t)R  HoR
“4m R R R
> Rsmear 4nd Rwall

V()(T) + Vl( )V2Rsmear/Rsmear _ f/smear (’I” tsmear)
‘/O(r) + Vl( )v2Rwall/Rwall Vwall(r twall)

V2R(r,t) -
Ry Y

=W(r)+Vi(r)

P LO Vy(r) and NLO Vi(r) potentials are given by

Zs%fmear (7“, tsmear) _ ‘Z“f%all(r7 twall)
VQRsmear/Rsmear _ V2Rwall/Rwall

v2Rsmear

Rsmear :

Vi(r) =

VO(T) = &s&near(,’ﬂ? tsmear) - ‘/i(r)
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