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< Charm quark mass from the temporal moment

® Determination of charm quark mass with dm. < 1.0%

& New calculation with Domain-Wall fermion
(at @: 0.083 ~ 0.044 fm).

Previous works (HPQCD 2008-14) This work

® Staggered fermion © Domain-Wall fermion

® Lattice spacings: 0.15~0.06 fm  ©0.083 ~ 0.044 fm

® m.(m.) = 1.272(10) GeV

® Truncation of perturbative expansion is a
significant source of uncertainty in moment method



< Update since Lattice 2015

© Estimations of perturbative truncation error
® Consistency check with the experimental data (Vector)

® Improved measurement with the Z2 noize source
—> Less statistical error

® Leading effect subtracted using an effective theory
— Flatter continuum extrapolation



What is the Moment?




> Correlator and moment
Current correlator
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Moment: Derivative in terms of q2
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Perturbative expansion available as a function of m>", asrs
[K. G. Chetyrkin et al. (2006)]

[R. Boughezal et al. (2006)]
[A. Maier et al. (2009)]



Moment on the lattice
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© Coordinate space z/dxn! <8q2> el — a zx:t

Correlator G(t) on the lattice
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® Moment is easily calculated from G(t)
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What’s the Moment?

® Typical energy scale of the moment G,,, ~ m/n
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What’s the Moment? (From comparison with experiment)

® Vector moment can be measured in the experiment.
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© Moment is a weighted integral of the R-ratio.

R(s) o(eTe” — hadron)
S) =
o(ete” = ptu~)



What’s the Moment? (From comparison with experiment)

® Vector moment can be measured in the experiment.
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© Moment is a weighted integral of the R-ratio.

R(s) = o(eTe” — hadron)

o(ete” = ptu~)



Consistency with experiment (Vector)
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[B. Dehnadi et al. (2011)]
[J. H. Kuhn et al. (2007)]
[J. H. Kuhn et al. (2001)]

[A. H. Hoang et al. (2004)] n=8 ——
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© Good agreement with the experimental + phenomenological analysis.
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17 - Extraction




Correspondence between lattice and continuum

(cont)

G(Lat) _ 9n o

(me™, aggs)
(1S
® Define the reduced moment R,
with G,, and G'°) the counterparts at the tree-level,

Lattice Continuum
1 Py,
R _ %My [ Gn "7 | 9n
n= 5 (0) n =1\ "0
ame \ Gy, g
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| attice setup

® Mobius Domain Wall Fermion formalism

®ny = 2+ 1 inthe sea;
3 different lattice spacings for taking continuum limit.

B |a~! [GeV] LxT Ls|| amya | ams |congfigs|m. [MeV]|mx,L
4.17/2.4531(40)| 323 x 64 (L = 2.6 fm) | 12/[0.0035] 0.040 | 300 230 | 3.0
0.007 | 0.030 300 310 4.0

0.007 | 0.040 300 310 4.0

0.012 | 0.030 300 400 5.2

0.012 | 0.040 300 400 5.2

0.019 | 0.030 300 500 6.5

0.019 | 0.040 300 500 6.5

48 x 96 (L = 3.9 fm) {12{|0.0035| 0.040 | 401 230 4.4

4.35]3.6097(89)| 483 x 96 (L = 2.6 fm) | 8 [/0.0042[0.0180] 300 300 | 3.9
0.0042]0.0250| 300 300 3.9

0.0080(0.0180| 301 410 5.4

0.008010.0250| 297 410 5.4

0.0120]0.0180| 298 500 6.6

0.0120]0.0250| 300 500 6.6

4.47|4.4961(92) 643 x 128 (L =2.8 fm)| 8 {{0.0030| 0.015 397 280 4.0




Moment on the lattice

15

IogG(tl)

10}
5-+++++
Or k
5}
S0t
8—15—
20+
o5k
30 F ++++*
350 20 40 égﬁt 80 100 150 140
t
© Construct moments from G(t), G, =Y ( )
: a
® Interpolate to the physical point by tuning (3m./,, + m,,, ) /4

® Chiral extrapolation



Extrapolation to contimuum (a = 0)

C

Ry(a) = Ry(0) (1+ Cl(amc)z) X (1 + f1 My + Md + ms>

(Stat.)(O(a*))(Vol.) Essentially flat (~1) term
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Possible systematic errors

exp -

m
R, = —& frn(ml;ds,on—S)

MS
2m,

(1): Truncation error from perturbative expansion of "n

eX
(2): Input meson mass mncp error

After correcting for... (a) Electromagnetic effect,
(b) Disconnected diagram contributions.

(3): Gluon condensate contribution

\
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(see Backup
slides)
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Error €@ Perturbative truncation

mexp _
c MS
R, = —L—r,(m)”", oxc)
MS C ) MS
2m,
'n . .
® M_(SM ) should depend on the renormalization scale u
me (1) at all order of perturbative series.
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© Estimate the truncation error from [t dependence of TM_
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Estimation with Um — U
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um, [GeV]

Estimation with [m 7 [4a as conservative one
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Similar analysis with

[B. Dehnadi et al. (2013),(2015)]

Error is estimated in this region
—More conservative estimation

,um — ,uoz :um # luC\f
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Result (,Um # :uoz)

© More conservative estimation of the perturbative error.

R6/R8, Rs. & Rio Lattice nc(negllglble)

pert t(l)/ ° stat  O(a*) vol m,P disc EM

m.(3GeV) [GeV]  1.0033(96) | (77) | 49) 4 (30) @) | B) @) (6
s (3CeV) 0.2528(127) | (120) | 32) (2) (26) (1) ] (©0) (0) (1)

® Perturbative error is X 2 larger than that of Um = Ha
and dominant source of the systematic error

" . . Q M
® ~1% precision is achieved for M, S



Result
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Result (,Um # :uoz)

This work PDG(2014)

mM>(u =3 GeV) || 1.003(10) GeV

C

mMS (= mM5) || 1.287(12) GeV | 1.275(25) GeV

C

oy = 3 GeV) 0.253(13) 0.2567(34)
ors(p = Mz) 0.1177(26) 0.1185(6)
n =4
Am_5 286(37) MeV 297(8) MeV
AT 205(32) MeV | 214(7) MeV

MS




Summary

M
® We extract m. >and s from the temporal moments of
charmonium current correlators.

® Take continuum limit by the data ata=! = 2.4, 3.6,4.5 GeV.
Discretization effect is significant but controllable,
and perturbative truncation is more important.

® |n the vector channel, The moments are consistent
with the experimental R-ratio.

mMS(3 GeV) = 1.003(10) GeV
arrs(3 GeV) = 0.253(13)



Backup slides




® Typical energy scale depends on the weight factor n
"Window”
a~' > (Energy scale) > Aqcp —— 0 <nLK 20

1.2 m

Contain

Discretization |

effect g6 .".l A M
QO © - QCDN?)OO eV

HIGH <— Energy scale —> LOW
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exp
Error € Input meson mass "'ty error

® We use PDG value, m, > = 2.9836(7) GeV,

after correcting for...
(a) Electromagnetic effect,
(b) Disconnected diagram contributions.

© Estimates from previous works (lattice, pheno):

Electromagnetic

My, —m2° M = 2 .4(8) MeV

Nec [E. Follana, et al. (2007)]

Disconnected

mnc . mgg Disconnect — _9 6(13) MeV

[C. T. H. Davis, et al. (2007)]



exp
Error € Input meson mass "'ty error
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Error @ Finite volume effect

® Prepare two ensembles (same setup except for the volume)

R,(L = 32) m..L ~ 3.0

Finite volume error

S1.Ry = |Rn(L = 48) — R,(L = 32),



Error @ Gluon condensate

® Perturbative calculation does not contain gluon condensate.

It is known to 2-loop by OPE.

pelue _ <<(as/7(r2)g;:GW> A, (m™S, aM—s)> m

<& We may extract it as a solution of the equations, n =6, 8, & 10.

((as/T)G* Gy )

4

= —0.0006(78)

m



Error @ Perturbative truncation
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© Dependence is almost canceled out.




Error @ Perturbative truncation

0.926
ratio

0.925

0.924 -

7~

~ i
N—r~
N

<|| y.023}

S
- \ Truncation

error

0.921

0.92

2 55 3.5 7]

3
p [GeV]
® Actually, we consider fta 7 fm (@(fa), Me(fim)),

nOt Only ,ua == ,me [B. Dehnadi, A. H. Hoang, and V. Mateu (2015)]
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Consistency with experiment (Vector)

Pseudo — Vector
conti MS (conti) MS
((Lat) _ gn " )(@48»041\4—5) Z‘Z/G(Lat) _ Jvn (@487041\4—5)
" (@t O o (amg's)n=2

® Input Zy from HE(:B) analysis with OPE.

~

Z\/(ZIZ) = Ly + 6_2513‘_2 4 C4CU4 + 661‘6 + O(xS)

€9)  Zy(a~' =447 GeV) = 0.9651(46)



Vector current Moment
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Charm quark mass and
Strong coupling...?
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Vector current Moment

0.35

0.30-

<% 0.25

0.20

0.15

No.
© Error from perturb and Zy

® Similar m., & dependence

— R6

_______ L] RS

R10
—— R6/R8
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exp
Error € Input meson mass "'ty error

® Finally we use...

Mot = 2083.6 + 2.4pisc. + 2.66m £ (0.7)ppG % (0.8)pise. £ (1.3)EM £ (2.3)spiie

@ Note: All of these error sources are negligible.



Moment and R-ratio

Residue theorem (or Disparsion relation)

0 " d 2 1
(3—6]2) <H(q2))q2:Q8 N ]{ 27qm' (g — Q(Q))n+1ﬂ(q2>
dg” 1

2mi (¢ — QG

Contour integral :/ 2iIm [I1(g*)]

. _ dg® q° 1 2
Optical theorem = - (47m)2@% (4% — Q%)nﬂ Octe——shadronlq”)

_ 1 /dq2 1 Oe+e_—>hadron(q2>
127—‘-@? (q2 - Q(Q))n+1 Oete——putp— (q2)

Take (Vg = 0

1/ 0\" 5 1 1
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Perturbative moment

K C]go) C}gm) C}gll) 01220) 015:21) C,15322) 015730) C}g31) 015:32) C’,E:BB)

1 1.3333 3.1111 0.0000 0.1154 -6.4815 0.0000 _-1.2224  2.5008 13.5031  0.0000
2 || 0.5333 2.0642 1.0667 7.2362 1.5909 -0.0444 / 7.0659 -7.5852  0.5505  0.0321
3] 0.3048 1.2117 1.2190 5.9992 4.3373 1.1683//14.5789 7.3626  4.2523  -0.0649
4 11 0.2032 0.7128 1.2190 4.2670 4.8064 2.3873//13.3285 14.7645 11.0345  1.4589
5 || 0.1478 0.4013 1.1821 2.9149 4.3282  3.4971 16.0798 16.6772  4.4685
6 || 0.1137 0.1944 1.1366 1.9656 3.4173  4.4992 14.1098 19.9049  8.7485
71| 0.0909 0.0500 1.0912 1.3353 2.2995 5/4104 10.7755  20.3500 14.1272
8 || 0.0749 -0.0545 1.0484 0.9453 1.0837  (6/2466 7.2863  17.9597 20.4750

n=4,6,8,10



Zy/ factor extraction

Input 2y — Predict 1R,

then invert it...
Input R, — Predict Zv

© Moment is known perturbatively (and experimentally).
(Input Experiment — 07y ~ 1% )

Input Perturbation —> 02y ~ 3%
(or 2% with PDG ag5g)



inputs  me(p) [GeV]| pert t7/? stat O(a?) vol mS® disc EM

Rg, Rs, R1p  1.0032(98) | (82) (51) (5) (16) (4) (3) (4) (6)
Re, R¢/Rs, R1o 1.0031(194) |(176) (78) (6) (18) (5) (4) (4) (7)
Re/Rs, Rg, Rio 1.0033(96) | (77) (49) (4) (30) (4) (3) (4) (6)
inputs as(p) | pert £/ stat O(a*) vol mSP disc EM
Re, Rs, Rio  0.2530(256)((213) (134) (12) (38) (10) (9) (10) (16)
Re, Rs/Rs, Rio 0.2528(127)[(120) (33) (2) (25) (1) (0) (0) (1)
Re/Rs, Rs, Rio 0.2528(127)[(120) (32) (2) (26) (1) (0) (0) (1)
inputs <@/mG> | pert, ty/? stat O(a*) vol mS® disc EM

Re, Rs, Rio —0.0005(99) | (85) (45) (4) (23) (4) (3) (4) (6)
Re, Re/Rs, Rio —0.0006(144)|(133) (49) (4) (23) (4) (3) (3) (5)
Re/Rs, Rs, Rio —0.0006(78) | (68) (29) (3) (22) (3) (2) (3) (5)




