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Tentative phase diagram of QC2D

<qq> =0

<qq> =0

Superfluid PhaseHadronic Matter

<qq> = 0
x

x
1

2

Quark−Gluon Plasma

T
em

pe
ra

tu
re

Chemical Potential

Schematic Phase Diagram of Diquark Condensation in the Temperature−Chemical Potential Plane

<qq>=0

<qq>=0
<qq>=0

II

I
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No sign problem in QC2D

Case of QC2D is special:

det
[
M(µq)

]
= det

[
(τ2Cγ5)−1 M(µq) (τ2Cγ5)

]
=

= det
[
M(µ∗q)

]∗
, where C = γ2γ4

In LQC2D with fundamental quarks det
[
M(µq)

]
is positive

definite at real µq [see S. Hands, I. Montvay, S. Morrison,
M. Oevers, L. Scorzato, and J. Skullerud, Eur. Phys. J. C17,
285 (2000)]

At real µq

det
[
M(µq)

]
is real, det

[
M†(µq)M(µq)

]
> 0 at mq 6= 0.
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Diquark source

In QC2D there is a possibility to add diquark source to the action
to study spontaneous breakdown of U(1)V :

SF =
∑
x ,y

[
χxM(µq)xyχy +

λ

2
δxy

(
χT τ2χ+ χτ2χ

T
)]
,

which modifies partition function as follows:

Z =

∫
DU det

[
M†(µq)M(µq) + λ2

] 1
2 e−SG [U]

instead of

Z =

∫
DU det M(µq)e−SG [U] .

〈qq〉 is colorless, gauge invariant and thus may be measured.
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Previous studies of dense QC2D (1)
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64 (2001) 016003
J. B. Kogut, M. A. Stephanov, D. Toublan, J. J. M.
Verbaarschot and A. Zhitnitsky, Nucl. Phys. B 582 (2000) 477
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Predictions of ChPT (λ→ 0)

Picture from J. B. Kogut, M. A. Stephanov, D. Toublan,
J. J. M. Verbaarschot and A. Zhitnitsky, Nucl. Phys. B 582 (2000) 477
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Previous studies of dense QC2D (2)

Nambu–Jona-Lasinio model
C. Ratti and W. Weise, Phys. Rev. D 70 (2004) 054013
T. Brauner, K. Fukushima and Y. Hidaka, Phys. Rev. D 80
(2009) 074035 [Erratum Phys. Rev. D 81 (2010) 119904]
L. He, Phys. Rev. D 82 (2010) 096003

Random matrix theory

B. Vanderheyden and A. D. Jackson, Phys. Rev. D 64 (2001)
074016
T. Kanazawa, T. Wettig and N. Yamamoto, Phys. Rev. D 81
(2010) 081701
T. Kanazawa, T. Wettig and N. Yamamoto, JHEP 1112
(2011) 007
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Previous and ongoing lattice studies of QC2D at µq 6= 0

Nf = 8, staggered fermions without rooting:
S. Hands, J. B. Kogut, M. P. Lombardo, S. E. Morrison, Nucl.
Phys. B 558, 327—346 (1999);
Nf = 4, staggered fermions with rooting:
J. B. Kogut, D. Toublan, and D. K. Sinclair, Phys.Lett. B514,
77–87 (2001); Nucl. Phys. B 642, 181–209 (2002);
Nf = 2, Wilson fermions:
S. Cotter, P. Giudice, S. Hands, and J. I. Skullerud, Phys. Rev.
D 87, 034507 (2013);
T. Makiyama, et al., Phys. Rev. D 93, 014505 (2016).

Nf = 2, staggered fermions with rooting

this talk (see also hep-lat/1605.04090)
L. Holicki, J. Wilhelm, D. Smith, B. Wellegehausen, and
L. von Smekal, the next talk by Lukas Holicki
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Action and lattice set-up

We consider Nf = 2 of staggered fermions with rooting:

Z =

∫
DU det

[
M†(µq)M(µq) + λ2

] 1
4 e−SG [U] ,

where SG [U] is the unimproved Wilson gauge action and

Mxy (µq) = mqaδxy +
1
2

4∑
µ=1

ηµ(x)
[
Ux ,µδx+µ̂,yeµqaδµ,4 −

−U†x−µ̂,µδx−µ̂,ye−µqaδµ,4
]
.

Simulation parameters

163 × 32 lattice (zero-temperature scan), β = 2.15, am = 0.005
a = 0.112(1) fm, Mπ = 378(4) MeV; MπLs ≈ 3.5, Ls ≈ 1.8 fm
Diquark source: λ = 0.001, 0.00075 and 0.0005
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Small chemical potential
region
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Diquark condensate (λ→ 0 extrapolation)
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Reasonable agreement with ChPT: 〈qq〉/〈q̄q〉0 =
√

1− µ4
c/µ

4

Phase transition at µc = 215(10)MeV ' mπ/2
Bose Einstein condensate (BEC) phase µ ∈ (200; 350) MeV
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Diquark condensate: critical index
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Fit 〈qq〉 = A + Bλ1/3 with χ2
dof ' 1

〈qq〉λ=0 = −0.0021(12) at aµ = 0.12 (µ = 211MeV)
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Chiral condensate (λ→ 0 extrapolation)
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Good fit 〈q̄q〉 = A/µα with α = 0.78(2), χ2
dof = 0.3

LO ChPT predicts 〈q̄q〉/〈q̄q〉0 = µ2
c/µ

2

Similar slower decrease with α = 1 . . . 1.3 was observed in
Nucl. Phys. B 642, 181 (2002) and PRD 87, 034507 (2013)
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Chiral and diquark condensates
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Check of the ChPT prediction 〈q̄q〉2 + 〈qq〉2 = const
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Baryon density (λ→ 0)
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Good agreement with ChPT: nB ∼ µ− µ4
c/µ

3

Phase transition at µc = 207(7)MeV ' mπ/2

Deviation from ChPT prediction starts at nB ∼ 1 fm−3
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Large chemical potential
region
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Phase diagram for Nc →∞
Hadronic phase at µ < MN/Nc (p ∼ O(1))
Dilute baryon gas at µ > MN/Nc , width δµ ∼ ΛQCD/N2

c
Quarkyonic phase at µ > ΛQCD (p ∼ Nc)

Degrees of freedom:
Baryons (on the surface)
Quarks (inside the Fermi sphere |k| < µ)

Chiral symmetry restoration
The system is in the confinement phase

L. McLerran, R.D. Pisarski, Phases of cold, dense quarks at large
N(c), Nucl. Phys. A 796 (2007) 83 [hep-ph/0706.2191]
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Diquark condensate (λ→ 0 extrapolation)
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Bardeen–Cooper–Schrieffer (BCS) phase at µ > 500 MeV
〈qq〉 ∼ µ2: baryons on the Fermi-surface
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Baryon density (λ→ 0 extrapolation)
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Free quarks at T = 0:
n(0)
B = Nf (2s + 1)

∫ d3k
(2π)3 θ(|k| − µ) = 2µ3/(3π2)

Quarks inside the Fermi sphere dominate over the surface:
4
3πµ

3 > 4πµ2ΛQCD ⇒ µ > 3ΛQCD
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Chiral condensate (λ = 0.0005, ma = 0.005)
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Chiral condensate (λ→ 0, chiral limit m→ 0)
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No chiral symmetry breaking at large enough µ
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Conclusions

For the first time all three phases have been observed in one
lattice simulation: (1) hadronic phase for 0 < µ < µc ;
(2) “baryon onset” with a superfluid condensate due to
Bose-Einstein mechanism for µc < µ < µd ;
(3) the phase with diquark condensation due to the
Bardeen-Cooper-Schrieffer mechanism for µd < µ

Good agreement with LO ChPT predictions for all observables
except the chiral condensate
Dilute baryon gas at mπ/2 < µ < mπ/2 + 150 MeV
BCS phase at µ > 500 MeV (aµ > 0.28) (∼ 4 . . . 5 nuclear
density)
BCS phase may be similar to quarkyonic phase
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The end

Thank you for attention
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Saturation for the free baryon density
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163 × 32 lattice, ma = 0.005, λ = 0.0005, free fermions
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Saturation for the diquark condensate
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163 × 32 lattice, ma = 0.005, λ = 0.0005
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Z2 monopole density
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x32, mqa=0.01, usual action

we are here (16
3
x32, mqa=0.005, usual action)

M = 1− (
∑

cubes
∏

P∈∂C sign[TrUP ])/Ncubes
For the details see David Scheffler’s PhD thesis
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