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QCD is a key part of the Standard Model but quark 
confinement is a complication/interesting feature.

Some properties of hadrons can 
be very accurately measured and 
are calculable in lattice QCD -  
can test SM and determine 
parameters very accurately (1%).

ATLAS@LHC

Connecting observed hadron 
properties to those of quarks 
requires full nonperturbative 
treatment of Quantum 
Chromodynamics.
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Weak decays probe meson structure and quark couplings

Need precision lattice QCD to get accurate CKM 
elements to test Standard Model. 

Vus

K

ν

Expt = CKM x theory(QCD)

If  Vab known, compare lattice to expt to test QCD

Br(M ! µ⌫) / V 2
abf

2
M

CKM matrix

`



Lattice QCD =  fully nonperturbative, 
based on Path Integral formalism

a

Z
DUD�D� exp(�

Z
LQCDd4x)basic 

integral

discretise quark and gluon fields in a 
4-d space-(Euclidean)time volume

a=0.1fm, N = 504, gives 
multi-million dimensional integral

Integrating over quark fields leaves 
gluon field integral.  
Sea quarks appear through det M  
Valence quarks through M-1

M = � ·D +mq



Lattice QCD =  two-step procedure
1) Generate sets of gluon fields for 
Monte Carlo integrn of Path Integral 
(inc effect of u, d, s, (c) sea quarks)

2) Calculate valence quark 
propagators and combine for “hadron 
correlators” 

• Determine      and fix       to get 
results in physical units.

a mq

• Fit for masses and matrix elements

a
• cost increases as               
and with statistics, volume.

a ! 0,ml ! phys

*numerically extremely challenging*

*numerically costly, data intensive*



UK landscape  - people 
8 university 
teams in UKQCD 
consortium.   
Key members of  
international 
collaborations 
e.g Fastsum, 
Hadspec, 
HPQCD, QCDSF, 
RBC-UKQCD, 
strongBSM 

Different methods for handling quarks, optimised for different 
physics, but crosschecks important. Results impact:
LHC, BES, KEK, FNAL, JLAB, J-PARC, DAFNE, RHIC, FAIR ...



STFC’s HPC facility

Darwin@Cambridge: State-of-
the-art commodity cluster: 9600 
Intel Sandybridge cores, 
infiniband interconnect, fast 
switch and 2 Pbytes storage

www.dirac.ac.uk

Blue Gene/Q @Edinburgh: 
98000 cores, 5D Torus 
Interconnect, 1.3 Pflops 
23 in Top500 list 2012

Upgrade needed in 2016!

http://www.dirac.ac.uk


Example parameters for calculations now being done with 
‘staggered’ quarks.

real 
world

mass of u,d 
quarks

Volume:

mu,d ⇡ ms/10

mu,d ⇡ ms/27

“2nd generation” 
lattices inc. c 
quarks in sea

m⇡L > 3

HISQ = Highly 
improved 
staggered quarks -
very accurate 
discretisation 

135 MeV
m⇡0 =

E.Follana et al, 
HPQCD, hep-lat/
0610092.
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Hadron correlation functions (‘2point functions’) give 
masses and decay constants. 

h0|H†(T )H(0)|0i =
X

n

Ane
�mnT

masses of all 
hadrons with 
quantum 
numbers of H|h0|H|ni|2

2mn

decay constant parameterises amplitude to annihilate - a 
property of the meson calculable in QCD. Relate to 
experimental decay rate. 1% accurate experimental info. 

for f  and m for many mesons! 
Need accurate determination 
from lattice QCD to match

QCD HH

=
f2
nmn

2
An =

large! A0e
�m0T

T



Example (state-of-the-art) calculation 

R. Dowdall et al, HPQCD, 1303.1670.

Extract meson mass and 
amplitude=decay constant 
from correlator for multiple 
lattice spacings and mu/d. 
Very high statistics

Convert decay constant 
to GeV units using       to 
fix relative scale. Very 
small discretisation 
errors.
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The gold-plated meson spectrum 

2008
1207.5149; 
0909.4462

HPQCD 
1008.4018 
error 3 MeV 
- em effects 
important!

HPQCD 
1112.2590
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FIG. 7. Recent lattice QCD determinations of the QCD coupling
(nf = 5) evaluated at scale MZ . The gray band is the weighted
average of the results: 0.1185(4). We include our jj result for nf =
3 in the average, but not our new nf = 4 result since systematic
errors are correlated between the two results. The results shown here
come from this paper and [37–41].

In this paper, we have redone our earlier nf = 3 analysis [2]
using simulations with nf = 4 sea quarks: u, d, s and c. Our
new results,

mc(3 GeV, nf = 4) = 0.9851(63) GeV (52)
↵
MS

(MZ , nf = 5) = 0.11822(74), (53)

agree well with our earlier results of 0.986(6) GeV and
0.1183(7), suggesting that contributions from c quarks in
the sea are reliably estimated using perturbation theory (as
expected). Our c mass is about 1.8� lower than the re-
cent result from the ETMC collaboration, also using nf =

4 simulations but with a different method [36]: they get
mc(mc) = 1.348(42) GeV, compared with our nf = 4 re-
sult of 1.2715(95) GeV.

Our new result for the coupling (Eq. (53)) agrees with re-
sults from other collaborations, who use different methods
from us (and each other). Recent results (nf = 3 or 4) are
summarized in Fig. 7.

We updated our earlier nf = 3 analysis [32] of the ra-
tio mc/ms of quark masses using our nf = 4 data. This
is a relatively simple analysis of data from Table II. Our new
value is:

mc(µ, nf )

ms(µ, nf )

= 11.652(65). (54)

It agrees well with our previous result 11.85(16), but is much
more accurate. We compare our new result with others in
Fig. 8.

We obtain a new estimate for the s mass by combining our
new result for mc/ms with our new estimate of the c mass
(Eq. (52), converted from nf = 4):

ms(µ, nf = 3) =

(
93.6(8) MeV µ = 2GeV

84.7(7) MeV µ = 3GeV.
(55)

FIG. 8. Lattice QCD determinations of the ratio of the c and s quarks’
masses. The ratios come from this paper and references [32, 33, 36,
42, 43]. The gray band is the weighted average of the three nf = 4
results: 11.700(46).

FIG. 9. Lattice QCD determinations of the MS s-quark mass
ms(3GeV, nf = 3) in MeV. These masses come this paper and
references [32, 36, 44–46] The gray band is the weighted average of
these results: 84.1(5)MeV.

This brings the error below 1% for the first time. Values for
ms(µ, nf = 4) are smaller by about 0.2 MeV. Our new result
agrees with our previous analysis and also with other recent
nf = 3 or 4 analyses:

ms(2 GeV) =

8
><

>:

92.4(1.5) MeV HPQCD [32],
99.6(4.3) MeV ETMC [36],
95.5(1.9) MeV Durr et al [44],

ms(3 GeV) = 81.64(1.17) MeV RBC/UKQCD [45].
(56)

We compare these nonperturbative results in Fig. 9, together
with an earlier perturbative determination from [46].

Finally, we have also updated our previous (nf = 3) non-
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We compare these nonperturbative results in Fig. 9, together
with an earlier perturbative determination from [46].

Finally, we have also updated our previous (nf = 3) non-

Quark masses and strong coupling constant  
Lattice QCD results have 
transformed accuracy possible
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HPQCD HISQ ratio n f = 4

ETMC ratio
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FIG. 7: Lattice QCD results for m
b

in the MS scheme with
5 flavours and evaluated at its own scale. Results are from
calculations that include either 3 or 4 flavours of sea quarks
and so can be perturbatively corrected to 5 flavours. All 5
results use di↵erent methods, indicated on the right. The
top result is from this paper, the second from [15], the third
from [64], the fourth from [18] and the fifth from [65], adjusted
perturbatively to n

f

= 5. The grey band gives the weighted
average of the lattice results: 4.178(14) GeV.

suggested in [20] as being needed for a future accurate
determination of Higgs couplings to bb. The value also
agrees well with determinations from continuum meth-
ods, for example using Re+e� results in the b region [49].

The method we have given here is applicable to other
lattice formalisms for heavy quarks, for example that of
the Fermilab Lattice Collaboration [67]. Further deter-
minations of mb from other formalisms would be useful in
the long-term goal of reducing uncertainties in Standard
Model parameters needed for precision characterisation
of the Higgs boson.
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on the Darwin supercomputer at the University of Cam-
bridge as part of STFC’s DiRAC facility. We are grateful
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this work came from STFC, the Royal Society, the Wolf-
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Appendix A: Determination of Z
V

The perturbative analysis of heavy-heavy current-
current correlators is well developed in continuum QCD
perturbation theory [39–43] and here we make use of that
to normalise the lattice NRQCD vector current for bb an-

nihilation that we use to determine the ⌥ leptonic width.
The method is a variation of that used for the J/ lep-
tonic width in [8]. In that case we were working with
a relativistic discretisation of the QCD quark action on
the lattice. Since here we have a nonrelativistic discreti-
sation there are some di↵erences in the approach that we
lay out in this section5.

Time-moments of current-current correlators, being
ultraviolet-finite quantities, can be calculated in lattice
QCD and extrapolated to the continuum limit to give a
continuum result that can be compared to experiment [8].
The current used in the correlator must be matched to
the continuum current, however. When the Highly Im-
proved Staggered Quark discretisation [22] is used, for
example, the local pseudoscalar density is absolutely nor-
malised [14, 15] but the vector current normalisation has
to be fixed. For heavy quarks this can be done using
the continuum QCD perturbation theory for the vec-
tor current-current correlator moments. The multiplica-
tive renormalisation factor ZV is simply determined by
matching the lattice result at a given lattice spacing for
a specific moment to the perturbative result. We can
choose which moment to use, since di↵erences in ZV that
arise from a di↵erent choice are discretisation e↵ects that
must disappear in the continuum limit, along with other
discretisation errors that result from working at a non-
zero lattice spacing. The low moments, 4–10, are known
through O(↵3

s) so are clearly to be preferred over higher
ones. It is convenient to use ratios of vector to pseu-
doscalar current-current correlator moments since then
factors of the quark mass cancel [8].

When a nonrelativistic discretisation of the QCD quark
action is used, neither the pseudoscalar nor the vector
currents is absolutely normalised and the lattice current
is only determined to a given order in a relativistic expan-
sion. Hence the match to continuum QCD perturbation
theory has both discretisation errors and relativistic er-
rors, which are mixed by the higher dimension operators
used to implement corrections, and so we cannot simply
take a value of Z from the match for a specific moment.

In determining the normalisation of the current we
can, however, make use of the fact that time-moments
with low moment number emphasise very short times
in the current-current correlator and are therefore sen-
sitive to much higher internal spatial momenta within
the quark-antiquark pair (the overall momentum of the
pair is zero) than higher moments are [15]. Thus, as the
moment number changes, the sensitivity to relativistic
corrections changes. This is easily seen in an analysis of
the free case. At leading relativistic order, for vector or
pseudoscalar moments, multiplying the free quark and

5 Note also that, in a nonrelativistic formalism, the annihilation
and scattering currents do not have the same renormalisation
factor

Future: Accurate tests of Higgs 
require halving uncertainty on mb 
and            …..↵s

! bb

1408.4169

1408.5768

1302.3739

1408.4169



More detailed study of  unstable and excited states underway

6 

Y(4260) 

Kc J/\ χc0 χc1 χc2 hc 

X(3872) 

JPC 

Excited charmonia 

MS | 400 MeV [HadSpec, JHEP 07 (2012) 126] 

Hadspec

Experiment

‘Exotic’

Future: establish whether tetraquark states, hybrids, glueballs, 
pentaquarks exist - needs very high stats and large op. basis. 
Pin down unstable states so they can be included in SM tests

8 

MU = 854.1 ± 1.1 MeV   
* = 12.4 ± 0.6 MeV 
g = 5.80 ± 0.11 

[MS | 400 MeV] 

[PR D87, 034505] The U resonance in SS scattering 

c.f. experimentally  
MU = 775.49 ± 0.34 MeV 
* = 149.1 ± 0.8 MeV 
g  ≈  5.9 

Mρ 

�* 

unstable  
states need 
multivolume 
analysis

1204.5425

1411.2004

first results: charmonium
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Meson decay constants 
Parameterises hadronic information needed 
for annihilation rate to W or photon:

� / f2

 2012
B ! ⇥�

1503.05762

decay constants of 
vector mesons now 
being pinned down 

0.5% accuracy from lattice QCD 
now : FNAL/MILC 1407.3772 
BES will improve expt. 

0.2% accurate
Vus

Vub VcsVcd



B, Bs decay constant 
world averages 

NOTE:  
fBs < fDs now quite clear

185(3) 225(3) averages

 150  175  200  225  250  275  300
fBx

 / MeV

PDG av. branching fraction
+ unitarity Vub 

HPQCD NRQCD
1302.2644

HPQCD NRQCD
1202.4914

HPQCD HISQ 1110.4510

FNAL/MILC 1112.3051
RBC/UKQCD 1404.4670

ETMC 1308.1851
ALPHA 1404.3590

fB fBs fB,expt

fB+

fB0

u, d sea

u, d, s sea

u, d, s, c sea
Different  
approaches to 
b quark 
being used  
and to 
normalising 
weak current 



Bs " µµ
! Super rare decay in SM with well! Super rare decay in SM with well

predicted BR(Bs " µµ) = (3.55±0.33)×10-9

! Sensitive to NP in MSSM

BR ∝ tan6β / M4
A

! Best present limit is from CDF:

BR(B " ) 4 10 8 @ 90% CL

CDF

BR(Bs " µµ) < 4.7×10-8 @ 90% CL 

! For the SM prediction

LHCb expects 8 signal and 12LHCb expects 8 signal and 12

background events in the most

sensitive bin in 2 fb-1  . Background is

dominated by semileptonic decaysdominated by semileptonic decays

of different b quarks

! 3σ evidence with 2 fb-1 

5σ observation with 6fb-1 

11BaBar Symposium April 2009 

Enables SM branching fraction to be determined for: 

Br(Bs � µ+µ�) = Af2
Bs

MBs |V ⇤
tbVts|2�(Bs)

2013: Updated result from lattice 
QCD fBs:

Now seen by LHC (CMS/
LHCb)with  
!
Improved accuracy from  
Run 2 will allow strong 
test against SM. 
Bd rate a bit high vs SM …

LHCb: November 2012

(including          effect in time-integration)

3.47(19)⇥ 10�9

��

HPQCD: R Dowdall et al,1302.2644. 

Br = 2.8(6)⇥ 10�9
1411.4413



Semileptonic form factors Vqq0

‘3point function’ - amplitude

DK

J

T

t

< K|V µ|D >= f+(q2)

pµ

D + pµ
K �

M2
D �M2

K

q2
qµ

�

+f0(q2)
M2

D �M2
K

q2
qµ

qµ = pµ
D � pµ

K

< K|S|D >=
M2

D �M2
K

m0c �m0s
f0(q2)

f0(0) = f+(0)

abs. norm. for same c/s 
action HPQCD: 1008.4562

measured by expt 
through rate for e.g 
D ! Kl⌫

cs

u/d

D K

Exclusive  
process



Semileptonic form factors for charmed mesons:

Comparison to expt gives more detailed test of QCD.  
Note: form factor seems to be independent of spectator 
quark in decay. (not predicted by QCD sum rules ....)

c! sf+(0) = f0(0)

J. Koponen et 
al, HPQCD, 
1305.1462 

q2 is 4-mom 
transfer 
between D and 
outgoing 
meson

c s
W

lattice accuracy highest - 
particles at rest
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|Vcs|2 extracted from that bin directly. The experimental results are from [7, 8, 9, 10].
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Convert to decay rate in q2 bins to compare to experiment: 
D ! K

J. Koponen et al, 
HPQCD, 1305.1462

Also tests QCD via form factor shape 

Uses all exptl data in  model-indpt way 
to give Vcs to 1.5%

CLEO-c
D0! K�e+ν
(D0! K+π�)

K-

π-

e+

K+

ν

exptl error best



B ! ⇡`⌫

form factors mu/d -dependent 
and q2 range of lattice QCD 
calculation is limited. 

B ! ⇡l⌫ semileptonic decay and |Vub|

Figure: Combined fit of lattice-QCD form factors and experimental data.
(arXiv:1503.07839) The combined fit of experimental data and lattice-QCD data
significantly reduced the form factor’s error at low q2.

Ran Zhou (Fermilab) 09/03/2015 16 / 34

Fermilab/MILC 1503.07839

B ! ⇡l⌫ semileptonic decay and |Vub|

3.2 3.6 4.0 4.4

|V
ub

| × 10
3

UTFit 2014, CKM unitarity

BLNP 2004 + HFAG 2014, B → X
u
lν

Detmold et al. 2015 + LHCb 2015, Λ
b
 → plν

HPQCD 2006 + HFAG 2014, B → πlν

Imsong et al. 2014 + BaBar12 + Belle13, B → πlν

RBC/UKQCD 2015 + BaBar + Belle, B → πlν

Fermilab/MILC 2008 + HFAG 2014, B → πlν

This work + BaBar + Belle, B → πlν

Figure: Comparison of the |Vub| results from di↵erent determinations.
(arXiv:1503.07839)

Ran Zhou (Fermilab) 09/03/2015 18 / 34

Long-standing 
issue of 
inclusive Vub > 
exclusive Vub . 
Same for Vcb

New LHCb 
result using 
baryons+ 
lattice QCD ff. Look at more modes,  

inc. vector final states ….

and Vub



Theoretical Motivation

b u

W

l

⌫

b d(s)

W

Z

l+

l�
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FIG. 5. Standard-Model partially-integrated branching ratios for B+ ! ⇡+µ+µ� decay (left)
and B+ ! K+µ+µ� decay (right) using the Fermilab/MILC form factors [48, 62, 63] compared
with experimental measurements from LHCb [45, 55] for the wide q2 bins above and below the
charmonium resonances.

LHCb quotes measured values for binned di↵erential branching fractions [55], which we
convert to partially integrated branching fractions for ease of comparison with Eq. (4.1):

�B(B+ ! ⇡+µ+µ�)exp ⇥ 109 GeV2 =

⇢
4.55

�
+1.05
�1.00

�
(0.15) 1 GeV2  q2  6 GeV2,

3.29
�
+0.84
�0.70

�
(0.07) 15 GeV2  q2  22 GeV2,

(4.2)
where the two errors are statistical and systematic.

Figure 5 (left panel) compares the Standard-Model predictions from Ref. [63] and LHCb
for the wide bins. The result for the low q2 interval below the charm resonances agrees with
the experimental measurement, but that for the high q2 interval di↵ers at the 1.9� level. The
combination of the two bins, including the theoretical correlations from Tables VII, and VIII
and treating the experimental bins as uncorrelated, yields a �2/dof = 3.7/2 (p = 0.15), and
thus disfavors the Standard-Model hypothesis at 1.4� confidence level.

Although LHCb’s recent measurement of the B ! ⇡`+`+ di↵erential decay rate [55] is
compatible with the Standard-Model predictions, the uncertainties leave room for sizable
new-physics contributions. In the high-q2 interval, 15 GeV2  q2  22 GeV2, the theoretical
and experimental errors are commensurate. Future, more precise measurements after the
LHCb upgrade will refine the comparison, thereby strengthening the test of the Standard
Model.

2. B ! K`+`� observables

Here we present results for B ! K`+`� (` = µ, ⌧) observables in the Standard Model
using the Fermilab/MILC B ! K form factors [62]. Many previous phenomenological anal-
yses of B ! K`+`� related the tensor form factor fT to the vector form factor f

+

based on
approximate symmetries [78, 100]. The HPQCD Collaboration has also presented results
for B ! K observables using their own lattice-QCD form-factor determinations [43]. We
improve upon the Standard-Model predictions in that work and in Ref. [62] by incorporat-
ing hard-scattering contributions at low q2 and by using Wilson coe�cients that include
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Lattice QCD can give hadronic contribution to anomalous 
magnetic moment of muon

µ

q

q

B.Chakraborty et al, HPQCD: 1403.1778
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FIG. 2: Our results for the connected u/d contribution to
aHVP,LO
µ as a function of the u/d quark mass (expressed as

its deviation from the physical value in units of the s quark
mass). The lower curve shows our uncorrected data; the up-
per curve includes correction factors discussed in the text
and is used to obtain the final result. Data come from sim-
ulations with lattice spacings of 0.15 fm (purple triangles),
0.12 fm (blue circles), and 0.09 fm (red squares). The gray
bands show the ±1� predictions of our model (Eq. (7)) after
fitting it to the data. The �2 per degree of freedom was 0.9
and 0.6 for the upper and lower fits, respectively.

our 10 ensembles to a function of the form

a

HVP,LO
µ

✓
1 + c`

�m`

⇤
+ cs

�ms

⇤
+ c̃`

�m`

m`
+ ca2

(a⇤)2

⇡

2

◆

(6)

where �mf ⌘ mf � m

phys
f , and ⇤ ⌘ 5ms is of order the

QCD scale (0.5GeV). The fit parameters have the fol-
lowing priors:

c` = 0(1) cs = 0.0(3) c̃` = 0.00(3) ca2 = 0(1) (7)

together with prior 600(200) ⇥ 10�10 for a

HVP,LO
µ . This

fit corrects for mis-tuned quark masses, higher-order cor-
rections to the ⇡

+
⇡

� contribution, and the finite lattice
spacing. More details are given in the supplementary
materials.

Our final result from the fit for the connected contri-
bution from u/d quarks is a

HVP,LO
µ = 598(6)(8) ⇥ 10�10,

where the first error comes from the lattice calculation
and fit and the second is due to missing contributions
from QED and isospin breaking (mu 6= md), each of
which we estimate to enter at the level of 1% of the u/d

piece of a

HVP,LO
µ . These estimates are supported by more

detailed studies: The key isospin breaking e↵ect of ⇢� !

mixing is estimated in [36] to make a 3.5 ⇥ 10�10 contri-
bution (0.6%) and the QED e↵ect of producing a hadron
polarization bubble consisting of ⇡

0 and � is estimated
in [37] to make a 4.6 ⇥ 10�10 contribution (0.8%). The
leading contributions to our final uncertainty are listed
in Table III.

TABLE III: Error budget for the connected contributions
to the muon anomaly aµ from vacuum polarization of u/d
quarks.

aHVP,LO
µ (u/d)

QED corrections: 1.0%
Isospin breaking corrections: 1.0%

Staggered pions, finite volume: 0.7%
Valence m` extrapolation: 0.4%

Monte Carlo statistics: 0.4%
Padé approximants: 0.4%

a2 ! 0 extrapolation: 0.3%
ZV uncertainty: 0.4%
Correlator fits: 0.2%

Tuning sea-quark masses: 0.2%
Lattice spacing uncertainty: < 0.05%

Total: 1.8%

DISCUSSION/CONCLUSIONS

Adding results from our earlier analyses [14, 26], the
connected contributions to a

HVP,LO
µ are:

a

HVP,LO
µ

��
conn.

⇥ 1010 =

8
>>><

>>>:

598(11) from u/d quarks

53.4(6) from s quarks

14.4(4) from c quarks

0.27(4) from b quarks

(8)

We combine these results with our recent estimate [27]
of the contribution from disconnected diagrams involving
u, d and s quarks. We take this as 0(9) ⇥ 10�10 to ob-
tain an estimate for the entire contribution from hadronic
vacuum polarization:

a

HVP,LO
µ = 666(6)(12) ⇥ 10�10 (9)

This agrees well with the only earlier u/d/s/c lat-
tice QCD result, 674(28) ⇥ 10�10 [13], but has errors
from the lattice calculation reduced by a factor of four.
It also agrees with earlier non-lattice results (⇥1010):
694.9(4.3) [5], 690.8(4.7) [6], and 681.9(3.2) [7] and
687.2(3.5) [8]. These are separately more accurate than
our result but the spread between them is comparable to
our uncertainty.

It is also useful to compare our result to the ex-
pectation from experiment. Assuming there is no new
physics beyond the Standard Model, experiment requires
a

HVP,LO
µ to be 720(7) ⇥ 10�10. This value is obtained

by subtracting from experiment the accepted values of
QED [38], electroweak [39], higher order HVP [5, 40] and
hadronic light-by-light contributions [41]. It is roughly
3.5� away from our result (Eq. (9)), but we need signif-
icantly smaller theoretical errors before we can make a
case for new physics.

From Table III we see that uncertainties can be re-
duced by improving the calculation of the quark-line dis-
connected contribution [28, 42] and from new simulations

598(11) u/d
53.4(6) s
14.4(4) c
0.27(4) b

aHVP,LO
µ ⇥ 10�10

10

TABLE IV: Pion masses for di↵erent tastes, and the corresponding finite-volume plus staggered-pion corrections to be added
to the Taylor coe�cients ⇧j for each configuration in Table II. The pion masses are based upon results in [21], using our
definition of the lattice spacing. The Taylor coe�cients include an extra 10% uncertainty, beyond that due to uncertainties in
the pion masses, to account for higher-mass resonances and higher-order terms in chiral perturbation theory. Results are also
given for the ⇢ decay constant for each configuration (in lattice units).

Set m⇡(⇠5) m⇡(⇠5µ) m⇡(⇠µ⌫) m⇡(⇠µ) m⇡(1) �⇧1 �⇧2 �⇧3 �⇧4 af latt
⇢

1 0.302(2) 0.362(3) 0.407(4) 0.451(5) 0.485(19) 0.0012(1) �0.0054 (6) 0.015 (2) �0.036 (4) 0.178(1)
2 0.216(1) 0.294(3) 0.348(4) 0.399(6) 0.438(23) 0.0028(3) �0.0172(18) 0.067 (7) �0.229 (25) 0.164(2)
3 0.133(1) 0.240(3) 0.304(5) 0.362(7) 0.405(26) 0.0094(9) �0.0880(90) 0.608(64) �4.430(482) 0.166(2)
4 0.301(2) 0.334(2) 0.360(3) 0.390(4) 0.413 (9) 0.0008(1) �0.0041 (4) 0.012 (1) �0.031 (3) 0.139(2)
5 0.218(1) 0.262(2) 0.295(3) 0.331(4) 0.359(11) 0.0025(2) �0.0150(16) 0.059 (6) �0.202 (23) 0.130(5)
6 0.217(1) 0.261(2) 0.294(3) 0.331(4) 0.358(11) 0.0022(2) �0.0139(14) 0.056 (6) �0.203 (22) 0.128(3)
7 0.216(1) 0.261(2) 0.294(3) 0.330(4) 0.358(11) 0.0021(2) �0.0133(14) 0.054 (6) �0.197 (22) 0.129(3)
8 0.133(1) 0.197(2) 0.240(4) 0.284(5) 0.316(13) 0.0081(8) �0.0806(83) 0.587(62) �4.420(481) 0.131(1)
9 0.308(2) 0.319(2) 0.328(2) 0.337(2) 0.345 (4) 0.0005(1) �0.0027 (3) 0.008 (1) �0.022 (2) 0.101(2)
10 0.219(1) 0.235(1) 0.247(2) 0.259(3) 0.270 (5) 0.0013(1) �0.0089 (9) 0.040 (4) �0.153 (17) 0.094(2)

FIG. 4: Uncertainty in aHVP,LO
µ due to finite-volume and

staggered-pion e↵ects as a function of the average taste-
splitting �m2

⇡ between pions and the spatial size L of the
lattice at the physical value of m⇡+ (140 MeV). Here the line
marked �m2

⇡ refers to the splittings for configuration set 8
in Table IV for which L = 5.8 fm. The splittings decrease
slightly faster than a2 as the lattice spacing decreases, so the
other lines shown correspond to conservative uncertainties at
lattice spacings of approximately 0.09 fm, 0.06 fm, 0.045 fm
and 0.03 fm. The uncertainties are estimated to be 1/10 of
the correction.

polarization contribution is larger than the physical pion
mass because of the staggering. This strongly suppresses
finite-volume e↵ects. Fig. 4 shows how the uncertainty
from this correction depends upon the taste-splittings be-
tween pions �m

2
⇡ and the spatial size L of the lattice.

Lines are drawn for varying �m

2
⇡ at physical pion mass

starting from coarse set 8. The uncertainty shown in the
figure for the largest �m

2
⇡ is somewhat smaller than the

uncertainty that we use for configuration set 8 because
the pion mass on that ensemble is smaller than the phys-
ical pion mass.
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FIG. 5: Our final result for aHVP,LO
µ from lattice QCD com-

pared to an earlier lattice result (also with u, d, s and c
quarks) from the ETM Collaboration [13], and to results using
experimental cross-section information [5–8]. We also com-
pare with the result expected from the experimental value
for aµ assuming that there are no contributions from physics
beyond the Standard Model.

aµ FIT

We obtain an estimate for aµ from each of our ensem-
bles after we correct for finite-volume plus staggered-pion
lattice artifacts and rescale with the ⇢ mass as described
in the main paper. Our corrections greatly reduce the
dependence of these estimates on the valence and sea
quark masses, and on the lattice spacing. We fit our re-
sults from the di↵erent configurations to the formula in
eq. (6) so we could extrapolate to the correct masses and
zero lattice spacing to obtain our final results. The first
two correction terms in eq. (6) allow for residual depen-
dence on ml and (slight) mistuning in the s quark’s mass.

Total 666(6)(12)
inc systs from QED, 
isospin, disc. diags

‘hadronic light-by-
light’ smaller but 
more difficult 
!
see: RBC 1510.01700

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through a5, EW
a2, and QCD a3. The two QED values correspond to different values of a , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and t ! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (t) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of P(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order a3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.
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Future

Conclusion
•  Lattice QCD results for gold-plated hadron masses, 
decay constants and form factors now providing stringent 
tests of QCD/SM.  
• Gives QCD parameters and some CKM elements to 1%. 
• “Tensions” with expt./inclusive methods to be resolved. 

• Inc. the range of modes 
studied to inc. vector mesons, 
baryons etc. 

Phenomenology with Lattice NRQCD b Quarks. Brian Colquhoun

Figure 5: Results for of the ratio of f0(q2
max)⇥ (1+mp/mB) to fB/ fp [12]. The grey band shows our final

fit result, in agreement with 1 at mp = 0.
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Figure 6: Results for f0(q2)/ fBc for q2 = q2
max (upper points) and for q2 = 0 (lower points) against the

pseudoscalar heavionium mass, Mhh . The results for the rightmost value of Mhh use NRQCD b quarks and
HISQ c quarks on the fine and superfine lattices. All other points show results on the fine, superfine and
ultrafine ensembles using the HISQ formalism for both valence quarks.

Figure 6 compares results from NRQCD b and HISQ c quarks to those from HISQ heavy
quarks h and HISQ c quarks as a function – in the HISQ-HISQ case – of the pseudoscalar heavy-
heavy mass. Good agreement is seen between NRQCD-HISQ, which is perturbatively normalised,
and HISQ-HISQ results for both q2 = q2

max and q2 = 0 despite very different dependence on Mhh .
No discretisation errors are visible when f0 is normalised by fBc . We expect f0 at fixed hc energy
to scale with Mhh in a similar way to fBc . The ratio f0(q2

max)/ fBc would then tend to a constant as
figure 6 shows.

6. Conclusions

We have described several recent accurate results for the properties of mesons containing b
quarks. These have enabled us to fill out the picture of meson decay constants from lattice QCD.
For mb, fBs and fBc we have compared results using NRQCD b quarks with those from heavy HISQ

6

• Inc. the range of q2 covered  
by going to finer lattices  

• Aim for 1% errors for B and Bs physics Bc ! ⌘c`⌫

q2
max

q2 = 0

b

• many more calculations  …
will need faster computers!
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Independent determination of Vcs from 

Ds ! ⇥⇤�

3

The p⇥q2 factor in the di�erential cross-section (Eq. 4)
means that the contribution of H0(q2) does not diverge
as q2 ⇤ 0. Note that A1 contributes to all helicities, A2

only to H0 and V only to H±. At high q2 where p⇥ ⇤ 0,
A1 dominates all of the helicities.

In the di�erential decay rate given in Eq. 4, the lep-
ton mass is neglected. This is a good approximation for
Ds ⇤ ⌃ semileptonic decays where ✓ = e, µ and one
which we make for our comparison with BaBar results [4],
in which the final state lepton is an electron.

However, we can calculate in lattice QCD the contri-
butions to the decay rate that are suppressed by factors
of m2

⌃ and study their relative size. If we do not neglect
the lepton mass, the decay rate also includes [5]

3

8(4⇧)4
G2

F |Vcs|2
p⇥m2

⌃

M2
Ds

B(⌃ ⇤ K+K�)⇥ (7)

{ sin2 ⇥K sin2 ⇥⌃|H+(q
2)|2

+sin2 ⇥K sin2 ⇥⌃|H�(q
2)|2

+4 cos2 ⇥K cos2 ⇥⌃|H0(q
2)|2

+4 cos2 ⇥K |Ht(q
2)|2

+sin2 ⇥K sin2 ⇥⌃ cos 2⌥H+(q
2)H�(q

2)

+ sin 2⇥K sin 2⇥⌃ cos 2⌥H+(q
2)H0(q

2)

+ sin 2⇥K sin 2⇥⌃ cos 2⌥H�(q
2)H0(q

2)

+2 sin 2⇥K sin ⇥⌃ cos⌥H+(q
2)Ht(q

2)

+2 sin 2⇥K sin ⇥⌃ cos⌥H�(q
2)Ht(q

2)

+ 8 cos2 ⇥K cos ⇥⌃H0(q
2)Ht(q

2)
�
.

All of the cross terms in Eq. 7 vanish on integration over
⌥, apart from H0(q2)Ht(q2), which vanishes if we inte-
grate over cos ⇥⌃.
The helicity amplitude Ht(q2) is given by

Ht(q
2) =

2MDsp⇥⇥
q2

A0(q
2). (8)

At q2 = 0, Ht(0) = H0(0) because, for these kinematics,
M2

Ds
�M2

⇥ = 2MDsp⇥ and we also have A0(0) = A3(0).

We can calculate A0(q2) using a pseudoscalar current (see
Eq. 3), so it is straightforward to calculate Ht(q2) in lat-
tice QCD.

As Ht is proportional to 1/
⇥
q2, it is most important

at low q2. The e�ect of this helicity amplitude could be
detected as a di�erence in the semileptonic decay rate
with electrons or muons in the final state. It has been
observed in the measurements of D ⇤ K⇥✓⌅ made by
CLEO [6].

III. LATTICE CALCULATION.

For the lattice QCD calculation we use the Highly Im-
proved Staggered Quark action [2] for all the valence
quarks. This action has very small discretisation errors,

W
l+

�l

�l �

Ds

K+

K�

�K

�

FIG. 1: Diagram to show the angles used for the di�erential
rate for Ds � ⇥⌃�. ⌃� are drawn in the virtual W ⇥ rest frame
and K+K� in the ⇥ rest frame. The angles are defined in the
Ds rest frame, however [3].

making it an excellent action for c [2, 7–9] as well as for
the lighter s quarks we need here. We calculate HISQ
propagators on gluon field configurations generated by
the MILC collaboration that include u, d and s sea quarks
using the asqtad formalism [10]. Table I gives the param-
eters of the ensembles of configurations we use, with two
di�erent lattice spacing values and two di�erent u/d sea
quark masses.
To tune the s and c quark masses to their correct

physical values we use the pseudoscalar �s and �c me-
son masses [8]. The �s is a fictitious ss pseudoscalar that
is not allowed to decay in lattice QCD. Although this
meson does not occur in the real world its mass can be
accurately determined in lattice QCD because it does not
contain valence u/d quarks, and a ‘physical’ value for its
mass can be determined in the continuum and chiral lim-
its. We find M�s = 0.6858(40) GeV [11], and use this to
tune the s quark mass [8]. In tuning the c quark mass
here we must use the value of the �c mass [8] in a world
without electromagnetism or c quarks in the sea. We take
this to be M�c=2.985(3) GeV [12]. Discretisation errors
from using the HISQ action are reduced for c quarks by
modifying the coe⇤cient of the ‘Naik’ term [13], which
corrects for a2 errors in the covariant derivative, to in-
clude the tree-level correction which is a function of the
bare quark mass, mca [8]. A measure of the smallness of
the resulting discretisation errors comes from a study of
the ‘speed of light’ for the �c [9]. This di�ers from 1 by
less than 3% on both the coarse and fine lattices.
The quark propagators are made from a ‘random wall’

source - a colour-vector of random numbers in U(1) on
a source timeslice - to reduce the statistical noise. We
use four evenly spaced time sources on each configura-
tion, choosing the first time source randomly to reduce
correlations between configurations.
The lattice spacing is determined for each ensemble

using the calculation of static quark potential by MILC
and the extraction of a parameter associated with that
potential called r1 [10]. The value for this parameter
in units of the lattice spacing, r1/a, is given in Table I.
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FIG. 7: Decay distributions for Ds � ⇥⇧� with ⇥ � K+K� for each of the kinematic variables in the decay. The decay angles
are shown in Figure 1 and described in the text. The lattice results are shown with the red points with error bars and the
experimental results by blue blocks. The experimental errors are not plotted, but are of similar size to the lattice errors.

cay and from the D � K form factor and its comparison
to D semileptonic decay. The value from CKM unitarity
is also shown. We see that the result from Ds � ⇤ decay
is in good agreement with the other results but has larger
errors. This is a combination of both larger lattice QCD
and experimental errors. The lattice QCD error is domi-
nated by the statistical error in the determination of the
form factors. Although the current calculation did use
a large sample of configurations, reducing the statistical
error is certainly feasible at these values of the lattice
spacing. This would make an improved experimental er-
ror, for example from BESIII, highly desirable.

The fact the ⇤ has a strong decay to KK and so is
not gold-plated is an additional source of uncertainty.
Here we have estimated this at 3% based on stud-
ies of the ⇤ mass and decay constant as well as phe-
nomenological arguments. For the ⇤ meson, we find
M� = 1.032(16) GeV and f� = 241(18) MeV, leading to
�(⇤ � e+e�) = 1.41(21)keV, in agreement with exper-
iment (1.27(4) keV [19]). Further studies are underway
of the ⇤ with improved statistical accuracy and on gluon
field configurations that include lighter u/d quarks going
down to physical masses [27]. These should establish to
higher accuracy the e⇥ect of the strong decay on the ⇤
properties.

Several elements of our calculation point the way to-
wards future work. We have been able to determine
the pseudoscalar form factor here which contributes to
a lepton-mass-suppressed helicity contribution to the de-
cay rate. This could be observed experimentally in the
Ds � ⇤µ⇥ channel and would give an additional han-
dle to test weak interactions. We have also tested fur-
ther the fact that heavy meson form factors at a given
q2 value seem to be insensitive to the spectator quark
mass (between light and strange masses). Direct tests of
this experimentally (for example between Ds � ⇤ and
D � K⇥) would be interesting.
As we have seen here and in other calculations, for

example [2, 9], the HISQ action gives very small discreti-
sation errors for c quarks. This points the way to its use
for heavier quark masses. Extrapolations to the b can be
done accurately if results at multiple lattice spacings are
available, including very fine lattices [28–30]. The results
here demonstrate that we can calculate pseudoscalar to
vector meson transitions using HISQ valence quarks with
nonperturbative normalisation of the vector and axial
vector currents. Working at heavier masses and finer
lattices and extrapolating then gives us a new method
for determining vector and axial vector form factors for,
for example, B � D⇥↵⇥ decays (for determination of Vcb)

Vector final state means helicity info. is 
transmitted. Angular and q2 distributions Lattice QCD  

(HISQ on 2+1 asqtad 
configs)

Experiment (BaBar)

G. Donald et al, 
HPQCD, 1311.6669
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FIG. 8: Comparison of lattice QCD with CLEO’s determina-
tion [6] of the helicity amplitudes for D � K�. We assume
that the form factors are insensitive to the spectator quark
mass, so we can construct the D � K� helicity amplitudes
using the same form factors as Ds � ⇥. The data plotted is
normalised such that q2|H0(q

2)|2 � 1 as q2 � 0.

and Bs ⇥ ⇥⌃+⌃� decays (to search for new physics).
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FIG. 9: Comparison of the values of Vcs obtained here from
Ds � ⇥ decay and those from Ds leptonic decay [8] and
D � K semileptonic decay [1]. We also show the result from
CKM unitarity [19].

Set Zss̄
�µ⇥1 Zss̄

�µ⇥�µ Zcs̄
�µ⇥�µ Zcs̄

�5�µ⇥�5
Zcs̄

�5�µ⇥�5�µ

1 1.104(15) 1.007(12) 1.027(3) 1.065(7) 1.038(3)
2 1.104(15) 1.003(9) 1.020(10) 1.065(5) 1.036(4)
3 1.047(6) 1.009(11) 1.009(2) 1.017(5) 1.020(6)

TABLE V: The Z factors on each ensemble for the staggered
bilinears used. In columns 2 and 3 are the Z factors for the
ss vector currents used for f⇥. For Z�µ⇥1 we use the same
result, calculated on set 2, for both coarse lattices, sets 1 and
2, since we do not expect the result to depend significantly on
the sea quark masses. In columns 4, 5 and 6, the Z factors
for the local vector, the 1-link axial vector and the local axial
vector for the cs weak currents in the Ds � ⇥�� calculations.
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Appendix A: Nonperturbative renormalisation
factors for staggered bilinears

For the staggered currents in the correlation functions
needed to extract the Ds ⇥ ⇥ form factors and the ⇥
decay constant, we have used a number of staggered ax-
ial vector and vector operators. We used both a one-link
vector with spin-taste �µ�1 and a local vector with spin-
taste �µ � �µ for the ⇥ meson 2-point correlators. The
Ds ⇥ ⇥ vector form factor was extracted using a local
vector current (�µ � �µ) for the charm to strange transi-
tion. The axial vector form factors were extracted using
both a one-link point split operator (�5�µ � �5) and a
local axial vector operator (�5�µ��5�µ). We have calcu-
lated renormalisation factors for each of these operators
nonperturbatively. The renormalisation factors, Z, on
each of the ensembles used are given in Table V. The
methods used to extract the Z factors are described in
the following sections.
Note that the local scalar (1 � 1) and pseudoscalar

(�5 � �5) operators that we use here are absolutely nor-
malised through the partially conserved vector or axial
vector current relation. This requires them to be multi-
plied by, respectively, the di�erence and sum of the lattice
quark masses for the quarks appearing in the current. No
Z factor is then needed for these operators.
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B and Bs are fit separately; priors used in the fit are
described in [11]. The amplitudes and energies from the

fits are given in Tables IV and V. a3/2⇥(0)
q is the matrix

element of the leading current J (0)
0 and a3/2⇥(1)

q that of

J (1)
0 and J (2)

0 , whose matrix elements are equal at zero
meson momentum. Notice that the statistical errors in
⇥ do not increase on the physical point lattices, because
they have such large volumes.

We take two approaches to the analysis. The first is
to perform a simultaneous chiral fit to all our results for
⇥,⇥s,⇥s/⇥ and MBs � MB using SU(2) chiral pertur-
bation theory. The second is to study only the physical
u/d mass results as a function of lattice spacing.

For the chiral analysis we use the same formula and
priors for MBs � MB as in [11]. Pion masses used in
the fits are listed in Table V and the chiral logarithms,
l(M2

�), include the finite volume corrections computed
in [18] which have negligible e⇤ect on the fit. For the
decay constants the chiral formulas, including analytic
terms up to M2

� and the leading logarithmic behaviour,
are (see e.g. [19]):

⇥s = ⇥s0(1.0 + bsM
2
�/�

2
⇥) (5)

⇥ = ⇥0

�
1.0 + bl

M2
�

�2
⇥

+
1 + 3g2

2�2
⇥

�
�3

2
l(M2

�)

⇥⇥
(6)

The coe⇧cients of the analytic terms bs, bl are given
priors 0.0(1.0) and ⇥0,⇥s0 have 0.5(5). To allow for
discretisation errors each fit formula is multiplied by
(1.0 + d1(�a)2 + d2(�a)4), with � = 0.4 GeV. We ex-
pect discretisation e⇤ects to be very similar for ⇥ and ⇥s

and so we take the di to be the same, but di⇤ering from
the di used in the MBs �MB fit. Since all actions used
here are accurate through a2 at tree-level, the prior on
d1 is taken to be 0.0(3) whereas d2 is 0.0(1.0). The di are
allowed to have mild mb dependence as in [11]. The ratio
⇥s/⇥ is allowed additional light quark mass dependent
discretisation errors that could arise, for example, from
staggered taste-splittings.

Error % �Bs/�B MBs �MB �Bs �B

EM: 0.0 1.2 0.0 0.0
a dependence: 0.01 0.9 0.7 0.7
chiral: 0.01 0.2 0.05 0.05
g: 0.01 0.1 0.0 0.0
stat/scale: 0.30 1.2 1.1 1.1
operator: 0.0 0.0 1.4 1.4
relativistic: 0.5 0.5 1.0 1.0
total: 0.6 2.0 2.0 2.1

TABLE VI: Full error budget from the chiral fit as a per-
centage of the final answer.

The results of the decay constant chiral fits are plot-
ted in Figs. 1 and 2. Extrapolating to the physical
point appropriate to ml = (mu + md)/2 in the absence
of electromagnetism, i.e. M� = M�0 , we find ⇥Bs =
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FIG. 1: Fit to the decay constant ratio �Bs/�B . The fit
result is shown in grey and errors include statistics, and chi-
ral/continuum fitting.
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FIG. 2: Fit to the decay constants �Bs and �B . Errors on the
data points include statistics/scale only. The fit error, in grey,
includes chiral/continuum fitting and perturbative errors.

0.520(11) GeV3/2, ⇥B = 0.428(9) GeV3/2, ⇥Bs/⇥B =
1.215(7). For MBs �MB we obtain 86(1) MeV, in agree-
ment with the result of [11].
Figs 3 and 4 show the results of fitting MBs � MB

and decay constants from the physical point ensembles
only, and allowing only the mass dependent discretisation
terms above. The results are ⇥Bs = 0.515(8) GeV3/2,
⇥B = 0.424(7) GeV3/2, ⇥Bs/⇥B = 1.216(7) and MBs �
MB = 87(1) MeV. Results and errors agree well between
the two methods and we take the central values from the
chiral fit as this allows us to interpolate to the correct
pion mass.
Our error budget is given in Table VI. The errors that

are estimated directly from the chiral/continuum fit are
those from statistics, the lattice spacing and g and other
chiral fit parameters. The two remaining sources of error
in the decay constant are missing higher order corrections
in the operator matching and relativistic corrections to
the current. We estimate the operator matching error by
allowing in our fits for an amb-dependent �2

s correction to
the renormalisation in Eq. 4 with prior on the coe⇧cient

Look at error budgets to see how things will improve in future ...

for different quantities different systematics are important 

1302.2644: calculation of B, Bs masses and decay constants

errors divided into extrapolation and other systematics:


