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Top quark: this is your life

2

Birth, 1995, now
21 years old *)

Fifteen, 2010

*) actually, it’s 13,798,000,000+21

Ten years old, 
2005

Exciting time..

Until recently, the King of the Particles 



The king is dead
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Top



Top: matter of life and death for Higgs
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This lecture
✦ Top is interesting  
✦ Top mass 
✦ Top production (pairs, singly, in association) 
✦ Top decay and spin
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Top in the Standard Model



Electroweak symmetry breaking in SM

µ2 < 0For              it looks like

Symmetries forbid explicit mass terms of type m2�2 m�̄� m2ZµZµ

V (�) = µ2�†� + �(�†�)2

In minimum

• Include calar field doublet, with potential

⇥�⇤0 =
�

0
v

⇥
, v =

⇤
�µ2/2�

Assumption
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•Add Yukawa interactions

LY ukawa = yuQ̄L���uR + ydQ̄L�dR + . . . + h.c.



Heavy quarks: what they taught us

‣ We learned much from Charm

‣ SM consistent SM

‣ and from Bottom

‣ 3rd family, allows for flavour mixing 
(Cabbibo-Kobayashi-Maskawa, Nobel 2008)

‣ What do we learn from Top?

‣ Its the most expensive quark

‣ Interacts strongly with all forces (gauge
+Higgs) in SM   

‣ Nothing fundamental, yet. It owes us.
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Mass generation

�(x) = ei�i(x)⇥i

�
0

v + h(x)

⇥
•Expanding around the true groundstate

yf [v + h(x)]�̄f�f = mf �̄f�f + yfh(x)�̄f�f

All SM masses are so generated, and have form:   coupling × v

Same couplings that determine masses determine interactions

Higgs boson field

Higgs-fermion-fermion interactionFermion mass term
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•  Rotation to mass states, with θW, VCKM, VMNS



Top coupling to other SM particles

‣ to W boson: flavor mixing, lefthanded

‣ gW  ∼ 0.45

‣ to Z boson: parity violating

‣ gZ  ∼ 0.14

‣ to photon: vectorlike, has charge 2/3

‣ et  ∼ 2/3

‣ to gluon: vectorlike, non-trivial in color

‣ gs ∼  1.12

‣ to Higgs: Yukawa type

‣ yt  ∼  1

gs

�
T SU(3)

a

⇥ji
t̄j�µtiA

a
µ

g�
2
Vtq (t̄L�µqL)W+

µ

g

4 cos ⇥w
t̄

�
(1� 8

3
sin2 ⇥w)�µ � �µ�5

⇥
t Zµ

yt ht̄t

Top physics: check structure and strength of all these couplings

√

?

√

Exp. tested?

et t̄�
µtAµ
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Top is special: 
3 reasons



Why is top special? 1. It’s very heavy

Strong coupling to Higgs boson, with coupling constant

Perhaps top has a special role in the EWSB mechanism?

Large mass makes for a really short lifetime
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yt =
�

2mt

v
=
�

2173
246

� 0.99

�bottom = 10�12 s �� = 10�8 s �µ = 10�6 s

Compare to other lifetimes

�top = �/�t = 5� 10�25 s

⌧talk = 103s

,s,dVtq



Mass implications
‣ Top will decay before it hadronizes fully

‣ the only bare quark: no time to collect haze of gluons and light 
quarks

‣ this gives us access to its spin  (later)

‣ Typical strength of QCD interactions with Top;

‣ very small, so good for perturbative approach
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�s(mt) � 0.1

�hadronization = �/�QCD = 2� 10�24 s �top = �/�t = 5� 10�25 s



Why is top special? 2. Very noisy in loops

‣ Even if top is virtual, it makes itself loudly known 

‣ in a loop integral a mass scale always occurs in the result 

‣ very noticeable if there is no particle with (roughly) equal mass to 
compensate

‣ Express the W mass in terms of 3 fundamental weak parameter, with loop 
corrections
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1
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Top predicted through its loop presence
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Impressive consistency
between Top, Higgs, W mass
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W and Top Mass

Impressive consistency of the SM

18 The global electroweak SM fit Roman Kogler
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Top Mass History 

June , 2013 G.Velev  4 

The top mass measurement was a huge success for Tevatron Physics! 
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The summary of EW data/ (up to 1995) is from: hep-ph/9704332 (Chris Quigg) 

1995 Discovery! 



Top loops cause trouble: “naturalness”

‣ Top is a trouble maker for the Standard Model, if one values natural 
values of parameters. 

‣ ‘t Hooft: parameter is naturally small if, when it is zero, a new symmetry 
emerges

‣ electron mass = 0:  chiral symmetry

‣ but set Higgs mass = 0, no extra symmetry

‣ Such symmetries “protect” the parameters:

‣ corrections to the electron mass are multiplicative, and small

‣ But the Higgs mass is unprotected, so corrections can be very large

‣ Top is the worst culprit

16



Top and naturalness

‣ E.g. for 10 TeV cutoff Λ  (where New Physics could kick in)

‣ mtree should then precisely compensate. This is “fine-tuning”, and awkward

‣ New Physics could “fix” this.

‣ That would pay the debt…
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Why is top special? 3. Practice for new methods
‣ Methods:

‣ Top was the first particle whose discovery and study has been due to 
Monte Carlo simulation programs

‣ VECBOS in 1994 - ... - ALPGEN now, many others

‣ Learn how to deal with complex final states, with significant missing 
energy, and taggable particles
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Top Susy



Top as background

‣ Top is also a background, e.g. to
‣ New Physics 

‣ gg → H, qq → Hqq (H→ WW), supersymmetry

‣ ttj and ttjj for ttH

‣ Itself 
‣ tt is background to single top

19



Top in a nut-shell

‣ Top ubiquitous in high-scale particle physics, central in 
the duels about the status of the Standard Model

‣ Top should be extra-sensitive to effects of New Physics, 
real or virtual

‣ Top has large mass, short life, gives easy access

‣ We should, and will 

‣ scrutinize Top’s behaviour very very carefully

‣ understand its production and decay

‣ and its properties
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The last of the mass problems?
‣ We thought we had solved it in the 17th century 
‣ (i) resistance force and (ii) gravitational coupling 

‣ New insight in 1905: condensed energy 
‣ Non-trivial for proton 

‣ Yet newer insight: coupling to condensate 

‣ Finally 
‣ Mass of confined particle? Conceptually solved, but practically subtle
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I. Newton (1687)

A. Einstein (1905)

R, Brout, F. Englert, P. Higgs,  Kibble, 
Hagen, Guralnik  (1964 -2012)

K. Wilson; Durr et al (2008)

Gravity holds 
universe together  

Does top make the 
universe fall apart? 



State of the Vacuum 
‣ Top quark dominant in loop corrections that make the Higgs 4-pt coupling evolve. Full 

two-loop analysis: 

‣ Depends on precise top quark mass 
‣ within 300 MeV or so 

‣ But no practical worries about universe expiring
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Figure 2: Upper: RG evolution of � (left) and of �� (right) varying Mt, ↵3(MZ), Mh by
±3�. Lower: Same as above, with more “physical” normalisations. The Higgs quartic coupling
is compared with the top Yukawa and weak gauge coupling through the ratios sign(�)

p
4|�|/yt

and sign(�)
p

8|�|/g2, which correspond to the ratios of running masses mh/mt and mh/mW ,
respectively (left). The Higgs quartic �-function is shown in units of its top contribution, ��(top
contribution) = �3y4t /8⇡

2 (right). The grey shadings cover values of the RG scale above the
Planck mass MPl ⇡ 1.2⇥ 1019 GeV, and above the reduced Planck mass M̄Pl = MPl/

p
8⇡.
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Figure 3: Left: SM phase diagram in terms of Higgs and top pole masses. The plane is
divided into regions of absolute stability, meta-stability, instability of the SM vacuum, and non-
perturbativity of the Higgs quartic coupling. The top Yukawa coupling becomes non-perturbative
for Mt > 230 GeV. The dotted contour-lines show the instability scale ⇤I in GeV assuming
↵3(MZ) = 0.1184. Right: Zoom in the region of the preferred experimental range of Mh and Mt

(the grey areas denote the allowed region at 1, 2, and 3�). The three boundary lines correspond
to 1-� variations of ↵3(MZ) = 0.1184±0.0007, and the grading of the colours indicates the size
of the theoretical error.

The quantity �e↵ can be extracted from the e↵ective potential at two loops [107] and is explicitly
given in appendix C.

4.3 The SM phase diagram in terms of Higgs and top masses

The two most important parameters that determine the various EW phases of the SM are the
Higgs and top-quark masses. In fig. 3 we update the phase diagram given in ref. [4] with our
improved calculation of the evolution of the Higgs quartic coupling. The regions of stability,
metastability, and instability of the EW vacuum are shown both for a broad range of Mh and
Mt, and after zooming into the region corresponding to the measured values. The uncertainty
from ↵3 and from theoretical errors are indicated by the dashed lines and the colour shading
along the borders. Also shown are contour lines of the instability scale ⇤I .

As previously noticed in ref. [4], the measured values of Mh and Mt appear to be rather
special, in the sense that they place the SM vacuum in a near-critical condition, at the border
between stability and metastability. In the neighbourhood of the measured values of Mh and
Mt, the stability condition is well approximated by

Mh > 129.6GeV + 2.0(Mt � 173.35GeV)� 0.5GeV
↵3(MZ)� 0.1184

0.0007
± 0.3GeV . (59)

The quoted uncertainty comes only from higher order perturbative corrections. Other non-
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Buttazzo et al (July 2013)



Fermion mass
✦ Electron mass definition is“easy”: defined by pole in full propagator 

✓ If particle momentum satisfies pole condition (p2=m2),  can propagate to ∞ 
- ⇒ there is no real ambiguity what electron “pole” mass is 

✦ But: quarks are confined, so physical on-shell quarks cannot exist 
✓ Leads to non-perturbative ambiguity of few hundred MeV 

- (revealed by all-order pQCD!)
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Heavy quark mass, definition(s)

Pole mass: pretend quarks are free and long-

Mass definitions differ in the choice of 

To make finite, substitute

MSbar mass: treat mass as a coupling 
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=
1

/p�m0 � ⌃(p,m0)

m0
↵s

⇡


1

✏
+ finite stu↵

�

m0 = mR

✓
1 +
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✏
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Pole mass issues
✦ Most natural definition for a free (stable) particle (electron, Z-boson) 

‣ gauge invariant and IR safe to all orders 
✦ But quarks are confined, so pole mass has intrinsic uncertainty of order ΛQCD  

‣ Full QCD has no pole at the top quark mass 
✓ Finite width of top does not “screen” this  

‣ Reproduced in perturbation theory 
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Smith, Willenbrock

Bigi, Shifman, Uraltsev, Vainshtein, 
Beneke, Braun, Smith, Willenbrock

Renormalon behaviour → 
order ΛQCD uncertainty

⌃(m,m) ⇡
X

n

↵n+1
s �n

0 n!

Kronfeld



Heavy quark mass schemes
✦ Various definitions other than the pole and MSbar schemes have been made 
✦ PS  (potential subtracted) mass 
‣ Substract from the pole mass the IR part of the ttbar Coulomb potential 

✓ The two parts have the same IR sensitivity 

✓ V known to 3-loop   
✦ 1S  mass 
‣ Half the perturbative mass of (fictitious) 13S1 state

27

mPS = M � 1
2

Z

|q|<µf

d3q

(2⇡)3
V (q) Beneke

Hoang, Teubnerm1S = M + 1
2E

pt
1

Beneke, Kiyo, Schuller; 
Smirnov2, Steinhauser; Anzai, 

Kiyo, Zumino



Some mpole observations
✦ Perturbative (“asymptotic”) expansion of pole mass 

‣ -> uncertainty about 500 MeV (or less) 
‣ Uncertainty in pole mass about 300 MeV 
‣ resultant uncertainty in MSbar mass smaller than   

✓ → NNNNLO?
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mpole = mMS � (1 + 0.047 + 0.01 + 0.003 + . . .)

mMS(3� loop)�mMS(2� loop)

Melnikov, van Ritbergen



MSbar vs pole mass at 4 loop
✦ Important progress: 4-loop relations between top quark masses 

‣ Use of various specialized codes (FORM, FIRE, FIESTA,..), many of the (master) loop 
integrals done numerically.  

‣ This is also sufficient, together with N3LO Coulomb potential, for 4-loop relations to PS 
and 1S masses 

✦ Result  

✦ Numerically: nice progression!! No sign of an impending renormalon
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Marquard, Smirnov, Smirnov, SteinhauserM = cm(µ)m(µ)

3

RS′ masses has been suggested in which (in the case of the
bottom quark) the subtraction term is parameterized in

terms of α(3)
s . In this paper we will adopt the prescription

of Ref. [11]. Similarly to the PS mass also for the RS mass
a subtraction scale has to be specified which we again
choose as µf = 2 GeV for bottom and µf = 20 GeV for
top.
For the computation of the scalar and vector part of

the fermion propagator we use an automated setup which
generates all contributing amplitudes, processes them
with FORM3 [35] and provides scalar functions involving
several million different integrals encoded in functions
with 14 different indices which belong to 100 different
integral families.
The Laporta algorithm [36] is applied to each family

using FIRE5 [37] and crusher [38] which are written in
C++. Then we use the code tsort [39], which is part of the
latest FIRE version, to reveal relations between primary
master integrals following recipes of [40] and end up with
386 four-loop massive on-shell propagator integrals, i.e.
with p2 = M2.
We have performed the calculation allowing for a gen-

eral gauge parameter ξ keeping terms up to order ξ2 in
the expression we give to the reduction routines. We have
checked that ξ drops out after mass renormalization but
before inserting the master integrals.
For some master integrals, analytic results could be de-

rived using a straightforward loop-by-loop integration for
general space-time dimension. We also used analytical
results obtained for non-trivial four-loop on-shell mas-
ter integrals computed in our earlier paper Ref. [41]. In
some other cases one- and two-fold Mellin-Barnes repres-
entations can be derived which allow for a high-precision
numeric evaluation, at least up to 20 digits. For some
of the master integrals, we applied threefold MB repres-
entations which enabled us to obtain a precision of eight
digits.
For factorizable integrals, we obtained analytic results

from known two- and three-loop results. In particular,
we used Ref. [42] where the expansion in ϵ = (4 − d)/2
has been performed up to the order typical to four-loop
calculations. (d is the space-time dimension used to com-
pute the momentum integrals.)
We computed the remaining 332 integrals numerically

with the help of FIESTA [43–45]. FIESTA returns for each
ϵ coefficient a numerical result and the corresponding un-
certainty from the numerical integration. When inserting
the master integrals we keep track of all uncertainties and
combine them quadratically in the final expression. We
interpret the resulting uncertainty as a standard devi-
ation and multiply it by five in the final result for the
relation between the MS and OS quark mass. This is in
agreement with adding the uncertainties from the indi-
vidual contributions linearly.
We are now in the position to present numerical res-

ults for zm(µ) which have been obtained by setting the
number of colours to three (Nc = 3) and the number of
massless quarks (nl) to either 3, 4 or 5, corresponding to

the charm, bottom or top quark case, before combining
the uncertainties from the numerical integration of the
master integrals. Note that the coefficients up to three
loops are known analytically [18, 19]. We refrain from
listing the corresponding results but refer to Eq. (13) of
Ref. [46]. Analytical results are also available for the log-
arithmic four-loop contributions since they can easily be
obtained using renormalization group methods. In the
following we restrict ourselves to compact numerical res-
ults. At four loops we obtain for the coefficient of (αs/π)4

z(4)m

∣

∣

∣

nl=3
= −1744.8± 21.5− 703.48 lOS − 122.97 l2OS

− 14.234 l3OS − 0.75043 l4OS ,

z(4)m

∣

∣

∣

nl=4
= −1267.0± 21.5− 500.23 lOS − 83.390 l2OS

− 9.9563 l3OS − 0.514033 l4OS ,

z(4)m

∣

∣

∣

nl=5
= −859.96± 21.5− 328.94 lOS − 50.856 l2OS

− 6.4922 l3OS − 0.33203 l4OS , (11)

with lOS = ln(µ2/M2). We obtain the µ-independent
coefficients with an accuracy of 1.2% for nl = 3, 1.7% for
nl = 4) and 2.5% for nl = 5. In the numerical results
discussed below we will assume a relative uncertainty of
3% for all values of nl.
For convenience we also show the four-loop results for

cm which read

c(4)m

∣

∣

∣

nl=3
= 1691.2± 21.5 + 828.43 lMS + 189.65 l2

MS

+ 36.688 l3
MS

+ 4.8124 l4
MS

,

c(4)m

∣

∣

∣

nl=4
= 1224.0± 21.5 + 601.98 lMS + 134.10 l2

MS

+ 28.846 l3
MS

+ 3.9648 l4
MS

,

c(4)m

∣

∣

∣

nl=5
= 827.37± 21.5 + 408.88 lMS + 86.574 l2

MS

+ 22.023 l3
MS

+ 3.2227 l4
MS

, (12)

with lMS = ln(µ2/m2). In the remaining part of this
Letter we will concentrate on the top and bottom quark
mass.
As an application of the new results in Eqs. (11)

and (12) we study the relations between the various
threshold masses and the MS mass. We use the follow-
ing input values for the strong coupling constant and the
bottom and top quark masses:

α(5)
s (MZ) = 0.1185 [47] , mb(mb) = 4.163 GeV [6] ,

Mt = 173.34 GeV [48] . (13)

αs with four and six active flavours is obtained from α(5)
s

where for the decoupling scale we choose twice the heavy
quark mass [46, 49].
Let us have a closer look to the relation between the

OS and MS top quark mass. For µ = mt we have

Mt = mt

(

1 + 0.4244αs + 0.8345α2
s + 2.375α3

s
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coefficients with an accuracy of 1.2% for nl = 3, 1.7% for
nl = 4) and 2.5% for nl = 5. In the numerical results
discussed below we will assume a relative uncertainty of
3% for all values of nl.
For convenience we also show the four-loop results for

cm which read

c(4)m

∣

∣

∣

nl=3
= 1691.2± 21.5 + 828.43 lMS + 189.65 l2

MS

+ 36.688 l3
MS

+ 4.8124 l4
MS

,

c(4)m

∣

∣

∣

nl=4
= 1224.0± 21.5 + 601.98 lMS + 134.10 l2

MS

+ 28.846 l3
MS

+ 3.9648 l4
MS

,

c(4)m

∣

∣

∣

nl=5
= 827.37± 21.5 + 408.88 lMS + 86.574 l2

MS

+ 22.023 l3
MS

+ 3.2227 l4
MS

, (12)

with lMS = ln(µ2/m2). In the remaining part of this
Letter we will concentrate on the top and bottom quark
mass.
As an application of the new results in Eqs. (11)

and (12) we study the relations between the various
threshold masses and the MS mass. We use the follow-
ing input values for the strong coupling constant and the
bottom and top quark masses:

α(5)
s (MZ) = 0.1185 [47] , mb(mb) = 4.163 GeV [6] ,

Mt = 173.34 GeV [48] . (13)

αs with four and six active flavours is obtained from α(5)
s

where for the decoupling scale we choose twice the heavy
quark mass [46, 49].
Let us have a closer look to the relation between the

OS and MS top quark mass. For µ = mt we have

Mt = mt

(

1 + 0.4244αs + 0.8345α2
s + 2.375α3

s

M = m
⇣
1 + 0.4244↵s + 0.8345↵2

s + 2.375↵3
s + (8.49± 0.25)↵4

s) + . . .
⌘

M = 163.643 + 7.557 + 1.617 + 0.501 + 0.195± 0.005 GeV



Impact on MSbar mass
✦ Study how a different threshold mass measurement leads to MSbar mass 

✦ 3-loop still gives 200-250 MeV shifts 
✦ 4-loop only gives further {44,8,20} MeV shifts 
‣ final remaining uncertainty estimate {23,7,11} MeV
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4

+(8.49± 0.25)α4
s

)

= 163.643+ 7.557 + 1.617 + 0.501

+ 0.195± 0.005 GeV , (14)

with αs ≡ α(6)
s (mt) = 0.1088. Note that the four-loop

term still gives a contribution of about 200 MeV which
is not negligible even with nowadays uncertainties from
TEVATRON and LHC [48]. The corresponding results
for the bottom quark read

Mb = mb

(

1 + 0.4244αs + 0.9401α2
s + 3.045α3

s

+(12.57± 0.38)α4
s

)

= 4.163 + 0.401 + 0.201 + 0.148

+ 0.138± 0.004 GeV . (15)

Here αs ≡ α(5)
s (mb) = 0.2268. Note that the four-loop

corrections in Eq. (15) are almost as large as the three-
loop term. On the other hand, the perturbative series
for the case of the top quark has a reasonable behaviour:
the three-loop coefficient is by a factor three smaller than
the two-loop one and the four-loop term is again smal-
ler by a factor 2.5. This suggests that with the help of
Eq. (14) the top quark mass can be determined with an
uncertainty below 200 MeV.
In practice it often happens that in a first step a

threshold quark mass is extracted from comparisons
of higher order calculations and experimental measure-
ments. Afterwards the threshold mass is converted to the
MS quark mass. In Tabs. I and II we show the results
for the scale invariant MS quark mass mq(mq) (q = b, t)
using one- to four-loop accuracy for the conversion.

input m
PS = m

1S = m
RS =

#loops 171.792 172.227 171.215

1 165.097 165.045 164.847

2 163.943 163.861 163.853

3 163.687 163.651 163.663

4 163.643 163.643 163.643

4 (×1.03) 163.637 163.637 163.637

Table I. mt(mt) in GeV computed from the PS, 1S and RS
quark mass using one- to four-loop accuracy. The numbers
in the last line are obtained by increasing the four-loop coef-
ficient in Eq. (12) by 3%.

In the case of the top quark (cf. Tab. I) the three-
loop corrections amount to about 200-250 MeV which re-
duces to {44, 8, 20}MeV at four loops for the {PS,1S,RS}
quark mass. A 3% uncertainty in the MS-OS relation
induces a shift of 6 MeV in mt(mt) which is in gen-
eral small as compared to the four-loop contribution.
Let us estimate the final uncertainty from the conver-
sion to the MS mass from the quadratic combination
of the 6 MeV with half of the four-loop contribution
(i.e. {44, 8, 20}×1/2MeV). This leads to {23, 7, 11}MeV
which should be added in quadrature to the remaining
uncertainties of the threshold mass.

input m
PS = m

1S = m
RS =

#loops 4.483 4.670 4.365

1 4.266 4.308 4.210

2 4.191 4.190 4.172

3 4.161 4.154 4.158

4 4.163 4.163 4.163

4 (×1.03) 4.159 4.159 4.159

Table II. mb(mb) in GeV computed from the PS, 1S and RS
quark mass using one- to four-loop accuracy. The numbers
in the last line are obtained by increasing the four-loop coef-
ficient in Eq. (12) by 3%.

The results for mb(mb) computed from the PS, 1S and
RS threshold masses are shown in Tab. II. The three-loop
corrections provide still sizable effects of up to 40 MeV
which reduces to at most 9 MeV at four loops. The uncer-
tainty in the four-loop MS-OS relation induces an error
of 4 MeV. Thus we arrive at a final error of {4, 6, 5} MeV
for the conversion from the {1S,PS,RS} mass. This is
not negligible, though in general much smaller than other
uncertainties involved in the quark mass extraction (see,
e.g., Refs. [50], [34] and [51] for recent determinations of
mb(mb) where in intermediate steps the 1S, RS and PS
has been used, respectively).
The results of Tabs. I and II can be used, in com-

bination with similar calculations for different values of
αs(MZ) and threshold masses, to construct the following
approximation formulae

mt(mt)

GeV
= 163.643± 0.023 + 0.074∆αs − 0.095∆PS

mt
,

mt(mt)

GeV
= 163.643± 0.007 + 0.069∆αs − 0.096∆1S

mt
,

mt(mt)

GeV
= 163.643± 0.011 + 0.067∆αs − 0.095∆RS

mt
,

mb(mb)

GeV
= 4.163± 0.004 + 0.007∆αs − 0.018∆PS

mb
,

mb(mb)

GeV
= 4.163± 0.006 + 0.008∆αs − 0.019∆1S

mb
,

mb(mb)

GeV
= 4.163± 0.005 + 0.004∆αs − 0.018∆RS

mb
(16)

with ∆αs = (0.1185 − αs(MZ))/0.001, ∆PS
mt

=
(171.792 GeV − mPS

t )/0.1, ∆1S
mt

= (172.227 GeV −
m1S

t )/0.1, ∆RS
mt

= (171.215 GeV − mRS
t )/0.1, ∆PS

mb
=

(4.483 GeV−mPS
b )/0.02,∆1S

mb
= (4.670 GeV−m1S

b )/0.02,
∆RS

mb
= (4.365 GeV−mRS

b )/0.02.
Let us finally compare in Tab. III our result for

the four-loop coefficient c(4)m to predictions obtained on
the basis of different assumptions. In general good
agreement is found, in particular with the results from
Refs. [34, 55, 56] which are all based on renormalon can-
cellation. For example, in Ref. [56], the four-loop coef-
ficient is extracted from the requirement of perturbative
stability of the combination 2mpole + VQCD where VQCD

Marquard, Smirnov, Smirnov, Steinhauser



What top mass is measured?
✦ Most involve MC’s that are LO, so they could never tell the difference between 

different mass definitions. 
✦ So what mass do hadron colliders determine? 
‣ Pole mass? “Pythia” mass?  

✓ Typically the path from data to a value for m involves a Monte Carlo, itself driven by a 
mass parameter.  

✓ Path goes via (shower) cuts, efficiencies, hadronization models etc
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Mass by proxy
‣ Of course, one does not need to reconstruct the top quark from its decays. Needs to 

solve implicit equation 

‣ using an observable σ that is optimally sensitive to mt. 
‣ Adjust mt to fit data best. 

‣ When extracting ttbar cross section, IR sensitive region is minute fraction of total 
result. 
‣ Pole mass should be fine here; can interpret “mtop” in MC as pole mass, with small error  

(unlike e+e-) 
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�exp({Q}) = �th(mt, {Q})

Figure 5: Ellipses for the 1σ uncertainties in the [MH ,m
pole
t ] plane

with Higgs mass MH = 125.6 ± 0.4 GeV and αs(MZ ) = 0.1187
confronted with the areas in which the SM vacuum is absolutely sta-
ble, meta-stable and unstable up to the Planck scale. (Figure from
ref. [47]).

σpp -->tt  [pb] at LHC8          -
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Figure 6: The LO, NLO and NNLO QCD predictions for the tt̄ total
cross section at the LHC (

√
s = 8 TeV) as a function of the top-

quark mass in the MS scheme mt(mt) at the scale µ = mt(mt) with the
ABM12 PDFs. (Figure from ref. [26]).

much improved when using the MS mass in contrast to
the pole mass mpole

t .
These findings are illustrated in figs. 6 − 9. The the-

ory predictions for inclusive top-quark pair production
with the MS and the pole mass are compared in figs. 6
and 7. The result in terms of the MS mass mt(mt) dis-
plays a much improved convergence as the higher order
corrections are successively added. The corresponding
scale dependence is shown in figs. 8 and 9 and the pre-
dictions with the MS mass exhibit a much better scale
stability of the perturbative expansion. It is also inter-

σpp -->tt  [pb] at LHC8          -

NNLO
NLO
LO

mt(pole)/GeV
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150 160 170 180 190

Figure 7: Same as fig. 6 for the top-quark mass in the on-shell scheme
mpole

t at the scale µ = mpole
t . (Figure from ref. [26]).

σpp -->tt  [pb] at LHC8          -

mt(mt) = 162 GeV

µ/mt(mt)
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Figure 8: The scale dependence of the LO, NLO and NNLO QCD
predictions for the tt̄ total cross section at the LHC (

√
s = 8 TeV)

for a top-quark mass mt(mt) = 162 GeV in the MS scheme with
the ABM12 PDFs and the choice µ = µr = µ f . The vertical
bars indicate the size of the scale variation in the standard range
µ/mt(mt) ∈ [1/2, 2]. (Figure from ref. [26]).

esting to observe, that the point of minimal sensitiv-
ity where σLO ≃ σNLO ≃ σNNLO is located at scales
µ = O(mt(mt)), i.e., it coincides with the natural hard
scale of the process for the MS mass in fig. 8, whereas
it resides at fairly low scales, µ ≃ mpole

t /4 ≃ 45 GeV for
the pole mass predictions in fig. 9.

For the distribution in the invariant mass mtt̄ of the
top quark pair the same findings can be seen in figs. 10
and 11. For the MS mass predictions the convergence
is improved. Also the overall shape of the distribu-
tion changes in comparison to case of the pole mass,
the peak becomes more pronounced, while the posi-
tion of the peak remains stable against radiative correc-
tions. This is essential for precision determinations of

S. Moch / Nuclear and Particle Physics Proceedings 261–262 (2015) 130–139 135

[Mangano at TOP2013]
LO

NLO
�(vm

top

< x)
�

tot

The impact of Coulomb corrections 
(which first appear at NLO) is confined to 
values of v that contribute very little to the 
total cross section

⇒ no evidence that the relation between mpole(top) and total tt cross 

section in pp(bar) collisions is subject to the same IR problems that 
enter as main systematics in the extraction of mtop from the threshold 
scan in e+e– 



Proxy mass: determing the MSbar mass
✦ How to determine the MSbar mass? 
‣ Problem: on-shell condition of final state top always gives pole mass 

✦ Indirectly 
‣ compute cross section using pole mass 
‣ replace pole mass by MSbar mass 
‣ Now fit to data, extract MSbar mass Langenfeld, Moch, Uwer
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Im
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�
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�tt(M,↵s)
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MSbar mass extraction
✦ Accuracy limited by mt sensitivity and PDF uncertainties 
✦ Other proposals for mass-sensitive observables:  
‣ (moments of) the invariant mass distribution  
‣ tt+1 jet rate 

34

Langenfeld, Moch, Uwer

Frederix, Maltoni

Alioli, Fernandez, Fuster, Irles, Moch, Uwer



Some other LHC mass proxies
✦ In dilepton channel, can use shapes of various observables sensitive to top mass 
‣ study with NLO+PS+MadSpin 
‣ single-inclusive or mildly correlated (1,4,5) stable under above effects 

✓ 2,3 not -> be careful with using NNLO with stable tops 

‣ about 0.8 GeV theory error in studied scenario, with aMC@NLO
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Frixione, Mitov

Label Observable

1 pT (ℓ+)

2 pT (ℓ+ℓ−)

3 M(ℓ+ℓ−)

4 E(ℓ+) + E(ℓ−)

5 pT (ℓ+) + pT (ℓ−)

Table 1: The set of observables used in this paper, and their labelling conventions.

• Owing to this inclusiveness, the observable is minimally sensitive to the modelling of

long-distance effects. This feature increases the reliability of the theoretical predic-

tions.

The set of observables considered in this paper and their labelling conventions are given

in table 1: pT (ℓ+) is the single-inclusive transverse momentum of the positively-charged

lepton; pT (ℓ+ℓ−) and M(ℓ+ℓ−) are the transverse momentum and the invariant mass, re-

spectively, of the charged-lepton pair; finally, E(ℓ+) + E(ℓ−) and pT (ℓ+) + pT (ℓ−) are the

scalar sums of the energies and transverse momenta of the two charged leptons, respec-

tively. We point out that the latter two sums are computed event-by-event; in other words,

observables #4 and #5 are not constructed a-posteriori given the single-inclusive energy

and transverse momentum distributions of the leptons.

The extraction of the top quark mass utilises the sensitivity of the shapes of kinematic

distributions to the value of mt. It is cumbersome to work directly with differential distri-

butions. Instead, we utilise their lower Mellin moments, whose precise definition is given

in sect. 2.1. The idea of the method proposed in this paper is to predict the mt depen-

dence of the moments, and then to extract the value of mt by comparing the predicted and

measured values of those moments. The procedure is detailed in sect. 2.2.

The use of moments for the extraction of the top mass has been suggested previously

in the context of the so-called J/Ψ method [11], or in connection with variables supposed

to minimise the dependence on the jet-energy scale [12, 13]. To our knowledge, the most

up-to-date theoretical treatment of this technique is in ref. [14]. All these papers consider

only the first moment (of various distributions); in the case of mt extraction from different

observables, the results are either not combined [14], or limited to two observables [13].

These choices may lead to issues, as we shall discuss in sects. 2.3, 3.2.2, and 3.2.4. In the

case of the dilepton channel, ref. [14] also employs one of the observables considered in this

paper (E(ℓ+)+E(ℓ−)); owing to the different choices made for cuts, jet algorithm, collider

energy, and PDFs, we have refrained from making a direct comparison with those results.

We also point out that in ref. [14] the simultaneous variation of the factorisation and

renormalisation scales has been adopted, which leads to smaller scale uncertainties than

those we find in this paper (where the two scales are varied independently, see sect. 3).

Finally, we remark that other discrete parameters of kinematic distributions, such as

medians and maxima, might also be used for a top mass extraction. We have chosen to

– 5 –



Top threshold mass
✦ Scan the ttbar threshold at linear collider by varying beam energy. The opening of the top channel leads 

to “smooth” theta-function 
✦ Distribution can be measured very precisely. with calculation using Schrodinger equation and appropiate 

short-distance mass 
✦ Also sensitive to top quark width, allows good measurement 
✦ Calculation non-relativistic effective field theory. Two small parameters: αs and v.  

✦ Choice of top quark mass scheme matters..

36

Pole mass, bad
Threshold mass, good oang



N3LO for ttbar S-wave threshold production at e+e- collider 

✦ Now finally the full N3LO cross section, including the last non-logarithmic terms, is known 
‣ Heroic effort, and it was worth it! QCD calculation under control 

‣ Dramatic scale reduction N2LO → N3LO.  
‣ QCD uncertainty on top quark mass can go below 50 MeV.  

✓ But are also non-QCD effects to study: EW, Higgs, Beamstrahlung, non-resonant terms..
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FIG. 1. Scale dependence of the cross section near thresh-
old. The NLO, NNLO and N3LO result is shown in blue, red
and black, respectively. The renormalization scale is varied
between 50 and 350 GeV.

the total cross section is shown as a function of the center-
of-mass energy

√
s. The previous NLO and NNLO pre-

dictions are also shown for comparison to the new N3LO
result (black, solid). The bands are obtained by varia-
tion of the renormalization scale in the specified range.
After the inclusion of the third-order corrections one ob-
serves a dramatic stabilization of the perturbative predic-
tion, in particular in and below the peak region. In fact,
the N3LO curve is entirely contained within the NNLO
one. This is different above the peak position where a
clear negative correction is observed when going from
NNLO to N3LO. For example, 3 GeV above the peak
this amounts to −8%. This arises from the large negative
three-loop correction to the matching coefficient cv [22].
The theoretical precision of the third-order QCD result

FIG. 2. Scale dependence (hatched area) of the N3LO cross
section relative to the reference prediction. Overlaid are pre-
dictions for two different values of Γt, again normalized to the
reference prediction. See text for details.

as measured by the residual scale dependence is high-
lighted in Fig. 2, which shows R(µ) normalized to a ref-
erence prediction defined at µ = 80GeV. The width of
the shaded band corresponds to an uncertainty of about
±3% with some dependence on the center-of-mass energy√
s. The figure also shows the sensitivity to the top-quark

width. The two solid lines refer to the cross section with
Γt changed by ±100MeV to 1.43 and 1.23GeV, respec-
tively, computed with µ = 80GeV and normalized to
the reference prediction. Decreasing the width implies
a sharper peak, i.e. an enhancement in the peak region,
and a suppression towards the non-resonant region below
the peak. A few GeV above the peak the cross section
is largely insensitive to the width. Increasing the width
leads to the opposite effects. This pattern is clearly seen
in Fig. 2, which also demonstrates that a ±100MeV de-
viation from the width predicted in the Standard Model
leads to a cross section change near and below the peak
far larger than the uncertainty from scale variation.

We now turn to the question to what accuracy the
top quark mass can be determined. Even if we focus
only on the theoretical accuracy, a rigorous analysis re-
quires accounting for the specifics of the energy points
of the threshold scan and the correlations. However, a
good indication is already provided by looking at the po-
sition and height of the resonance peak. Fig. 3 shows this
information at LO, NLO, NNLO and N3LO, where the
outer error bar reflects the uncertainty due to the renor-
malization scale and αs variation, added in quadrature,
and the inner error bar only takes the αs uncertainty
into account. The central point refers to the value at
the reference scale µ = 80GeV. There is a relatively big
jump from LO to NLO of about 310 MeV, approximately
150 MeV from NLO to NNLO, which reduces to only
64 MeV from NNLO to N3LO. Furthermore, the NNLO
and N3LO uncertainty bars show a significant overlap.

FIG. 3. Position and height of the cross section peak at LO,
NLO, NNLO and N3LO. The unbounded range of the LO
error bars to the right and up are due to the fact that the
peak disappears for large values of the renormalization scale.

Beneke, Kiyo, Marquard, 
Penin, Piclum, Steinhauser
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Producing tops



Producing top in hadron colliders
‣ Tops can be produced via strong interaction, in pairs. These are the LO 

diagrams

‣ Top can be also produced singly, via the weak interaction.

‣ All these modes have now been seen 
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Top production: Tevatron and LHC

‣ Tevatron: top foundry

‣ about 70K top pairs produced, discovery (1995), first tests of properties

‣ LHC: top factory

‣ So far about 6M top pairs produced

‣ Next phase (> 2015) about 90M/year

‣ Theory

‣ Calculated to NNLO accuracy, plus logarithms of all orders (resummation)

‣ NLO for many differential distributions, and some already at NNLO

40



Pair production cross section at LO

‣ LO squared, spin and color -summed and averaged matrix elements

‣ To be combined with phase space measure (and flux factor) for 
partonic cross section

‣ Notice: expressions are symmetric under t1 ↔ u1 interchange. This 
amounts to top ↔ anti-top interchange at fixed kinematics
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Pair production cross section at NLO

‣ NLO since late 80’s 

‣ single particle inclusive and fully differential. Codes (MNR) still 
available

Beenakker, Kuijf, Smith, van Neerven, Meng, Schuler; 
Nason, Dawson, Ellis; Mangano, Nason, Ridolfi
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Some of the diagrams involved at NLO



Beyond NLO

‣ All-order resummation for cross sections

‣ There are two ways to use such a formula

‣ all order predictions

‣ Benefit: all-order, systematic, smaller scale uncertainty, but some ambiguities

‣ after expanding resummed to second order, get NNLOapprox

‣ Instructive, already less scale uncertainty than NLO, no all-order 
ambiguities

⇥resum
=

n

�2
sC0

| {z }

LL,NLL

+�3
sC1

| {z }

NNLL

o

⇥

exp

h

Lg1(�sL)
| {z }

LL

+ g2(�sL)
| {z }

NLL

+�sg3(�sL)
| {z }

NNLL

+ . . .
i
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Moch, Vermaseren, Vogt; Mitov, Sterman, Sung
Ahrens Ferroglia, Neubert, Pecjak, Yang



Resummed cross sections

‣ Present status is NNLL

‣ L = ln(threshold condition)

‣ Caveat: different thresholds are used

‣ e.g. 

⇥resum
=

n

�2
sC0

| {z }

LL,NLL

+�3
sC1

| {z }

NNLL

o

⇥

exp

h

Lg1(�sL)
| {z }

LL

+ g2(�sL)
| {z }

NLL

+�sg3(�sL)
| {z }

NNLL

+ . . .
i

Threshold

Coulomb
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NNLO top cross section

‣ NNLO calculation with initial hadrons and full color 
structure completed

‣ One for the (QCD) history books

‣ Tools:

‣ Highly involved computation and management of 
Feynman diagrams, Mellin-Barnes methods etc.

‣ At TOP2013 conference excitement of experimenters > 
theorists
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Baernreuther, Fiedler, Mitov, Czakon



NNLO top cross section

‣ Pay-off excellent [fame, fortune, convergence, agreement with data]

46

Baernreuther, Fiedler, Mitov, Czakon

Predic-ons$for$hadron$colliders$
MC,$Fiedler,$Mitov$`13$

NNLO$+$NNLL$

NNLO$

Perturba-ve$convergence$

15$

Concurrent$uncertain-es:$
$
Scales $ $ $~$3%$
pdf$(at$68%cl) $ $~$2V3%$
αS$(parametric) $~$1.5%$
mtop$(parametric) $~$3%$
$
Soa$gluon$resumma-on$makes$a$difference:$
$

$ $5% $ $V> $ $3%$



Beautiful agreement at LHC

47

‣ More naturalness: 

‣ σtt(7 TeV) /  mt = 172.3/173.2 = 0.99

‣ σtt(8 TeV) / √2 x mt = 238/245 = 0.97- Christian Schwanenberger -Experimental Summary TOP 2014, Cannes 21

Top pair production at hadron colliders

±3.5%
(eμ)

➞ experiments challenge theory again

±5.7%
(theo)Theory error>

exp. error



Differential distributions

‣ With more data, more relevant

‣ Theory calculations very good now

‣ NNLO!

‣ Important for testing top physics, and many 
QCD aspects of it
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A. Denner, S. Dittmaier, S. Kallweit, S. Pozzorini, M. Schulze (2012) 

Narrow Width Approximation  

8"

DEDUCTOR + HELAC-NLO    

20"M. Czakon, H.B. Hartanto, M. Kraus, M. Worek (in preparation) 

tt̄ Results at LHC

ptT , ATLAS (7 TeV), CMS (8 TeV)
Comparison with Approx. NNLO
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CMS: Softer spectrum in data, better described by Approx. NNLO

ATLAS: theory calculation is slightly above data for pT < 50 GeV and pT > 200 GeV

C. Diez Pardos (DESY) TOP2014, 29 September 2014 13/39
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49

Single top



Single top production

‣ process is sensitive to different New Physics/channel

‣ It helpt determine (t-channel) the high-scale b-quark PDF

‣ It tests electroweak production of top, through left-handed coupling

‣ It allows measurement of  mixing coefficient Vtb per channel. 

s-channel: 
timelike W

t-channel: 
spacelike W

Wt channel: real W
4 pb @  LHC7

62 pb @  LHC7

10 pb @  LHC7
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Things you can do with single top production



Single top: theory vs expt. 
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SM works well, again..- Christian Schwanenberger -Experimental Summary TOP 2014, Cannes 40

Single channel cross sections

0 1 2 3 4

Tevatron single top quark summary

Cross section [pb]
 = 172.5 GeV tm

Measurement Cross section [pb]
s-channel:

t-channel:

s+t:

PRL 112, 231805 (2014)
CDF

  -0.32
 +0.371.36

PLB 726, 656 (2013)
D0

  -0.31
 +0.331.10

PRL 112, 231803 (2014)
Tevatron

  -0.24
 +0.261.29

CDF-CONF-11033 (2014)
CDF

  -0.36
 +0.381.65

PLB 726, 656 (2013)
D0

  -0.49
 +0.543.07

Tevatron   -0.31
 +0.292.25

CDF-CONF-11033 (2014)
CDF

  -0.48
 +0.493.02

PLB 726, 656 (2013)
D0

  -0.55
 +0.604.11

Tevatron   -0.40
 +0.523.30

Theory (NLO+NNLL)
PRD81 054028 (2010), PRD83 091503 (2011)

this is the final word 
from the Tevatron!

➞ observation

➞ observation

➞ all production modes observed!

|Vtb|=0.998±0.041
|Vtb|>0.92 @ 95%CL

±4.1%



Single top in Wt mode meets tt..

• Serious interference with top pair production (15 times bigger) 

‣ Can one actually define this process?

‣ Yes: one can separate the resonant tt background, using cuts, and testing for 
interference

‣ Much recent work on proper description of production + decay

+ non-resonant diagrams

Frixione, EL, Motylinski, Webber, White

52

Papanasthasiou,  

Cascioli, Kallweit, Maierhoefer, Pozzorini



Testing for interference

• Two approaches in MC@NLO  (now also in POWHEG (Re))

‣ I. Remove resonant diagrams (DR) 

‣ II.  Construct a gauge invariant, local counterterm: 
diagram subtraction (DS)

‣ DS - DR is measure of interference

When the NLO computation is then matched to parton showers according to the

MC@NLO prescription, the above equation must be modified by the subtraction of
MC counterterms. We can choose to absorb these in Ŝαβ, because this is the only

piece that contains leading soft and collinear singularities. Thus the schematic form
of eq. (4.8) applies at both the NLO and MC@NLO levels. In this notation, the DR
cross section corresponds to:

dσ(DR) = dσ(2) +
∑

αβ

∫
dx1dx2

2x1x2S
LαβŜαβdφ3 , (4.9)

i.e. there are now no terms Iαβ or Dαβ, as all doubly resonant diagrams have been

removed from the amplitude. As mentioned previously, this cross section violates
gauge invariance; this issue will be discussed in sect. 5.2.

Starting from eq. (4.8), we also define the DS cross section. This amounts to

writing:

dσ(DS) = dσ − dσsubt , (4.10)

where dσsubt is designed to remove numerically the doubly-resonant contribution.

This may be achieved locally by defining

dσsubt =
∑

αβ

∫
dx1dx2 Lαβ dσsubt

αβ ; (4.11)

dσsubt
αβ =

1

2s
D̃αβdφ3 , (4.12)

such that the quantity
Dαβ − D̃αβ (4.13)

will vanish when M2
b̄W

≡ (k + k2)2 → m2
t . Note that Dαβ and D̃αβ themselves will,

in such a limit, either diverge, if Γt = 0, or have a Breit-Wigner-like peak, if Γt ̸= 0.
The DS cross section in eq. (4.10) can now be re-written in the same form as eq. (4.9):

dσ(DS) = dσ(2) +
∑

αβ

∫
dx1dx2

2x1x2S
Lαβ

(
Ŝαβ + Iαβ + Dαβ − D̃αβ

)
dφ3 . (4.14)

One sees that the difference between the DR and DS cross sections has the form:

dσ(DS) − dσ(DR) =
∑

αβ

∫
dx1dx2

2x1x2S
Lαβ

(
Iαβ + Dαβ − D̃αβ

)
dφ3 , (4.15)

and thus is composed of a contribution from the interference term, and of the differ-

ence between the subtraction term and the true doubly resonant contribution to the
NLO cross section.

Our aim is now to construct a gauge-invariant subtraction term, such that the
difference Dαβ − D̃αβ is as close to zero as possible. Note also that requiring the

16

Interference effects quite small, in general, 
but not always

l, top
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Top and new physics

• Test for New Physics in top production with effective dimension 6 operators

‣ and then fit/constrain Ci using NLO theory

‣ E.g. in single top t-channel

‣ or in global fits to many observables

54

Buckley, Englert, Ferrando, Miller, 
Moore, Russell, White; Durieux, 
Maltoni, Zhang

10.3 New physics via effective operators

To detect new physics and assess our sensitivity to it in single top observables, we must be able
make quantitative statements, with a minimum amount of bias. As long as we do not know
exactly what the new physics is, we must nevertheless provide some form of parametrisation
for it in top quark physics, in order make predictions (albeit then parameter dependent).

A modern approach to this uses the language of effective operators [1]. In the SM all terms in
the Lagrangian are operators with scaling dimension 4. In this operator language, new physics
is parametrised as operators of higher dimension, multiplied by a power of inverse scale 1/Λ
such as to keep the total dimension equal to four. The absence of new physics signals in the
LHC data gathered until now suggests that this effective scale Λ must be about 1 TeV, or larger.

Now, one may enumerate all possible dimension five and six operators (even higher dimen-
sions are assumed to be negligibly small), consistent with the symmetries that the SM and/or
new physics should have. However, one can use field equations to derive relations between
these operators, so that the number of new-physics operators is quite limited, at least for top
quark physics. The dimension five operator is not relevant for top physics, while there are a pri-
ori about 20 dimension six operators [1]. One can then parametrise the new physics by adding
the relevant dimension six operators to the Standard Model Lagrangian.

LSM +
∑

i

Ci

Λ2
O[6]

i . (2)

We assume, as in [1], that the new physics operators have the SM symmetries, a minimal as-
sumption. For t-channel top quark production, one of the virtues of the effective operator ap-

proach is then that in essence only three operators O[6]
i with corresponding coefficients Ci are

required to parametrise new physics: Oφq, Oqq and OtW . These operators mix under renormali-
sation group evolution [2, 3, 4], which we shall take into account in our analysis.

For possibly understanding baryogenesis the coefficient CtW plays a central role in this pro-
posal, since it can have an imaginary part ImCtW , leading to a new CP violating interaction,
as discussed above. As we will see, the measurement of ImCtW requires a polarised sample of
top quarks, which is indeed provided by the t-channel production. But we first discuss the rôle
of the real coefficients Cφq, Cqq and ReCtW and the measurable distributions we intend to use
to extract these in a fit procedure.

Top quark production and effective operators

The single top cross-section including the three dimension six operators can be written as:

dσub→dt

d cos θ
=

(

1 + 2
Cφqv2

Λ2

)

k1(θ) +
Cqq

Λ2
k2(θ) +

ReCtW

Λ2
k3(θ) , (3)

where v = 246 GeV, the ki are known functions depending on θ, the angle between the incoming
bottom quark direction and the top quark flight direction in the centre-of-mass frame. Recall
that we take our operators to obey SM symmetries, so that also flavor mixing is as in the SM

8
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Θ
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1.0

qq

tW

SM

Figure 3: The differential cross section dσub→dt

dcos(θ) as function of θ in leading order. The vertical
axis uses arbitrary units. The solid line represents the SM expectation. The dashed (dotted) line
represent the contribution for Cqq = 5/Λ2 (ReCtW = 5/Λ2) with Λ = 1 TeV.

(Vtb takes its SM value). 3

An interesting feature of this production cross section is that each of the coefficients Cφq,
Cqq and ReCtW is associated with a specific angular dependence, enabling one to determine or
bound the individual contributions experimentally.

The operator Oφq modifies the magnitude of the Wtb interaction, but does not change the
angular dependence of the SM prediction. In contrast, the operator Oqq with corresponding real
coefficient Cqq represents a four-quark contact interaction and affects the angular distribution
of the top quark production angle in a unique and noticeable way. This is illustrated in fig. 3,
where the effect of Cqq is clearly distinguishable at higher values of the production angle θ.

Finally, the contribution of ReCtW also has a unique signature, but this quantity can be much
better determined in the decay of top quarks rather than in their production.

Note that the above discussion is somewhat simplified, and addresses the dominant, lowest
order parton process u+b → d+ t for clarity. In practice other partonic process also contribute,
and so do next-to-leading order (NLO) QCD corrections. In addition, following the approach of
[1] we at first neglect the operator OtG, occurring at NLO, see [6]. Once the analysis matures,
this operator may be taken into consideration as it also impacts the tt̄ background. 4

To summarise, the angular distribution predicted by eq. 3 bounds the values of the coefficients
Cφq, Cqq and ReCtW . However, as we will see next, much more information is contained in the

3For a recent global analysis of top-quark related flavor changing interactions in the SM in the effective operator
framework see [5].

4We remark that an approach slightly different from the operator approach, using form factors has been used
which consists of allowing all types of interaction structure involving the W boson and the top quark consistent
with Lorentz invariance, including those that the Standard Model does not allow. The strength of the present ap-
proach is the limited number of parameters based on solid theoretical arguments and the fact that these parameters
can be independently extracted from the LHC data.

9

d�(ub ! td)

d cos ✓
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Charge asymmetry: 
Standard Model trouble?



Charge (aka. forward-backward) asymmetry

‣ Check if top quarks are distributed just as antitops

‣ A small difference expected from QCD effects, 

‣ in QCD, proportional to SU(3)  dabc symbol

‣ Serious discrepancies in some measurements with 
SM at Tevatron

At(y) =
Nt(y)�Nt(y)
Nt(y) + Nt(y)

56



Some intuition about AFB

Quark “repels” top via second gluon, leading to “preferred” 
situations:

57

�⇥

⇥
� exp

�
�sL

�
32
6
� 27

6

�
ln

u

t

�

Recall: top-antitop exchange = t, u exchange.

From resummation:



New: NNLO and AFB

‣ First complete differential calculation in 
NNLO QCD for 2->2 with all colored partons

‣ Unexpectedly large correction: 27% w.r.t. 
NLO

‣ Inclusive AFB = 0.095 ± 0.007

‣ Now agreement with D0, not far from CDF

‣ Differential in Mtt: similar to inclusive case
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Czakon, Fiedler, Mitov
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FIG. 1: The inclusive asymmetry in pure QCD (black) and
QCD+EW[26] (red). Capital letters (NLO, NNLO) corre-
spond to the unexpanded definition (2), while small letters
(nlo, nnlo) to the definition (3). The CDF/DØ (naive) av-
erage is from Ref. [27]. Error bands are from scale variation
only. Our final prediction corresponds to scenario 10.

eq. (3), is the expansion of the ratio eq. (2) in powers of
αS . 5

In the present letter, we present differential asymme-
tries with the unexpanded definition (2) and without EW
corrections (see figs. 2,3,4). The inclusive asymmetry, see
fig. 1, is computed with both definitions (2) and (3) in-
cluding EW corrections. 6 The numerator factor NEW is
taken 7 from Table 2 in Ref. [26]. Only for the inclusive
asymmetry we determine the scale variation by keeping
µR = µF

8 (since the scale dependence of NEW is pub-
lished [26] only for µR = µF ). We also note that the scale
variation of AFB is derived from the consistent scale vari-
ation of the ratio, i.e. both numerator and denominator
in eqs. (2) and (3) are computed for each scale value.

DISCUSSION AND CONCLUSIONS

In fig. 1 we observe that the central values of the ex-
panded (3) and unexpanded (2) definitions of inclusive

5 Such an expansion is not, strictly speaking, fully consistent since
the αS expansion is performed after convolution with pdf’s. Nev-
ertheless, following the existing literature, we consider it as an
indication of the sensitivity of AFB to missing higher order terms.

6 EW corrections to Di are neglected since EW effects to the total
cross-section are very small O(1%), see Refs. [55–59].

7 We have checked that the different pdf and mt used in Ref. [26]
have negligible impact on the QCD numerator N3 and so we
expect the same to hold for NEW.

8 We have checked that for the pure QCD corrections to the to-
tal asymmetry the difference with respect to scale uncertainty
derived with µR ̸= µF variation is negligible.
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FIG. 2: The |∆y| differential asymmetry in pure QCD at
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FIG. 3: As in fig. 2 but for the Mtt̄ differential asymmetry.
The highest bin contains overflow events and the lowest bin
includes all events down to the production threshold 2mt.

AFB differ significantly at NLO but less so at NNLO.
While the unexpanded definition (2) closely resembles
the experimental setup, the consistency of the two def-
initions within uncertainties renders the question about
the more appropriate choice largely irrelevant. We also
note the small scale error for the expanded AFB defini-
tion (3) in pure QCD at both NLO and NNLO, which
appears too small to be realistic. The inclusion of EW
corrections, however, breaks this pattern and brings the
scale dependence in line with the unexpanded definition
eq. (2). Therefore, following the previous literature, we
choose as our final prediction ASM

FB = 0.095± 0.007 (sce-
nario 10 in fig. 1) which is derived with the expanded
definition (3) and includes EW [26] corrections.
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taken 7 from Table 2 in Ref. [26]. Only for the inclusive
asymmetry we determine the scale variation by keeping
µR = µF

8 (since the scale dependence of NEW is pub-
lished [26] only for µR = µF ). We also note that the scale
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in eqs. (2) and (3) are computed for each scale value.
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5 Such an expansion is not, strictly speaking, fully consistent since
the αS expansion is performed after convolution with pdf’s. Nev-
ertheless, following the existing literature, we consider it as an
indication of the sensitivity of AFB to missing higher order terms.

6 EW corrections to Di are neglected since EW effects to the total
cross-section are very small O(1%), see Refs. [55–59].

7 We have checked that the different pdf and mt used in Ref. [26]
have negligible impact on the QCD numerator N3 and so we
expect the same to hold for NEW.

8 We have checked that for the pure QCD corrections to the to-
tal asymmetry the difference with respect to scale uncertainty
derived with µR ̸= µF variation is negligible.
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AFB differ significantly at NLO but less so at NNLO.
While the unexpanded definition (2) closely resembles
the experimental setup, the consistency of the two def-
initions within uncertainties renders the question about
the more appropriate choice largely irrelevant. We also
note the small scale error for the expanded AFB defini-
tion (3) in pure QCD at both NLO and NNLO, which
appears too small to be realistic. The inclusion of EW
corrections, however, breaks this pattern and brings the
scale dependence in line with the unexpanded definition
eq. (2). Therefore, following the previous literature, we
choose as our final prediction ASM

FB = 0.095± 0.007 (sce-
nario 10 in fig. 1) which is derived with the expanded
definition (3) and includes EW [26] corrections.

Standard Model re-asserts itself..
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Top and friends



tt+W,Z,γ
✦ Photon  
‣ NLO + PS calculation 
‣ dominated by gluon fusion 
‣ Control sample/background for ttH, H→γγ 

‣ Z 
‣ NLO + PS calculation 
‣ not yet “seen”  

‣ W 
‣ NLO + PS calculation 
‣ ttW at LHC has little sensitivity to tWb coupling 

✓ Use single top production here
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Kardos, Trocsanyi

Garzelli, Kardos, 
Papadopoulos, 

Trocsanyi

Garzelli, Kardos, 
Papadopoulos, 

Trocsanyi



ttH
✦ Should become very interesting for the new run 
✦ σtth (14) ≃ 4.6 x σtth (8) 
✦ NLO calculations for signal 
‣ plus PS   

✓ and spin correlations  

‣ plus EW 
✦ and e.g. ttbb backgrounds to NLO(+PS)
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Figure 4: Summary of Higgs analysis sensitivities wth 300 fb�1and 3000 fb�1at
p

s = 14 TeV for a SM
Higgs boson with a mass of 125 GeV. Left: Uncertainty on the signal strength. For the H ! ⌧⌧ channels
the thin brown bars show the expected precision reached from extrapolating all tau-tau channels studied
in the current 7 TeV and 8 TeV analysis to 300 fb�1, instead of using the dedicated studies at 300 fb�1

and 3000 fb�1 that are based only in the VBF H ! ⌧⌧ channels. Right: Uncertainty on ratios of partial
decay width fitted to all channels. The hashed areas indicate the increase of the estimated error due to
current theory systematic uncertainties.

uncertainties included. The right-hand figure compares the 300 fb�1 and 3000 fb�1 results with
no theory uncertainties included.

4.1.1 Sensitivity to the Higgs self-coupling

An important feature of the Standard Model Higgs boson is its self-coupling. The tri-linear self-
coupling �HHH can be measured through an interference e↵ect in Higgs boson pair production.
At hadron colliders, the dominant production mechanism is gluon-gluon fusion. At

p
s = 14

TeV, the production cross section of a pair of 125 GeV Higgs bosons is estimated at NLO to be2

34+18%
�15%(QCD scale)±3%(PDFs) fb. Figure 6 shows the three contributing diagrams in which the

2The cross section is calculated using the HPAIR package [15]. Theoretical uncertainties are provided by Michael Spira in
private communication.
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𝜎𝜎ℎ ≈ 2.6 × 𝜎𝜎ℎ

Δ𝑐𝑐 /𝑐𝑐 ≈ 10%

v

Frixione, Hirschi, Pagani, Shao, Zaro

Beenakker, Dittmaier, Kraemer, Plumper, Spira, Zerwas
Dawson, Orr, Reina, Wackeroth

Frederix, Frixione, Hirschi, Maltoni, Pittau, Torrieli
Garzelli, Kardos, Papadopoulos, Trocsanyi

Hartanto, Jaeger, Reina, Wackeroth

Backgrounds difficult, but expect
10% accuracy in Yukawa coupling by 2030



62

Top decay and spin



Top decay in SM
‣ Given a large sample of tops, polarized or unpolarized, produced, what are 

the detail of its decay? 

‣ In SM, 99% via bottom quark. Does this mean Vtb=1?

‣ Not necessarily. Number of events:

‣ Branching ratio

‣ being almost 1 just means |Vtb|2 >> |Vts,td|2. There could be heavy 4th 
generation quark

‣ Cannot measure Vtb this way, R is basically independent of it. 
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,s,dVtq

Nevents = �� L� � � �(t�W + b)�
q �(t�W + b)

� �� �
Branching ratio R

R =
�(t�W + b)�

light quarks �(t�W + b)
=

|Vtb|2

|Vtd|2 + |Vts|2 + |Vtb|2



Top-Higgs coupling and W polarization

‣ Yukawa interaction of top and Higgs

‣ leads to much longitudinal W polarization. Top width:

‣ enhanced by “a” (about 2.3) compared to naive expectation. Width to 
WL only

‣ Ratio

64

ytht̄t

�(t ! Wb) / g2mt a (1 +O(1/a)), a =
m2

t

2m2
W

=
y2t
g2

8 Ioannis Tsinikos Supervisor: Prof. Dr. Eric Laenen

⌃|M |2⌥ = 4Gf 
2
|Vtb|2m2

w[p
µ
t p

⇤
b + p⇤t p

µ
b � gµ⇤(pt · pb) + i�µ⇤⌅⇧pt⌅pb⇧]

⇤

�

⇧��µ ⇧�⇤

The helicity of the produced W+ from this process can be revealed. Instead of substituting the pseudo
completeness relation for the W+ polarization vectors

⇤

�

⇧��µ ⇧�⇤ = �gµ⇤ +
pwµpw⇤

m2
w

, (2.9)

one can calculate the result for all the possible values of helicity for the produced boson. A first step is
to set the kinematics of the problem.

Figure 4. Leading order Feynman diagram for t⌅W+b decay

As in most decay processes, the rest frame of the initial particle (top quark) is preferable. Choosing as
+z axis the direction of �pw (|�pw| = p), the 4-momenta of the vertex become

pµt = (mt, 0, 0, 0) , p
µ
b = (Eb, 0, 0� p) , pµw = (Ew, 0, 0, p) (2.10)
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where ⇥(x, y, z) = x2 + y2 + z2 � 2xy � 2xz � 2yz.
The polarization vectors of W boson are ⇧0 for longitudinal and ⇧± for transverse polarization. The

used basis is

⇧µ0 =
1

mw
(p, 0, 0, Ew) , ⇧

µ
± =

1 
2
(0, 1,±i, 0) (2.11)

Performing the µ, ⌅ contraction in the squared amplitude, it becomes

⌃|M |2⌥ = 4Gf 
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|Vtb|2m2

w[

A⇧ �⌥ ⌃
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��
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�(t ! WLb) / g2mt a

�(t ! WLb)

�(t ! Wb)
' a

1 + a
' 70%



Top decay to W and b
‣ Let’s examine the decay to W and b a bit closer

‣ Momenta

‣ Polarization vectors for W

‣ Spin-averaged squared matrix element

‣ Evaluate per case λ
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one can calculate the result for all the possible values of helicity for the produced boson. A first step is
to set the kinematics of the problem.
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where ⇥(x, y, z) = x2 + y2 + z2 � 2xy � 2xz � 2yz.
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µ
± =
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+z axis the direction of �pw (|�pw| = p), the 4-momenta of the vertex become
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where ⇥(x, y, z) = x2 + y2 + z2 � 2xy � 2xz � 2yz.
The polarization vectors of W boson are ⇧0 for longitudinal and ⇧± for transverse polarization. The

used basis is

⇧µ0 =
1

mw
(p, 0, 0, Ew) , ⇧

µ
± =
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⌃|M |2⌥ = 4Gf 
2
|Vtb|2m2

w[

A⇧ �⌥ ⌃
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Contributions from each polarization state

‣ λ = 0 : No contribution from Levi Civita tensor. Use mass 
shell conditions to find E’s and p’s. Result

‣ λ = -: (left-handed). Now Levi-Civita does contribute

‣ λ = +: cancellations take place

‣ As before
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where ⇥(x, y, z) = x2 + y2 + z2 � 2xy � 2xz � 2yz.
The polarization vectors of W boson are ⇧0 for longitudinal and ⇧± for transverse polarization. The
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⇧µ0 =
1
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(p, 0, 0, Ew) , ⇧

µ
± =
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(0, 1,±i, 0) (2.11)

Performing the µ, ⌅ contraction in the squared amplitude, it becomes

⌃|M |2⌥ = 4Gf 
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|Vtb|2m2

w[

A⇧ �⌥ ⌃
(pt · ⇧��)(pb · ⇧�)+

B⇧ �⌥ ⌃
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(⇧�� · ⇧�)(pt · pb)+

D⇧ �⌥ ⌃
i�µ⇤⌅⇧pt⌅pb⇧⇧

��
µ ⇧�⇤ ]

y =
mb

mt

x =
mW

mt

Top quark spin correlations at hadron colliders 9

• For ⇥ = 0, it is ⌥0 = ⌥⇥0, therefore the tensor ⌥0⇥µ ⌥0⇥ is symmetric and the contraction with �µ⇥⇤⌅ gives
D = 0. For the same reason it is obvious that A = B.

A1 ⌅ pt · ⌥⇥0 =
�
mt 0 0 0

⇥

 

⌘⌘✏

1 0 0 0
0 �1 0 0
0 0 �1 0
0 0 0 �1

⌦

✓✓⇣
1

mw

 

⌘⌘✏

p
0
0
Ew

⌦

✓✓⇣ =
mt

mw
p

A2 ⌅ pb · ⌥0 =
�
Eb 0 0 �p

⇥

 

⌘⌘✏

1 0 0 0
0 �1 0 0
0 0 �1 0
0 0 0 �1

⌦

✓✓⇣
1

mw

 

⌘⌘✏

p
0
0
Ew

⌦

✓✓⇣ =
p

mw
(Eb + Ew)

A = A1A2 =
mt

m2
w

[p2(Eb + Ew)] =
m2

t

m2
w

p2 = B

C = mtEb
1

m2
w

�
p 0 0 Ew

⇥

 

⌘⌘✏

1 0 0 0
0 �1 0 0
0 0 �1 0
0 0 0 �1

⌦

✓✓⇣

 

⌘⌘✏

p
0
0
Ew

⌦

✓✓⇣ =
mtEb

m2
w

�m2
w ⌫� �

(p2 � E2
w) = �mtEb ⇧

⇧ C = �m2
t +m2

b �m2
w

2

Substituting back to the squared amplitude the longitudinal part is

⌥|M0|2� =
4Gf⌦

2
|Vtb|2m2

w

⇧
2
m2

t

m2
w

p2 +
m2

t +m2
b �m2

w

2

⌃
=

4Gf⌦
2
|Vtb|2

⇧
2m2

tp
2 +

m2
tm

2
w +m2

bm
2
w �m4

w

2

⌃
=

=
4Gf⌦

2
|Vtb|2

⇧
2m2

tp
2 +

m2
tm

2
w +m2

bm
2
w �m4

w

2

⌃
=

=
4Gf⌦

2
|Vtb|2

↵

�2m2
t

⌥◆
⇥(m2

t ,m
2
b ,m

2
w)

2mt

�2

+
m2

tm
2
w +m2

bm
2
w �m4

w

2

�

� =

=
4Gf⌦

2
|Vtb|2

1

2

⇤
m4

t +m4
b � 2m2

tm
2
b �m2

bm
2
w �m2

tm
2
w

⌅
=

=
2Gf⌦

2
|Vtb|2m4

t

⇧
1 +

m4
b

m4
t

� 2
m2

b

m2
t

� m2
bm

2
w

m4
t

� m2
w

m2
t

⌃

Defining x = mw
mt

and y = mb
mt

the expression for the amplitude, which corresponds to longitudinal

polarization for W+, becomes

⌥|M0|2� =
2Gf⌦

2
|Vtb|2m4

t

⇤
1� x2 � y2(2 + x2 � y2)

⌅
(2.12)

• For left handed polarization (⇥ = �), it is ⌥� ⌃= ⌥⇥�, therefore there is a contribution also from the
D term. The total antisymmetry of �µ⇥⇤⌅, implies that µ ⌃= ⌅ ⌃= ⇧ ⌃= ⌃ and from the kinematics the
4-momenta are pµt = (mt, 0, 0, 0) , p

µ
b = (Eb, 0, 0� p). As a result in the term D = i�µ⇥⇤⌅pt⇤pb⌅⌥�⇥

µ ⌥�⇥ , it
must be ⇧ = 0 and ⌃ = 3, so the term becomes 3

D = i�µ⇥⇤⌅pt⇤pb⌅⌥
�⇥
µ ⌥�⇥ = �µ⇥03mt(+p)⌥�⇥

µ ⌥�⇥ = �1203mt(+p)⌥�⇥
1 ⌥�2 + �2103mt(+p)⌥�⇥

2 ⌥�1 ⇧

⇧ D = imtp(
�1⌦
2
)(

i⌦
2
)� imtp(

�i⌦
2
)(
�1⌦
2
) ⇧ D = mtp

3The spatial part of 4-vectors changes with a (-) sign, when flipping from covariant to contravariant form and vise versa.
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During this decay the b quark receives much more energy than its mass. As a result, setting4 Eb ⌅ mb,
the term D becomes

p =
✏

E2
b �m2

b = Eb

⇣

1�
m2

b

E2
b

⇤ Eb

⇧
1� m2

b

2E2
b

⌃
⇤ Eb ⇧ D = mtEb

For the other terms it is A = B = 0 trivially and the C term gives

C = mtEb
1

2

�
0 1 i 0
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Using the same definition for x and y as before, the expression of the amplitude, which corresponds to
the longitudinal polarization for W+, becomes
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• For the right handed polarization (⇥ = +), it is again trivially A = B = 0. For C and D terms,
performing similar calculations as before, the results are

D = i�µ⇥⇤⌅pt⇤pb⌅⇤
+⇥
µ ⇤+⇥ = �µ⇥03mt(+p)⇤+⇥

µ ⇤+⇥ = �1203mt(+p)⇤+⇥
1 ⇤+2 + �2103mt(+p)⇤+⇥

2 ⇤+1 ⇧

⇧ D = imtp(
�1 
2
)(
�i 
2
)� imtp(

i 
2
)(
�1 
2
)⇧ D = �mtp ⇤ �mtEb

C = mtEb
1

2

�
0 1 �i 0

⇥

 

��↵

1 0 0 0
0 �1 0 0
0 0 �1 0
0 0 0 �1

⌦

���

 

��↵

0
1
i
0

⌦

��� = mtEb
1

2

�
0 �1 i 0

⇥

 

��↵

0
1
i
0

⌦

���⇧

⇧ C = �mtEb = D

Summarizing for ⇥ = +, it is A = B = 0 and C = D, so the corresponding amplitude is
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The total amplitude is the summation of the helicity amplitudes that are already obtained.
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4The b quark mass is not neglected completely but only with respect to its energy. It is not compared to the other
masses of top quark and W boson.
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Longitudinal polarization
from Higgs doublet!!



Unpolarized top decays to polarized W’s
‣ Sum the three and combine with phase space measure

‣ I(x,y) can be approximated by 1

‣ Some intuition: for λ = + , the b-quark would have to emerge 
right-handed. But that is not allowed by the chiral coupling
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Having calculated the amplitude and starting from the general 2-particle decay rate expression, the result
is
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Defining I(x, y) =
⇤

�(1, x2, y2) [f(x, y)], the decay rate for the process in figure (4) is

�(t⇥bW+) =
Gfm3

t |Vtb|2

8⇥
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I(x, y) (2.15)

The decay rate for the top quark decay is �(t⇥qW+) ⇧ |Vtq|2. This is the reason that the other
two allowed weak decays t ⇤ sW+ and t ⇤ dW+ are so suppressed. Using the unitarity of the CKM
matrix, the analysis of data from weak decays of hadrons gives 0.9990 < |Vtb| < 0.9992 [6]. The relation
|Vtb|2 + |Vts|2 + |Vtd|2 = 1 implies that the total decay rate is completely dominated by the t ⇤ bW+

decay. The branching ratios are

BR(t⇤ bW+) = 0.998 , BR(t⇤ sW+) = 1.9⇥ 10�3 , BR(t⇤ dW+) = 10�4

Of course, the result shown in equation (2.15), could also be obtained by using the pseudo completeness
relation for the polarization vectors (eq. 2.9), but in that case the information concerning theW+ helicity
would have been lost.

(a) �w = 0 (longitudinal) (b) �w = � (left handed)

(c) �w = + (right handed)

Figure 5. W+ boson polarizations in t⇤W+b decay

Equations (2.12), (2.13) and (2.14) give rise to a discussion concerning the W+ polarization in the decay.
According to these results the right handed polarization for the W+ boson is forbidden. The interaction
has an axial-vector (V - A) structure. This implies that only the left chiral components of the top
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Equations (2.12), (2.13) and (2.14) give rise to a discussion concerning the W+ polarization in the decay.
According to these results the right handed polarization for the W+ boson is forbidden. The interaction
has an axial-vector (V - A) structure. This implies that only the left chiral components of the top



Unpolarized top decays to polarized W’s
‣ (With QCD and EW corrections, there are tiny changes to 

these decay rates)

‣ Can we detect this ratio? Consider with further decay of W

‣ Define ψ to be angle between

‣ direction of lepton in W rest frame

‣ direction of W in t rest frame

‣ then one finds, after some work

‣ Note: no interference of different amplitudes for this 
distribution
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t�Wb� bl+�l

1
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d�
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3
8
F+(1 + cos �)2



Unpolarized top decays to polarized W’s

‣ Formula

‣ Experimentally, now well confirmed by Tevatron and LHC 
experiments, e.g.:
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1
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d�
d cos �

=
3
4
F0 sin2 � +

3
8
F�(1� cos �)2 +

3
8
F+(1 + cos �)2

Tevatron ICHEP 2012 : F0 = 0.722± 0.062± 0.052



Polarized top decay

‣ Let us now assume we can somehow polarize the top quark 
sample. Can we detect the top quark spin?

‣ Take now full decay

‣ We must take into account the top spin vector, conveniently along 
the z-axis
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Qµ⇥ = Qµ⇥
1 +Qµ⇥

2 = 16[p̃(�)µt p⇥b + p̃(�)⇥t pµb � gµ⇥(p̃(�)t · pb) + i�µ⇥⇤⌅p̃(�)t⇤ pb⌅] , p̃
(�)
t =

1

2
(pt �mtSt)

From this point one can follow the same process as in section (2.1) in contracting the Lµ⇥ , Qµ⇥ tensors.

The only di⇥erence is that there is p̃(�)t instead of pt and an extra factor of 2. The decay amplitude,
using the narrow width approximation for W+ (app. A) becomes

⌃|M |2⌥ = 128G2
f |Vtb|2

M4
w

(q2 �M2
w)

2 +M2
w�

2
w

(p̃(�)t · pē)(pb · pn) (2.17)

Moving to the rest frame of the top quark, it is Et = mt and |�pt| = 0, so choosing a z direction for

the top spin (fig. 7A, 7B), p̃(�)t yields to

p̃(�)µt =
1

2
(pµt �mtS

µ
t ) =

1

2
{
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mt

0
0
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(a) Spin axis - products (b) e+ momentum
decomposition

(c) Top quark rest frame

Figure 7. Top spin axis orientation in space in top quark decay

The positron momentum can be decomposed with respect to the chosen z axis (fig. 7B).

pµē =
�
|�pē| |�pē| sin ⇥ cos⌅ |�pē| sin ⇥ sin⌅ |�pē| cos ⇥

⇥

So the inner product p̃t · pē, appearing in the amplitude, becomes9

p̃t · pē = p̃(�)µt gµ⇥p
⇥
ē =

1

2
mt|�pē|(1 + cos ⇥e+)

The amplitude now gives the correlation between the top spin and the angular distribution of the positron
with respect to the top spin axis z, in the case of spin up top quark.

⌃|M(t(�) ⇤ be+⇤e)|2⌥ = 64G2
f |Vtb|2

M4
w

(q2 �M2
w)

2 +M2
w�

2
w

mt|�pē|(1 + cos ⇥e+)(pb · pn) (2.18)

One can examine the same process having the top quark with spin down along the same z axis. The

9The angle � is just redefined as �e+ , for later convenience.



Polarized top decay
‣ The result for spin-up top is

‣ For spin-down top

‣ For spin-up differential decay width

‣ What is the implication, given that the a-priori form is 
(p=polarization degree of top, c spin-analyzing power of f)?
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The positron momentum can be decomposed with respect to the chosen z axis (fig. 7B).
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The amplitude now gives the correlation between the top spin and the angular distribution of the positron
with respect to the top spin axis z, in the case of spin up top quark.
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One can examine the same process having the top quark with spin down along the same z axis. The

9The angle � is just redefined as �e+ , for later convenience.
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completeness relation for the top quark spinors will now be u(⇤)
t ū(⇤)

t = 1
2 ( �pt +mt)(1 � �5 �St). Following

exactly the same steps the corresponding amplitude is

↵|M(t(⇤) ⇧ be+⇤e)|2� = 64G2
f |Vtb|2

M4
w

(q2 �M2
w)

2 +M2
w�

2
w

mt|◆pē|(1� cos ⇥e+)(pb · pn) (2.19)

Summarizing this process and using a more general notation it follows that

• for t(⇥), the corresponding vector appearing in the squared amplitude is p̃(⇥)t ⌅ 1
2 (pt � mtS) and

↵|M(t(⇥) ⇧ be+⇤e)|2� ⌥ (1 + cos ⇥e+) and

• for t(⇤), the corresponding vector appearing in the squared amplitude is p̃(⇤)t ⌅ 1
2 (pt + mtS) and

↵|M(t(⇤) ⇧ be+⇤e)|2� ⌥ (1� cos ⇥e+).

The top quark momentum is decomposed into a sum of two auxiliary momenta.

pt = p̃(⇥)t + p̃(⇤)t (2.20)

Using the definition of he covariant spin vector Sµ = (
|◆p|
m

,
E◆p

m|◆p| ), it is easy to check that it is normalized

such that SµSµ = �1. Therefore the introduced auxiliary momenta are massless. Furthermore in the

top quark rest frame, with pt(mt,0), the spatial parts of p̃(⇤)t and S are parallel, while the spatial parts

of p̃(⇥)t and S are antiparallel (fig. 7C).
Returning to the process in discussion (fig. 6), from equations (2.18), (2.19), one can derive the

normalized decay rate as a function of the angle ⇥.

1

�Total

d�(⇥)
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=
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⌃ 1

�T

d�(⇥)

d(cos ⇥e+)
=

1

2
(1 + cos ⇥e+)

(2.21)

The degree of correlation of the decay product to the spin appears in equation (2.21) in the coe⌅cient of
the cos ⇥e+ . Therefore one can conclude that the angle of the emission of the charged lepton is maximally
correlated to the top quark spin. In other words, a plot of the normalized decay rate with respect to
cos ⇥e+ (eq. 2.21) would be a straight line with slope ⇥

4 . The preferred positron emission axis is the

spatial part of p̃(⇤)t (in this case cos ⇥e+ = 1 ⇧ maximum decay rate).
Using equation (2.17) and the corresponding one for top quark spin down, as well as equation (2.20),

one can derive the amplitude for the unpolarized semi leptonic top quark decay10.
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By comparing equations (2.7) and (2.22), it is clear that the top and c quark decay amplitudes di⇥er
only to the fact that in the top quark decay the intermediate boson W+ can be real, as expected.

One may notice that in both equations (2.21) and (2.22) the mixed terms in the total amplitude are
neglected. The accurate decomposition of the amplitude to spin up and down top quark is
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10At this point one must average over initial spins.
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Summarizing this process and using a more general notation it follows that
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The top quark momentum is decomposed into a sum of two auxiliary momenta.

pt = p̃(⇥)t + p̃(⇤)t (2.20)

Using the definition of he covariant spin vector Sµ = (
|◆p|
m

,
E◆p

m|◆p| ), it is easy to check that it is normalized
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top quark rest frame, with pt(mt,0), the spatial parts of p̃(⇤)t and S are parallel, while the spatial parts

of p̃(⇥)t and S are antiparallel (fig. 7C).
Returning to the process in discussion (fig. 6), from equations (2.18), (2.19), one can derive the

normalized decay rate as a function of the angle ⇥.
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The degree of correlation of the decay product to the spin appears in equation (2.21) in the coe⌅cient of
the cos ⇥e+ . Therefore one can conclude that the angle of the emission of the charged lepton is maximally
correlated to the top quark spin. In other words, a plot of the normalized decay rate with respect to
cos ⇥e+ (eq. 2.21) would be a straight line with slope ⇥
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By comparing equations (2.7) and (2.22), it is clear that the top and c quark decay amplitudes di⇥er
only to the fact that in the top quark decay the intermediate boson W+ can be real, as expected.

One may notice that in both equations (2.21) and (2.22) the mixed terms in the total amplitude are
neglected. The accurate decomposition of the amplitude to spin up and down top quark is
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Polarized top decay
‣ For f = charged lepton: c=1   ⇒ 100% 

correlation !

‣ Top self-analyzes its spin

‣ Charged leptons easy to measure, good handle 
on top spin

‣ if they can be produced in a polarized fashion

‣ For spin-up top the polar angle distribution is

‣ Note: charged lepton has larger “spin-analyzing 
power” than its parent W!

‣ Reason: for this distribution intermediate λ = 0 
and λ = - amplitudes interference.

‣ There is a lot to check in the new run for top 
spin behavior
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t ū(⇤)

t = 1
2 ( �pt +mt)(1 � �5 �St). Following

exactly the same steps the corresponding amplitude is

↵|M(t(⇤) ⇧ be+⇤e)|2� = 64G2
f |Vtb|2

M4
w

(q2 �M2
w)

2 +M2
w�

2
w
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correlated to the top quark spin. In other words, a plot of the normalized decay rate with respect to
cos ⇥e+ (eq. 2.21) would be a straight line with slope ⇥

4 . The preferred positron emission axis is the

spatial part of p̃(⇤)t (in this case cos ⇥e+ = 1 ⇧ maximum decay rate).
Using equation (2.17) and the corresponding one for top quark spin down, as well as equation (2.20),

one can derive the amplitude for the unpolarized semi leptonic top quark decay10.

↵|M |2� = 1

2

�
↵|M(t(⇥) ⇧ be+⇤e)|2�+ ↵|M(t(⇤) ⇧ be+⇤e)|2�

⇥
=

=
1

2

⇤
128G2

f |Vtb|2
M4

w

(q2 �M2
w)

2 +M2
w�

2
w

⇧
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By comparing equations (2.7) and (2.22), it is clear that the top and c quark decay amplitudes di⇥er
only to the fact that in the top quark decay the intermediate boson W+ can be real, as expected.

One may notice that in both equations (2.21) and (2.22) the mixed terms in the total amplitude are
neglected. The accurate decomposition of the amplitude to spin up and down top quark is
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Spin/angular correlations for single top

‣ Let us first be very general. A process with an intermediate “resonant” particle P 
(e.g. W, Z, top..) reads

‣ has “production” spin/angular correlations if it depends on di.a, di.b or di.X

‣ Can be introduced even after the Monte Carlo has been written..

‣ Let P be an intermediate W, which will be nearly on-shell. We can approximate the 
intermediate W propagator through the Narrow Width approximation

‣ Resulting expression

‣ with ρλλ’  the spin-density matrix for W-decay. Can do this also for top decay. 

‣ We used this to implement spin correlations in MC@NLO

Frixione, EL, Motylinski, Webber
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by a Breit-Wigner function. There is another piece of information that is lost in

the decay chain approximation, and cannot be recovered, namely that on production

angular correlations (more precisely, angular correlations due to production spin cor-

relations). Let us denote by P the decaying particle (a vector boson or a top in our
case), and by d1, . . ., dn its decay products, and consider the hard process

a + b −→ P (−→ d1 + · · · + dn) + X , (1.1)

with X a set of final-state particles which may also contain other decaying vector
bosons or top quarks. The process of eq. (1.1) is said to have decay angular correla-
tions if the matrix elements of the corresponding resonant Feynman diagrams have

a non-trivial dependence1 on (di ·dj). Clearly, decay correlations are always present
if the particle P has spin different from zero. The process of eq. (1.1) has production

angular correlations if its matrix elements have a non-trivial dependence on (di ·a),
(di·b), or (di·X). It is therefore clear that the decay chain approximation can account

for the decay correlations, but not for the production correlations.

The decay chain approximation has obvious advantages, leading to much simpler
computations (especially at higher orders) owing to the reduced multiplicity of the
final state. Still, it is not acceptable if the spectra of the decay products must be pre-

dicted with some accuracy. The aim of this paper is to introduce an approach to the
computations of lepton spectra as given by resonant diagrams, which uses the decay

chain approximation but also correctly accounts for production angular correlations.
The method is primarily intended to be applied to parton shower Monte Carlos,

including those that implement NLO QCD corrections such as MC@NLO [1, 2] or
POWHEG [3]. The idea stems from the following observation: the matrix elements
computed with the resonant diagrams are bounded from above by the matrix ele-

ments obtained by eliminating the decay products and putting the parent particles
(vector bosons and/or top quarks) on-shell, times a process-independent constant.

One can therefore use the latter matrix elements (which we call undecayed matrix
elements) to perform computing-intensive tasks for which production correlations

are not an issue. When the four-momenta of the parent particles are available, the
resonant diagrams (we refer to the corresponding matrix elements as leptonic ones)
are used in the context of a simple hit-and-miss procedure to generate the leptonic

four-momenta.

In order to apply a hit-and-miss procedure, we need upper bounds on the decay
matrix elements that are universal with respect to the production process. These

are derived in the following section, first for vector boson, then for top quark de-
cay, and finally for final states containing several vector bosons and/or top quarks.
The practical application of these results is discussed in section 3. The inclusion of

angular correlations in NLO computations is hampered by the presence of virtual

1We denote here a particle and its four-momentum by the same symbol.
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where mV and ΓV are the mass and the width of the vector boson respectively, and

Mµ is the amplitude for the process

a(P1) + b(P2) −→ V (q) + X(x) , (2.16)

µ being the Lorentz index associated with V ; the polarization four-vector of V is not
included in Mµ. From eq. (2.15) we get (neglecting lepton masses)

∑

spins

|A|2 = MµM∗ρ (−gµν + qµqν/m2
V ) (−gρσ + qρqσ/m2

V )

(q2 − m2
V )2 + (mV ΓV )2

× F 2
V Tr

[(

V 2
V l + A2

V l − 2VV lAV lγ5

)

/k1γ
ν/k2γ

σ
]

. (2.17)

We now consider the narrow width approximation ΓV → 0. We have

1

(q2 − m2
V )2 + (mV ΓV )2

−→
π

mV ΓV

δ
(

q2 − m2
V

)

. (2.18)

The δ function, which puts the vector boson on shell, allows us to write

(

−gµν +
qµqν

m2
V

)

=
∑

λ

εµ
λε

∗ν
λ , (2.19)

where ελ are the polarization four-vectors of the vector boson. Using eq. (2.19),

eq. (2.17) becomes

∑

spin

|A|2 =
π

mV ΓV

∑

λλ′

M̃λρλλ′M̃∗

λ′ δ
(

q2 − m2
V

)

, (2.20)

where we defined

M̃λ = Mµεµ
λ , (2.21)

which is the amplitude for the process of eq. (2.16) for a given vector boson polar-
ization λ. We also define

ρλλ′ = F 2
V Tr

[(

V 2
V l + A2

V l − 2VV lAV lγ5

)

/k1/ε
∗

λ/k2/ελ′

]

(2.22)

which is, apart from the normalization, the decay density matrix2 of the vector boson.
This quantity can be explicitly computed; here, we only present it in the form of a

diagonal matrix

ρλλ′ =
(

UρDU∗
)

λλ′
, (2.23)

where

ρD = 2m2
V F 2

V diag
(

0, (VV l − AV l)
2, (VV l + AV l)

2
)

. (2.24)

2The density matrix is usually defined as the transpose of that in eq. (2.22). See e.g. ref. [4].

5

where mV and ΓV are the mass and the width of the vector boson respectively, and

Mµ is the amplitude for the process

a(P1) + b(P2) −→ V (q) + X(x) , (2.16)

µ being the Lorentz index associated with V ; the polarization four-vector of V is not
included in Mµ. From eq. (2.15) we get (neglecting lepton masses)

∑

spins

|A|2 = MµM∗ρ (−gµν + qµqν/m2
V ) (−gρσ + qρqσ/m2

V )

(q2 − m2
V )2 + (mV ΓV )2

× F 2
V Tr

[(

V 2
V l + A2

V l − 2VV lAV lγ5

)

/k1γ
ν/k2γ

σ
]

. (2.17)

We now consider the narrow width approximation ΓV → 0. We have

1

(q2 − m2
V )2 + (mV ΓV )2

−→
π

mV ΓV

δ
(

q2 − m2
V

)

. (2.18)

The δ function, which puts the vector boson on shell, allows us to write

(

−gµν +
qµqν

m2
V

)

=
∑

λ

εµ
λε

∗ν
λ , (2.19)

where ελ are the polarization four-vectors of the vector boson. Using eq. (2.19),

eq. (2.17) becomes

∑

spin

|A|2 =
π

mV ΓV

∑

λλ′

M̃λρλλ′M̃∗

λ′ δ
(

q2 − m2
V

)

, (2.20)

where we defined

M̃λ = Mµεµ
λ , (2.21)

which is the amplitude for the process of eq. (2.16) for a given vector boson polar-
ization λ. We also define

ρλλ′ = F 2
V Tr

[(

V 2
V l + A2

V l − 2VV lAV lγ5

)

/k1/ε
∗

λ/k2/ελ′

]

(2.22)

which is, apart from the normalization, the decay density matrix2 of the vector boson.
This quantity can be explicitly computed; here, we only present it in the form of a

diagonal matrix

ρλλ′ =
(

UρDU∗
)

λλ′
, (2.23)

where

ρD = 2m2
V F 2

V diag
(

0, (VV l − AV l)
2, (VV l + AV l)

2
)

. (2.24)

2The density matrix is usually defined as the transpose of that in eq. (2.22). See e.g. ref. [4].

5



Spin correlations for single top in MC@NLO

✦ Top is produced polarized by EW interaction 
‣ 100% correlation between top spin and charged lepton direction 

✦ Angle of lepton with appropriate axis is different per channel 
✦ Method included “a posteriori”. Also used in POWHEG 
✦ Implemented in MadSpin 

Frixione, EL, Motylinski, Webber

Beam direction Hardest, non-b jet

θ

Aioli, Nason, Oleari, Re

74

Artoisenet, Frederix, Rietkerk



Top vision

‣ Mass: linear e+e- collider estimate

‣ 20-30 MeV statistical uncertainty, total about 100 MeV

‣ 2-4 % uncertainty for Top-Higgs coupling

‣ Future circular collider:  100 TeV hadron collider near Geneva

‣ Rich top physics, rates about 100 times the present LHC

‣ ttWW, tttt, ttjjj, etc.

‣ Theory:  aMC@NNLO?   Another N? 
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But first: Top in Run II at LHC

‣ LHC has restarted well

‣ First interesting results: Yvonne’s talk

‣ Analyses requiring very large Top samples become feasible

‣ Close collaboration between experiment and theory

‣ LHC: T-factory. Top is the new Bottom.

‣ With luck and perseverance, Top may well return as King of the Particles
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