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Figure 1: Examples of diagrams contributing to the calculation ofaµ. Up: QED diagrams of various
orders in ↵. Bottom: VP, LbL and weak-interaction contributions [9].

↵ from a

QED
µ (10�10)

ae 11 658 471.885± 0.004

Rubidium Rydberg constant 11 658 471.895± 0.008

Table 1: Values of aQED
µ computed using values of↵ extracted from the measured value ofae and

from atomic physics measurements [4].

2 a
µ

: predictions and measurement

Since the Þrst measurement (for the electron) [1] and its interpretation within the QED framework [2],
both the prediction and the measurement ofa have undergone a tremendous improvement in precision,
to the point that hadronic vacuum polarization (VP) i.e. modiÞcations of the photon propagator,
hadronic light-by-light scattering (LbL) and weak interactions must be taken into account (Fig. 1).
Understanding the value of aµ necessitates a precise knowledge of the value of the Þne structure
constant ↵. From the development [4] ofae and of aµ 1,
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we see that due to theµ-to-e mass di↵erence, the development forae converges extremely rapidly
and that the non-QED contributions are very small: a precise value of↵ can be extracted from ae

and then injected in the calculation of aµ. The value of aµ so obtained has a very small uncertainty
and is compatible with that obtained using a value of ↵ from atomic physics (Table 1): the QED
contribution, which has been computed up to the 5th order in ↵ [4], is under excellent control. Table 2
presents the sizable contributions to the prediction and the comparison with experiment as of 2014 [5]:

1I have truncated the numerical factors.
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‣ �*�O�U�F�H�S�B�O�E���I�J�H�I�M�Z���Q�F�B�L�F�E���O�F�B�S��q2 = mµ2/4 ~ (50MeV)2.

Electromagnetic quark current

[HPQCD 14]
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FIG. 2. Top: an upper/lower bound on ! l
1 is obtained

by setting the timelike correlator to a two-pion decay/zero
starting at a separation of tc . Bottom: upper/lower bound
on ! disc

1 is obtained by setting the correlator to zero/to the
connected correlator with a 2-pion decay.

where E2! is the energy of two pions with angular mo-
mentum J = 1. From this we can obtain a lower and an
upper bound on ! l

1,s4. Typically the two bounds agree
for tc ! 3 fm, for an example see the top plot of Fig.2,
which shows an ensemble at! = 3 .9200. Similar conclu-
sion is reached in case of the second derivative! l

2,s4. In
our analyses we usetc = 3 .1 fm on the light connected
timelike correlators and averaged the two bounds.

A similar bound as in (2) involving the energy of three
pions could be set up for the isospin singlet channel, this
would constrain a combination of the disconnected and
connected contributions. The disconnected contribution
alone can be constrained for large enough time separa-
tions, where the isospin singlet channel can be neglected
compared to the triplet. Here we have

0 ! [2Cs + 8Cc + 2Cdisc ](t) ! " Cl (tc)e�E 2! ( t�t c ) . (3)

This gives an upper and a lower bound on! s + 4 ! c +
! disc , which can be used to determinetc after which the
two bounds agree within errors. In practice dropping the
connected strange and charm contributions in (3), does
not make a di" erence when determiningtc. In the bottom
plot of Fig. 2 we plot the upper and lower bounds on! disc

in case of an ensemble at! = 3 .9200. In our analyses we
averaged the two bounds at a distance oftc = 2 .7 fm.

1.3

1.4

1.5

1.6

1.7

!
1l  x

 1
0

6.4

6.5

6.6

!
1s  x

 1
02

3.0

3.3

3.6

3.9

4.2

!
1c  x

 1
03

0.4

0.8

1.2

1.6

0.00 0.01 0.01 0.01 0.02

-!
1di

sc
 x

 1
02

a2[fm2]

FIG. 3. Continuum extrapolations of the light, strange,
charm and disconnected contributions to ! 1. The lines are
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in the lattice spacing.

RESULTS

To obtain our Þnal results in the continuum limit and
at the physical point, we Þt the lattice results to a func-
tion which depends on the pion and kaon masses and on
the lattice spacing squareda2. Since the simulations were
done around the physical point, a linear pion/kaon mass
dependence is always su# cient. For the light, strange and
disconnected contributions reasonable Þt qualities can be
achieved with a linear a2 dependence.

First let us look at the light quark contribution ! l .
We pay special attention to the di" erence between the
averages! l

ss , ! l
4s and ! l

s4. Although there are ensem-
bles where we see signiÞcant di" erence between them, we
identify these di" erences as statistical ßuctuations (at the
current level of precision). If we assume no di" erence be-
tween the three averages and Þt all ensembles and all
three averages together in one Þt, we get a reasonable
Þt quality " 2/ dof = 45/ 41. Also if we add additional Þt
parameters describing the di" erence between the three
averages, they come out zero within errorbars. This re-
mains true even after dropping the coarser lattices from
the Þt. Therefore we average over the combinationsss,

0 ! 2Cs + 8Cc + 2Cdisc

! " Cl (tc) exp(" E2! (t " tc))

0 ! CI =0 (t)

" CI =1 (t) ! (two ! state)

0 ! Cl (t) ! Cl (tc) exp(" E2! (t " tc))

! n, 4i = ( ! 1)n +1
t c!

t =0

t2(n +1)

" (2n + 3)
Cii (t)

[Lehner14]
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‣ �6�Q�Q�F�S���B�O�E���-�P�X�F�S���C�P�V�O�E�T���B�S�F���V�T�F�E����
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! disc
1 = ! 1.5(2)(1) " 10! 3 GeV! 2

! disc
2 = 4 .6(1.0)(0.4) " 10! 4 GeV! 4


