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In general quantum averages result from complex ”densities”

• A harmonic oscillator

〈x2(T )〉 =

∫
dxx2K(x, x;T )∫
dxK(x, x;T )

.

• QED/QCD with external charges

Z =
∫
DA exp

 ih̄S[A]

 exp

 ih̄
∫
d4xAµJ

µ
ext

↔
∫
DU exp {Slatt[U ]}W [U ] (1)

• QCD with finite chemical potential

Z =
∫
DU exp {Slatt[U ]}Det[A0 → A0 + iµ] (2)

P. Hasenfratz, F. Karsch, 1983
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• ”Complex Langevin” approach

• Avoiding the trouble - one degree of freedom

• Two examples

• Path integrals – a free particle

• Path integrals – an harmonic oscillator

• Classic quantum applications

free particle

harmonic oscillator

particle in a constant magnetic field

• Possible interpretation

• Outlook
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I. The Langevin method - real and complex cases

Real case

S(x)
ẋ(τ )=−∂xS+η(τ )−→ x(τ ) −→ P (x, τ )

τ→∞−→ P (x) = e−S(x)

∫
f(x)e−S(x)dx

/∫
e−S(x)dx =

∫
f(x)P (x)dx

/∫
P (x)dx .

Complex case, e.g. ρ(x) ≡ e−S(x) = e−σx
2/2, σ ∈ C ,

G. Parisi, 1983

J.Klauder, 1983

S(x)
ż(τ )=−∂zS+η(τ )−→ z(τ ) −→ P (x, y, τ )

But P (x, y, τ ) does not
τ→∞−→ e−S

Nevertheless in some cases P (x, y,∞) exists, and indeed∫
f(x)e−S(x)dx∫
e−S(x)dx

=

∫ ∫
f(x+ iy)P (x, y,∞)dxdy∫ ∫

P (x, y,∞)dxdy
. (3)
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Example (Ambjorn and Yang, 1985)

ρ(x) = exp (−Sg(x)) = exp

−σ
2
x2

, σ = σR + iσI, σR > 0

P (x, y) = exp
(
−σR(x2 + 2rxy + (1 + 2r2)y2)

)
, r =

σR

σI
,

indeed

〈xn〉ρ(x) = 〈(x+ iy)n〉P (x,y)

or for the generating function

G(t) =

∫ ∞
−∞e

txe−Sg(x)dx∫ ∞
−∞e

−Sg(x)dx
= exp

 t2
2σ

 =

∫ ∞
−∞

∫ ∞
−∞dxdye

t(x+iy)P (x, y)∫ ∞
−∞

∫ ∞
−∞dxdyP (x, y)

.
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In general, however

• P (x, y, τ ) not known

• not connected with S

Moreover

• z(τ )→∞, i.e. diverges

• z(τ )→ wrong answer

G. Aarts et al. ( 2 - 6 ), 2005 - present
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II. Avoiding the trouble

• Construct ρ, P without any reference to the stochastic process.

The only requirement∫
R
f(x)ρ(x)dx

/∫
R
ρ(x)dx =

∫ ∫
f(x+ iy)P (x, y)dxdy

/∫ ∫
P (x, y)dxdy .

• • Introduce two, independent complex variables

z = x+ iy, z̄ = x− iy

then∫
Γz
f(z)ρ(z)dz

/∫
Γz
ρ(z)dz =

∫
Γz

∫
Γz̄
f(z)P (z, z̄)dzdz̄

/∫
Γz

∫
Γz̄
P (z, z̄)dzdz̄

sufficient condition

ρ(z) =
∫
Γz̄
P (z, z̄)dz̄

additionally require

P (z, z̄)|x+iy,x−iy positive and normalizable
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The construction

1. Find P (z, z̄) which satisfies

ρ(z) =
∫
Γz̄
P (z, z̄)dz̄

and

2. Is positive and normalizable at

P (z, z̄)|x+iy,x−iy = P (x, y)

• Then

∫
f(z)ρ(z)dz

/∫
ρ(z)dz =

∫ ∫
f(x+ iy)P (x, y)dxdy

/∫ ∫
P (x, y)dxdy
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Example 1 - generalized gaussian model

S(z, z̄) = a∗z2 + 2bzz̄ + az̄2 |x+iy,x−iy = 2(b+ α)x2 + 4βxy + 2(b− α)y2,

a = α+ iβ, b = b∗, λ± = 2(b± |a|)
P (x, y) = e−S(x,y) is positive and normalizable for b > |a|

At the same time

ρ(z) =
∫
Γz̄
P (z, z̄)dz̄ =

1

2

√√√√√ π

−a
exp

(
−sz2

)
, s =

|a|2 − b2

a
.

This reduces to exp
(
−σ

2
z2

)
if

b =
σR

2
(1 + r2), α = −

σR

2
r2, β =

σR

2
r, r =

σR

σI
, σR > 0

• But is more general.

•• Provides positive representation for any complex a.
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〈xn〉ρ(x) ←− 〈zn〉ρ(z) = 〈(x+ iy)n〉P (x,y)

〈 real obs. over complex weight 〉 = 〈 complex obs. over real weight 〉

• • • For example:

α = 0, β 6= 0 – ei|s|x
2

– ”Minkowski” integrals

α > 0, β = 0 – e+|s|x2
– ”a striking example:

complex stochastic process has the correct fixed point also for σR < 0”

∫
f(x+ iy)P (x, y)dxdy = analytic continuation of

∫
ρ(x)f(x)dx

H. Okamoto et al., 1988

L.L. Salcedo, 1997

D. Weingarten, 2002
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Example 2 - quartic action

S4(z, z̄) = (a∗z2 + 2bzz̄ + az̄2)(c∗z2 + 2dzz̄ + cz̄2)
c=ad/b−→

d

b
(a∗z2 + 2bzz̄ + az̄2)2,

ρ4(z) =
i

2

∫
Γz̄
dz̄e−S4(z,z̄) =

i

2

 b

2da2


1
4

exp
(
−σz4

) (
σz4

)1
4 K1

4

(
σz4

)
,

with an arbitrary complex

σ =
d(b2 − |a|2)2

2ba2
.

ρ(z) ∼ e(−2σz4), z −→∞

again

〈xn〉ρ(x) ←− 〈zn〉ρ(z) = 〈(x+ iy)n〉P (x,y)
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III. Path integrals in Minkowski time – a free particle

2N variables zi, z̄i (≡ z, z̄) with periodic boundary conditions

SN(z, z̄) =
N∑
i=1
az̄2

i + 2bz̄izi + 2cz̄izi+1 + 2c∗ziz̄i+1 + a∗z2
i , a, c ∈ C, b ∈ R.

ρ(z) ∼
∫ N∏
i=1
dz̄i exp (−SN(z, z̄)) ∼ exp

A N∑
i=1

(zi+1 − zi)2 − r (zi+1 − zi−1)
2


2c ≡ 2γ = −b+ |a|, A =
b(b− |a|)

a
, r =

b− |a|
4b

.

to be compared with SfreeN =
im

2h̄ε

N∑
i=1

(zi+1 − zi)2

SN(x, y) = 2
N∑
i=1

(b+ α)x2
i + 2βxiyi + (b− α)y2

i + 2γ(xixi+1 + yiyi+1).

PN(xi, yi) is real and positive

PN(xi, yi) normalizable up to one zero mode λi > 0, i > 0

λ0 = 2(b− |a|+ 2γ),
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The continuum limit of the propagator

KN(zN , z1) = e−A(zN−z1)2 ∫
dz2...dzN−1e

−SρN (z1,...,zN ),

Transfer matrix → recursion

KN(zN , z1) ∼ exp
(
AσN(r)(zN − z1)

2
)
, σN(r) =

PN(r)

QN(r)

σN(r) = v0(r) +
v1(r)

N
+
v2(r)

N2
+ ..., N −→∞

r = 0 =⇒ v1 = 1, vi = 0, i 6= 1 – Feynman case

r 6= 0 =⇒ vi 6= 0 – no continuum limit since A ∼ 1/ε

• • • define the new limit (lim1)

|a|, b→∞, b− |a| =
m

2h̄ε
= const., a = −i|a|.

• • • than physics = limN→∞ lim1 〈O〉PN (x,y)
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VI. Path integrals in Minkowski time – an harmonic oscillator

ρ(z) =

 i
2


N ∫ N∏

i=1
dz̄iP (z, z̄) ∼ exp

(
−SρN(z)

)

gaussian integrations

−SρN(z) =
N∑
i=1

b2 + (c+ c∗)2 − |a|2

2a

z2
i + 2

2b(c+ c∗)

b2 + (c+ c∗)2 − |a|2
zizi+1 + z2

i+1

 + O

cc∗
a


if 2c = 2γ = −b+ |a|, then a free case obtains.

On the other hand

Dz2
i + 2Ezizi+1 +Dz2

i+1, D =
b2 + 4γ2 − |a|2

2a
, E =

2bγ

a
rewrite

−E
(zi+1 − zi)2 −

D
E

+ 1

 (z2
i + z2

i+1)


compare with an harmonic oscillator

im

2h̄ε

(x1 − x2)
2 −

ω2ε2

2
(x2

1 + x2
2)


hence

−
2bγ

a
=
im

2h̄ε
,

b2 + 4γ2 − |a|2

4bγ
+ 1 =

ω2ε2

2
.
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The continuum limit for HO

ρ =
ω2T 2

2(N − 1)2
, µ =

m(N − 1)

2h̄T
,

a = −i|a|, b =
µ

ν
, |a| =

µ

ν
ζ(ν, ρ), 2γ = −µζ(ν, ρ)

where

ζ(ν, ρ) =

√
1− 2ν2ρ+ ν2ρ2 − ν(1− ρ)

1− ν2

〈O〉 =
lim2︷ ︸︸ ︷
lim
N→∞

lim1︷ ︸︸ ︷
lim
ν→0

〈O〉PN (x,y)
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IV. Applications – a free particle

The propagator from the new (x, y) representation

KN(zN , z1) = e(−A(z1−zN )2)
∫
dz̄1

N−1∏
j=2

dxjdyjdz̄N exp
(
−XTMX

)

XT = (z1, z̄1, x2, y2, x3..., yN−1, zN , z̄N)

KN(zN , z1) ∼ exp
(
σN(a, b)(zN − z1)

2
)
,

N σN(a, b) lim 1

5 id(16b2+28bd−19d2)
8(8b−3d)(b−d)

id
4

8 id(16b4+40b3d−70b2d2+23bd3−d4)
(b−d)(112b3−120b2d+30bd2−d3)

id
7

11 id(1024b5+3328b4d−9472b3d2+6832b2d3−1700bd4+109d5)
(b−d)(1280b4−2304b3d+1344b2d2−280bd3+15d4)

i d
10

lim1 : |a|, b→∞, b− |a| =
m

2h̄ε
= const. ≡ d, a = −i|a|.

lim
N→∞

lim1 KN ∼ exp

im
2h̄

(zN − z1)
2

T

 −→ exp

im
2h̄

(xN − x1)
2

T

 ≡ K
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An average

Classics

〈x2(t)〉 =
∫
K(0, x; T − t)x2K(x, 0; t)dx /K(0, 0; T ) =

ih̄

m

t(T − t)
T

New representation

〈z2
k〉
∣∣∣∣
z1=zN=0

=
∫
dz̄1dx2dy2...dyN−1dz̄N(xk + iyk)

2 exp
(
−XTMX

)
/Z

=
1

2

(
M−1

2k−2,2k−2 + i(M−1
2k−2,2k−1 +M−1

2k−1,2k−2)−M
−1
2k−1,2k−1

)
,

〈z2
k〉

lim1−→
i

2d

(k − 1)(N − k)

N − 1

lim2−→
ih̄

m

t(T − t)
T

zero mode =⇒ fixed end points =⇒ two integrals ( dz̄1, dz̄N ) not positive
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V. Applications – an harmonic oscillator

〈x2(T )〉 = 〈x2(0)〉 =

∫
dxx2K(x, x; T )∫
dxK(x, x; T )

.

Classics

K(xb, xa; T ) ∼ exp


i

h̄

mω

2 sinωT

(
(x2

a + x2
b) cosωT − 2xaxb

),
gives

〈x2(T )〉 = −
ih̄T

4m

cot ωT
2

ωT
2

.

The new way

〈z2
1〉 =

1

Z

∫ N∏
j=1

dxjdyj(x1 + iy1)
2 exp

{
−XTMX

}
.

lim1 〈z2
1〉 = lim

ν→0
〈z2

1〉 = −
ih̄T

m

PN(ωT/2)

QN(ωT/2)
.
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TABLE II

N PN(x)/QN(x)

5 (x2−2x−4)(x2+2x−4)
x2(x4−20x+80)

8 7(128x8−12544x6+384160x4−3764768x2+5764801)
32x2(x2−49)(2x2−49)(8x4−392x2+2401)

11 5(x5−5x4−100x3+375x2+1875x−3125)(x5+5x4−100x3−375x2+1875x+3125)
2x2(x10−275x8+27500x6−1203125x4+21484375x2−107421875)
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• the average is over positive probability

• lim1 of our average reproduces the standard discretization

• one negative mode

SN(x, y) = 2
N∑
i=1

(b+ α)x2
i + 2βxiyi + (b− α)y2

i + 2γ(xixi+1 + yiyi+1).

The lowest eigenvalue

λ0 = 2(b− |a|+ 2γ) =


0 a free particle
lim1−→ − mω2T

4h̄(N−1)
, an harmonic oscillator

(4)

One can:

fix it

regularize it – M−1 exists

−→ use our trick again

relax periodic boundary conditions

exp {−SN} provides a positive representation for the path integral of

HO
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VI. Applications – a charged particle in a constant magnetic field

A cute observable

One can see classical orbits looking at the time dependence of quantum

averages with fixed-end-points propagators as weights.

Define

〈~x〉 =
∫
d2xK(~xb, ~x; T − t)~xK(~x, ~xa; t)/K(~xb, ~xa; T ) = xclxa,xb,T (t)

• is gauge invariant

• can be reduced to HO averages

〈x(t)〉B = 〈x(t)〉O=Ox

〈y(t)〉B = 〈y(t)〉O=Oy
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Two gauges

~AFG =
B

2


−y
x

0


~ALG = B


0

x

0


(5)

Landau: particle in a magnetic field ↔ 1 d harmonic oscillator

H =
1

2m
P̂ 2
x +

1

2m

P̂y − eB
c
x


2

=
1

2m
P̂ 2
x +

mω2

2
(x− Ox)2

Ψ(x, y) = exp

 i
h̄
pyy

ψ(x), ω =
eB

mc
, Ox =

c

Be
py,

for propagators

KFG = exp


im

2h̄

ω
2

cot
ωT

2

(
∆x2 + ∆y2

)
+ ω (xayb − yaxb)
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in the Landau gauge

KLG = exp


im

2h̄

ω
2

cot
ωT

2

(
∆x2 + ∆y2

)
+ ω(xa + xb)∆y




−→ split the LG propagator as follows

KLG = exp


i

h̄

m

2

(
ω(xa + xb)∆y + ωct∆y2

)︸ ︷︷ ︸
exp ( ih̄py(yb−ya))=exp ( ih̄mωOx(yb−ya))

exp


i

h̄

m

2

ω
2

cot
ωT

2

(
∆x2 −∆y2

)
︸ ︷︷ ︸

KHO
Ox

(6)

with the classical expression for the center of oscillations

Ox =
1

2
(xa + xb) +

1

2
cot

ωT

2
(yb − ya)

more precisely

KB(~xb, ~xa; T ) =
∫
dO exp


i

h̄
mωO(yb − ya)

KHO
O (xb, xa; T )|saddlepoint = (6)
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→ Need positive distribution representing shifted harmonic oscillator.

Simply add linear terms

SN(z, z̄)→ SN(z, z̄) +
∑
i
e∗zi + ez̄i ↔ SN(z − zc, z̄ − z∗c),

then the average

〈zk〉P (x,y) = 〈xk + iyk〉P (x,y)

reproduces, after taking lim1, the magnetic field average.
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VII. Summary

Problems of complex Langevin approach were avoided.

Instead of simulating badly converging complex random walks, pairs of

corresponding weights were directly constructed.

• Two complex variables z and z̄.

• The sum rule ρ(z) =
∫
dz̄P (z, z̄) was derived and used to

explicitly obtain P and ρ in few cases of physical interest.

One degree of freedom:

gaussian model was generalized to arbitrary complex slope

a particular quartic problem was also solved

Quantum mechanical path integrals directly in Minkowski time:

a free particle

an harmonic oscillator

a particle in a constant magnetic field – standard Wick rotation

does not give positive representation in this case
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VIII. To be done – plenty

• Explore a freedom in P (z, z̄) to derive it from given ρ(z)

• Mathematics: how to construct positive and normalizable P from ρ ?

– deformations (?)

• Generalizations – 1 DOF: nonabelian models, compact variables, fermions

• Generalizations – field theory ...
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IX. An amusing interpretation

New variables (z̄′s) −→

I. Quantum amplitudes became positive

II. −→ no interference.

III. Path integrals have to be evaluated in the limit of |a|, b→∞

IV. −→ a single trajectory might dominate the path integral (saddle point).

V. The variables are integrated over – they are hidden !

Are these the hidden variables of quantum mechanics?

⇒There are some similarities but there is no revolution .
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X. Demystification

I. Quantum amplitudes became positive

– only integrands of
∫
dxdy did –

full quantum amplitudes are integrals over new variables with fixed

end-points → they are complex.

II. −→ No interference

– but true quantum amplitudes add only after integrating new ones at

fixed points → there is an interference.

III. Path integrals have to be evaluated in the limit of |a|, b→∞
– but the difference b− |a| remains fixed and it is O (1/h̄).

IV. −→ A single trajectory might dominate path integral

→ finite difference b− |a| drives quantum fluctuations even at infinite

b, |a|.

V. Nevertheless the variables are integrated over – they are hidden !
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• • Therefore quantum mechanics remains intact, Bell inequalities are

violated (as they should), etc., etc.

• • Nevertheless some new structure may have shown up.

• • It remains to be seen if these variables tell us more than just help with

some numerical calculations.
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