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perturbative nonperturbative

Focus on

• O(a2) corrections Simulations done at 5 lattice spacings a

• Determination of αs(µ) at medium to

small scales µ

• Infrared fixed point? Of central importance to low-energy

phenomenology



The long-distance attributes of QCD,

that are independent of the short-distance

structure of the theory, such as the LECs

(quark masses, condensates, etc.) of the

chiral Lagrangian, are ultimately related to

the existence of infrared fixed points
0.000

0.004

0.008

0.012

0 0.2 0.4 0.6 0.8 1

α
E

M

mu/md

0.000

0.004

0.008

0.012

0 0.2 0.4 0.6 0.8 1

α
E

M

mu/md

0.000

0.004

0.008

0.012

0 0.2 0.4 0.6 0.8 1

α
E

M

mu/md

0.000

0.004

0.008

0.012

0 0.2 0.4 0.6 0.8 1

α
E

M

mu/md

0.000

0.004

0.008

0.012

0 0.2 0.4 0.6 0.8 1

α
E

M

mu/md
N
o
F
u
s
io
n

H
e
liu

m
S
t
a
r
s

N
o
F
u
s
io
n

H
e
liu

m
S
t
a
r
s

N
o
F
u
s
io
n

H
e
liu

m
S
t
a
r
s

If β(αs) vanishes when αs runs to an infrared fixed point αs(0), QCD becomes a conformal

theory at zero quark mass (i.e. Θµµ = 0), with scale invariance being spontaneously broken,

giving rise to a dilaton σ. This results in a mass gap at the fixed point, and χPT3 → χPTσ

Conformal behavior of QCD is the basis for commensurate scale relations, which relate observables

to each other without renormalization scale or scheme ambiguities, e.g. the Crewther relation
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Data

Action

SG =
6

g2

∑

x,µ<ν

1

3
Tr

{

c0 [1 − Uµν(x)] + c1 [1 − Rµν(x)]
}

SF =
∑

q=u,d,s

∑

x

{

∑

µ

[

q(x)
γµ − 1

2
Ũµ(x)q(x + µ̂)

−q(x)
γµ + 1

2
Ũ

†
µ(x − µ̂)q(x − µ̂)

]

+
1

2κq

q(x)q(x) −
1

4
cSW

∑

µν

q(x)σµνFµν(x)q(x)
}

We keep the average quark mass m̄ = (mu+md+ms)/3 constant, with m̄ tuned to the

physical value of the average pseudoscalar meson mass (M2
K0+M2

K++2M2
π0

−M2
π+

)/3



WF Ensemble

β V κ0 κl κs

5.95 483 × 96 0.123460 0.123460 0.123460

5.80 483 × 96 0.122810 0.122810 0.122810

5.80 323 × 64 0.122810 0.122810 0.122810

5.80 483 × 96 0.122810 0.122880 0.122670

5.80 483 × 96 0.122810 0.122940 0.122551

5.65 323 × 64 0.122030 0.122030 0.122030

5.50 323 × 64 0.120900 0.120900 0.120900

5.50 323 × 64 0.120900 0.121040 0.120620

5.50 323 × 64 0.120900 0.121095 0.120512

5.50 323 × 64 0.120900 0.121145 0.120413

5.50 483 × 96 0.120900 0.121166 0.120371

5.40 243 × 48 0.119930 0.119930 0.119930

5.40 243 × 48 0.119930 0.120048 0.119695

Nf = 2 + 1 : κu = κd ≡ κℓ 2/κℓ + 1/κs = 3/κ0



Volume & mass dependence ?
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Can limit ourselves to SU(3)

symmetric point: κℓ = κs = κ0
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Wilson Flow

Observable E: clover
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Lattice spacings

β 5.40 5.50 5.65 5.80 5.95

a [fm] 0.0818(09) 0.0740(04) 0.0684(04) 0.0588(03) 0.0507(05)

from
√
t0 = 0.151 [fm] arXiv:1508.05916



In physical units
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O(a2) Corrections
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Alternatively
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αs(µ)

Perturbative part of t2E(t)
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β Function
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Conclusions

• Find large O(a2) corrections for lattice

spacings a & 0.05 fm

Can be removed reasonably well at

scales below µ . 4GeV

• Infrared behavior appears to be little affected

by O(a2) corrections though

• The running coupling αs(µ) freezes at

αs(0) ≈ 0.4

• This results in an infrared attractive fixed

point of the beta function β(αs)

Possibly ∃ a deconfined phase above

αs ≈ 0.4


