
14 January 2016 || YTF 2016, Durham IPPP, UK

NNLO dijet soft functions and 
anomalous dimensions in SCET
Guido Bell || Rudi Rahn || Jim Talbert

Thanks

hep-ph/1512.06100



Outline

1.  Motivating automated soft functions
(a)  Resummation in SCET
(b) Thrust at N3LL
(c)  Log-counting and the need for two-loop soft functions

2.  Universal soft functions at NLO & NNLO
(d)  Divergence structures and measurement functions
(e)   Sector decomposition via SecDec3.0

3.  Renormalization and sample results
(f)  Renormalization via RG evolution
(g)    Sample results at NNLO
(h)  Ongoing phenomenology with Angularities

2



Why an EFT for QCD?
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• Whenever these scales are disparate, large logarithms of their ratios are generated 
in perturbation theory—these must be resummed:

• Effective field theories allow for analytic resummations using renormalization 
group techniques at the amplitude level.

• Hierarchy of scales implemented at the level of the Lagrangian…
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• Collider phenomena often involve several momentum scales.
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• SCET permits the derivation of all-order factorization theorems:
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• To increase the accuracy of the resummations one needs the anomalous dimensions and 
the matching corrections to higher orders.
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Thrust w/ SCET:  factorization
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Thrust in SCET

In the two-jet limit ⌧ ! 0 the thrust distribution factorises as [Fleming, Hoang, Mantry,
Stewart 07; Schwartz 07]
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• We can thus factorize our matrix element for the dijet, two-fermion operator quite simply:

(for dijet 
thrust)!

“soft-decoupling”
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• Once factorized, we resum logs via RG Equations:
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Automated resummations 

• NNLL Resummations:

• N3LL Resummations:

Thrust:  Becher, Schwartz/0803.0342, Abbate, Fickinger, Hoang, Mateu, Stewart/1006.3080   

Jet Broadening:  Becher, Bell/1210.0580

• In the traditional approach NLL resummations have been fully automated in CAESAR 
(Banfi, Salam, Zanderighi / 0407286)

• To date, SCET resummations have been performed on a case-by case basis:

W / Higgs @ large pT:  Becher, Bell, Lorentzen, Marti / 1309.3245 / 1407.4111 

+ ….

• The procedure has recently been extended to NNLL (Banfi, McAslan, Monni, Zanderighi / 
1412.2126). 

+ ….

Jet veto:  Becher, Neubert, Rothen / 1307.0025, Stewart, Tackmann, Walsh, Zuberi / 
1307.1808



Resummation example:  thrust 
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Thrust is an e+e- event shape—a geometric, dimensionless physical observable 
characterizing the momentum distribution of particles

•  One can intui:vely see why SCET may be appropriate to treat the T1 
limi:ng case.  We some:mes then prefer the variable τ = 1‐T. 

BUSSTEPP, September 2013 

II.I  Defini:on, Kinema:cal Endpoints, and Fixed Order Result 

12 

II.I:  THRUST 

•  Thrust is an event shape.  Event shapes are geometric, physical 
observables (dimensionless) that characterize the momentum 
distribu:on of outgoing par:cles.   

•  Thrust is perhaps the simplest, and is defined: 

•  n runs over unit vectors, so that (e.g.) in a dijet, “pencil‐like” event the 
numerator and denominator cancel (T=1).  The n‐vector which gives 
the maximum also defines the “thrust axis”=axis of max momentum 
flow 

BUSSTEPP, September 2013  11 

Canonical event shape

Thrust:

I T =
1
Q
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⇣X

i

|~pi · ~nT |
⌘

two-jet like: T ' 1 spherical: T ' 1/2

Thrust distribution precisely measured at LEP (⌧ = 1 � T )MEASUREMENTS OF THRUST

Will later use ALEPH and OPAL LEP I & II results

0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45
0.0

0.5

1.0

1.5

2.0

⇥

d� d⇥

0.0 0.1 0.2 0.3 0.4
0

5

10

15

⇥

d� d⇥

0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45
0.0

0.5

1.0

1.5

2.0

⇥

d� d⇥

Q = 91.2
ALEPH

in the two-jet region ⌧ ' 0

1
�0

d�
d⌧ ' ↵sCF

2⇡

h
� 4 ln ⌧+3

⌧ + . . .
i

) Sudakov logs require resummation

J E T B R O A D E N I N G I N E F F E C T I V E F I E L D T H E O R Y G U I D O B E L L
PA R T I C L E P H Y S I C S S E M I N A R – V I E N N A A P R I L 2 0 1 3



7

Resummation example:  thrust 0803.0342v2(Becher/Schwartz)
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• Traditional QCD resummation achieved via CTTW @ NLL

Red = Aleph data

• Becher, Schwartz achieve N3LL resummation using SCET methods

• Extended to NNLL (Monni, Gehrmann, Luisoni)1st order
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Figure 6: Convergence of resummed and fixed-order distributions. aleph data (red) and opal

data (blue) at 91.2 GeV are included for reference. All plots have αs(mZ) = 0.1168.

4 αs extraction and error analysis

In this section we now use our result for the thrust distribution to determine αs, using lep data
from aleph [42] and opal [43]. Before performing the fit, let us compare the perturbative
expansion with and without resummation. The result at Q = 91.2 GeV is shown in Figure 6
side-by-side with the fixed-order expression. We use the same value αs(mZ) = 0.1168 for both
plots and have set the scales µh, µj and µs to their canonical values (25). For reference, we
also show the aleph and opal data. The curves for the fixed-order calculation correspond to
the standard LO, NLO, NNLO series; for the effective field theory calculation, the orders are
defined in Table 1. It is quite striking how much faster the resummed distribution converges.
In fact, it is hard to even distinguish the higher order curves after resummation, except in
the region of very small τ , where the distribution peaks. The peak region is affected by non-
perturbative effects, as will be discussed in the next section, but it will not be used in the
extraction of αs. The region relevant for the αs extraction is shown in the lower two plots.
The value of αs(mZ) = 0.1168 we use in the plots corresponds to the best fit value in the range
0.1 < τ < 0.24 for the aleph data set. However, the plot makes it evident that the extracted
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expansion with and without resummation. The result at Q = 91.2 GeV is shown in Figure 6
side-by-side with the fixed-order expression. We use the same value αs(mZ) = 0.1168 for both
plots and have set the scales µh, µj and µs to their canonical values (25). For reference, we
also show the aleph and opal data. The curves for the fixed-order calculation correspond to
the standard LO, NLO, NNLO series; for the effective field theory calculation, the orders are
defined in Table 1. It is quite striking how much faster the resummed distribution converges.
In fact, it is hard to even distinguish the higher order curves after resummation, except in
the region of very small τ , where the distribution peaks. The peak region is affected by non-
perturbative effects, as will be discussed in the next section, but it will not be used in the
extraction of αs. The region relevant for the αs extraction is shown in the lower two plots.
The value of αs(mZ) = 0.1168 we use in the plots corresponds to the best fit value in the range
0.1 < τ < 0.24 for the aleph data set. However, the plot makes it evident that the extracted
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Resummation ingredients

8

To achieve NNLL resummation, we need the soft 
anomalous dimension to two-loop accuracy

Logarithmic Accuracy �Cusp �H , �J , �S CH , CJ , CS

LL 1-loop tree tree

NLL 2-loop 1-loop tree

NNLL 3-loop 2-loop 1-loop

N3LL 4-loop 3-loop 2-loop

8
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SCET soft functions @ NNLO
• e+e- observables:

• LHC observables:

Exclusive Drell-Yan:  Li, Mantry, Petriello/1105.5171  

W/Higgs @ large pT:  Becher, Bell, Marti/1201.5572  

Hemisphere masses:  Kelley, Schabinger, Schwartz, Zhu/1105.3676 & Hornig, Lee, 
Stewart, Walsh, Zuberi/1105.4628   

Motivation:  Can these computations be achieved more systematically?

Jet-mass w/ veto:  Kelley, Schwartz, Schabinger, Zhu/1112.3343  

Jet-broadening:  Becher, Bell/1210.0580  



Universal dijet soft functions

10

• We can write down a universal dijet soft function as the vacuum matrix element of a product of 
Wilson lines along the direction of energetic quarks.  

• The measurement function (M) encodes all of the information of the particular observable at 
hand. It is independent of the singularity structure.  Take thrust as an example: 

• The coefficients depend on the observable.  We are working in Laplace Space.

• The matrix element of soft wilson lines is independent of the observable.  It contains the universal 
(implicit) UV/IR-divergences of the function.

• Idea:  isolate singularities at each order and calculate the associated coefficient numerically:

S(!) ' �(!) +
↵s

4⇡
S1(!) + ... with |A|2 = 64⇡2

k+k�
CF (6)

! = |k+|1�
a
2 |k�|

a
2 (7)

a ! 0 : thrust

a ! 1 :⇠ broadening

(8)

S({!i}, µ) = ⌃
X,reg.

M({!i}, {kj})|hX|S†
n(0)Sn̄(0)|0i|2 (9)

Sn(x) = Pexp(igs

Z 0

�1
n ·As(x+ sn)ds) (10)

2

S(!) ' �(!) +
↵s

4⇡
S1

(!) + ... with |A|2 = 64⇡2

k+k�
CF (28)

! = |k+|1�a
2 |k�|a2 (29)

p� ! pTp
y

p+ ! pT
p
y (30)

¯M(⌧, k, l) = exp{�⌧ pT F (a, b, y)} (31)

F (a, b, y) = yN/2
ˆF (a, b, y) (32)

a ! 0 : thrust

a ! 1 :⇠ broadening

(33)

a ! 0 : thrust

a ! 1 :⇠ broadening

(34)

¯S2
RR(⌧) = (µ2⌧2e�)2✏

8↵2
sCFTFnf

⇡2

�(�4✏)p
⇡�(1� ✏)�(1/2� ✏)

⇥
Z 1

0
dy

Z 1

0
da

Z 1

0
db

Z 1

0
dt y�1+2N✏a1�2✏b�2✏

(a+ b)�2+2✏
(1 + ab)�2+2✏

(4t¯t)�1/2�✏

⇥ N (a, b, t)

[(1� a)2 + 4at]2
{[ ˆF (a, b, y)]4✏ + [

ˆF (a, b, 1/y]4✏}

S(!, µ) = ⌃

X,reg.
M(!, {ki})|hX|S†

n(0)Sn̄(0)|0i|2 (35)

Sn(x) = Pexp(igs

Z 0

�1
n ·As(x+ sn)ds) (36)

mY

i=1

=

Z
(

⌫

n · ki )
↵
m �(k2i )✓(k

0
i )d

dki (37)

¯S(1)
(⌧, µ) =

µ2✏

(2⇡)d�1

Z
�(k2) ✓(k0) R↵(⌫; k+, k�)

✓
16⇡↵sCF

k+k�

◆
¯M(⌧, k) ddk (38)

4

¯S
(2)
RR(⌧) = (⇡µ2e�)2✏

⌦d�2⌦d�3

1024⇡6

Z 1

0
dk+

Z 1

0
dk�

Z 1

0
dl+

Z 1

0
dl�

Z 1

�1
d cos ✓(k+k�l+l�)

�✏
sin

d�5 ✓

⇥|A(k, l)|2 ¯M(⌧, k, l)

|A(k, l)|2 = 128⇡2↵2
sCFTFnf

2k · l(k� + l�)(k+ + l+)� (k�l+ � k+l�)

(k� + l�)2(k+ + l+)2(2k · l)2 (57)

Aµ
(x) ! Aµ

c (x) +Aµ
s (x)  

µ
(x) !  

µ
c (x) + 

µ
s (x) (58)

⇣(x) =
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 c(x), ⌘(x) =
/̄n/n

4

 c(x) (59)

h0|{⇣(x)¯⇣(0)}|0i ⇠ �2 ) ⇣(x) ⇠ � (⌘(x) ⇠ �2
) (60)

Mthrust(!, {ki}) = �(! � ⌃

i2L
k+i � ⌃

i2R
k�i ) (61)

I1 =

Z 1

0
dx
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0
dt x�1+✏

(1 + t)�2+✏
(62)

I2 =

Z 1

0
dy

Z 1

0
dt y�1+✏

(1 + t)�2+✏
(63)

pµ =

n̄µ

2
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2

n̄ · p+ p?,µ ⌘ (p+, p�, p?) (64)

(65)

p2 = p+p� + p2? (66)

(67)

p · q =

1

2

p+ · q� +

1

2

p� · q+ + p? · q? (68)
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LQCD =
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 i /D ) Lcollinear =
¯⇣
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in ·D + i /D?
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◆
/̄n
2

⇣

Wc = Pexp

✓
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�1
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◆
(46)

⇣n(x) = Sn(x�)⇣
0
n(x) (47)

H(Q2, µ) = exp


4⇡�0
�2
0

1

↵s(Q)

✓
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r
� ln r

◆�
= 1��0

2

↵s(Q)

4⇡
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2

✓
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µ2

◆
+O(↵2
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↵s(µ)

↵s(Q)
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Q2
, ln
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⌧Q2
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⌧2Q2
(48)

pµ ⇠ Q(1,�2,�)+,�,?

qµ ⇠ Q(�2, 1,�)

kµ ⇠ Q(�2,�2,�2
)

(49)
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✏2
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+ c0} +O(↵2
s) (50)
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s ln

2n

✓
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H

p2T
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(53)

I =

Z 1

0
dx
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0
dy(x+ y)�2+✏

(54)

I = I1 + I2 =
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0
dx
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0
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0
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RR(⌧) =

µ4✏
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Z
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Z
ddl �(l2) ✓(l0) |A(k, l)|2 ¯M(⌧, k, l) (56)
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Universal soft functions: NLO
• We work in Laplace space, so that our functions are not distribution valued.  At 1-loop the virtual 

corrections are scaleless in DR and we can write the NLO soft function as: 

• We want to disentangle all of the UV and IR divergences.  We thus split the integration region into two 
hemispheres and make the following physical substitutions:

S(!) ' �(!) +
↵s

4⇡
S1(!) + ... with |A|2 = 64⇡2

k+k�
CF (6)

! = |k+|1�
a
2 |k�|

a
2 (7)

a ! 0 : thrust

a ! 1 :⇠ broadening

(8)

S({!i}, µ) = ⌃
X,reg.

M({!i}, {kj})|hX|S†
n(0)Sn̄(0)|0i|2 (9)

Sn(x) = Pexp(igs

Z 0

�1
n ·As(x+ sn)ds) (10)

mY

i=1

=

Z
(

⌫
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)

↵
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0
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(2⇡)d�1

Z
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k� ! kTp
y

k+ ! kT
p
y (13)

2

• Where we use a symmetric version of the analytic SCETII regulator (Becher, Bell / 1112.3907):

• We can now specify the measurement function M.  We assume it can be written in terms of two 
dimensionless functions f & g:

p� ! pTp
y

p+ ! pT
p
y (30)

¯M(⌧, k, l) = exp{�⌧ pT F (a, b, y)} (31)

F (a, b, y) = yN/2
ˆF (a, b, y) (32)

a ! 0 : thrust

a ! 1 :⇠ broadening

(33)

a ! 0 : thrust

a ! 1 :⇠ broadening

(34)

¯S2
RR(⌧) = (µ2⌧2e�)2✏

8↵2
sCFTFnf
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M({!i}, {kj})|hX|S†
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Z 0
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y
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p
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⌧
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Universal soft functions: examples

M̄(⌧, k) = g(⌧kT , y, ✓) exp(�⌧kTf(y, ✓)) (40)
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n
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(45)

Z
dx

Z
dy x�1�n✏y�1�m✏f(x.y) =

Z
dx

Z
dy x�1�n✏y�1�m✏{f(x, y)�f(0, y)�f(x, 0)+ add terms back}
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=


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Universal soft functions: NLO master formula

• We are now in a position to write a master formula for the calculation of NLO dijet soft functions:

• We are in a position to apply a subtraction technique to extract the singularities.  Consider a simple 
1-D example:

• We switch to a dimensionless variable (x) and extract the scaling of the observables in the collinear 
limit y ⇒ 0:

R↵(⌫, k+) =

✓
⌫

k+

◆↵

|A(k)|2 = 64⇡2
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CF (43)
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Z
dx

Z
dy x�1�n✏y�1�m✏f(x.y) =
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=


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
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✓
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a ! 0 : thrust

a ! 1 :⇠ broadening

(33)

a ! 0 : thrust

a ! 1 :⇠ broadening

(34)
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• Note that n=0 corresponds to a SCETII observable.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 3: Diagrams that give non-vanishing contributions to the soft function at NNLO. In
addition there are mirror-symmetrical graphs, which we take into account by multiplying each
diagram with a symmetry factor si, where sa = sb = sf = sg = 2, sc = 1 and sd = se = sh = 4,
see text.

4 Two-loop anomaly coefficient

4.1 Setup of the calculation

The anomaly coefficient FB(τ, z, µ) can be extracted from the divergences in the analytic
regulator of any of the soft and jet functions. Here, we will consider the two-loop soft function,
since in this case there are again up to two partons in the final state and the integrals are
similar to the ones that we encountered in the calculation of the one-loop jet function. As the
divergences cancel in each hemisphere independently, it is sufficient to consider emissions into
one of the hemispheres only. To be specific, we focus on the emissions into the left hemisphere.

At two-loop order the purely virtual corrections are again scaleless and vanish. Among
the mixed virtual-real and double real emissions, only the diagrams in Figure 3 give non-
vanishing contributions. The same matrix elements also arise in other two-loop computations
of soft functions [24–32], what makes our case different are the phase-space constraints and
the necessity of working with an additional analytic regulator. In the following, we denote the
individual contributions of these diagrams to the soft function by

S(2i)
L (bL, bR, p

⊥
L , p

⊥
R), i = a, b, . . . , h (42)

and similarly for the Laplace-Fourier transformed soft function S.
The diagrams in Figure 3 have counterpart diagrams that follow by exchanging nµ ↔ n̄µ

as well as complex conjugation. It turns out that the matrix elements of diagrams (d), (e)
and (g) are not symmetric under nµ ↔ n̄µ. In an integral over a symmetric phase space,
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• Three color structures are present:
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• We use analytic results for the        terms and the one-particle cuts.
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NNLO soft functions

• Consider the double real emission (drop additional regulator):

• Consider, e.g., the CFTFnf  color structure:

• It is clear the singularity structure is non-trivial, and that the singularities are 
overlapping…

• Decompose into light-cone coordinates and perform trivial integrations:

H(Q2, µ) = exp
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Automation:  SecDec
• A tool is already on the market that exploits a sector decomposition algorithm:  SecDec

Borowka, Heinrich, Jones, Kerner, Schlenk, Zirke

• “A program to evaluate dimensionally regularized parameter integrals numerically” 

https://secdec.hepforge.org

SecDec

Loop     General

• We utilize the ‘general’ mode of the program.  Simple interface to our NLO and 
NNLO master formulas (✔), multiple numerical integrators for crosschecks (✔) 

• Active collaboration with SecDec team to implement special features of our algorithm, 
e.g. ‘epsilon-dependent’ functions and additional regulator for SCETII. 

• Currently limited to SCETI observables, though additional rapidity regulator in 
development.

https://secdec.hepforge.org
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Renormalization
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These scaling rules in the soft and collinear limits are not accidental, but are a reflection of infrared-
collinear safety, and so they are universal properties of the NNLO measurement function.

As the pT -dependence is universal for the considered class of observables, we can perform
this integration explicitly. We further use the symmetries in n $ n̄ and k $ l to map the integra-
tion region in {a,b,y} onto the unit hypercube. This results in two contributions that involve the
measurement functions

F(a,b,y,qk,ql) , F(1/a,b,y,qk,ql) . (4.10)

Without going into further details here, we finally map the angular integrations onto the unit
hypercube with a suitable transformation, (qk,ql,qkl) ! (tk, tkl,xl). We are thus left with a six-
dimensional integral representation of the double real emission contribution. Similar to the NLO
formula (3.6), it contains an explicit singularity from pT ! 0 and an implicit divergence for y ! 0.
In addition, we find an overlapping divergence in the limit a ! 1 and tkl ! 0 (which corresponds to
qkl ! 0). The CFTFn f contribution thus starts with a 1/e3 pole. The same strategy can be applied
for the CFCA colour structure, which turns out to contain an extra divergence in the limit b ! 0,
and therefore starts with a 1/e4 contribution.

The integral representations that we have derived are amenable to the public program SecDec

[30 – 32]. Its general mode allows us to define the generic factors that contain all the implicit
divergences in the main template file on which the sector decomposition algorithm operates. The
observable-dependent measurement function, on the other hand, is kept symbolic during the sector
decomposition and subtraction steps, and its explicit form is resolved only at the final numerical
integration stage.

For the numerical integrations SecDec offers interfaces to the Cuba library [33] and Bases
[34]. We typically use Divonne and Cuhre as our default Cuba integrators, and use Bases for
independent cross-checks. Both Bases and the Cuba library return error estimates, which we do
not quote in the following, since we need to investigate further if they are trustworthy. For angular-
independent observables, the integrations run over four variables and SecDec produces results at
six digit precision in a few hours on a single machine. For angular-dependent observables, on the
other hand, the speed of convergence is significantly reduced and we typically obtain four digits
in a day (still on a single machine). Further improvements on the numerical side are desirable and
progress towards that goal will be reported in a future publication [35].

5. Renormalisation

The calculation we have outlined so far yields the bare soft function S0. In Laplace space the
soft function renormalises multiplicatively, S = ZSS0, and the renormalised soft function fulfils the
renormalisation group (RG) equation

d
dln µ

S(t,µ) =�1
n


4Gcusp(as) ln(µ t̄)�2gS(as)

�
S(t,µ) . (5.1)

Here Gcusp(as) denotes the cusp anomalous dimension and gS(as) is the soft anomalous dimen-
sion. We find it convenient to define the anomalous dimensions with a common prefactor (�1/n),
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where n reflects the scaling of the observable in the soft-collinear limit according to (3.5). Expand-
ing Gcusp(as) = Â•
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4p )
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with L = ln(µ t̄). The Z-factor ZS fulfils the same RG equation (5.1), and its explicit form is given
to two-loop order by

ZS = 1+
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1
e
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The leading expansion coefficients of the cusp anomalous dimension are

G0 = 4CF , G1 = 4CF

⇢✓
67
9
� p2

3

◆
CA �

20
9

TFn f

�
. (5.4)

The cancellation of the divergences 1/e j with j = 2,3,4 in the renormalised result provides a strong
check of our calculation. We can then extract the anomalous dimensions gS

0 and gS
1 from the 1/e

pole terms, and the coefficients cS
1 and cS

2 of the renormalised soft function from the finite terms of
the two-loop calculation.

6. Results

We present results for all SCET-1 observables of Table 1, except for e+e� transverse thrust.
For these observables the NLO calculation as well as the NNLO mixed real-virtual correction are
trivial and can be performed analytically. As the respective measurement functions are consistent
with non-abelian exponentiation, the C2

F contribution is also known analytically.
We thus use SecDec to compute the CFCA and CFTFn f double real emission contributions.

We write the two-loop anomalous dimension and the finite term in the form

gS
1 = gCA

1 CFCA + gn f
1 CFTFn f ,

cS
2 = cCA

2 CFCA + cn f
2 CFTFn f +

1
2
(cS

1)
2 . (6.1)

Table 2 summarises our results for thrust, C-parameter, threshold Drell-Yan production and W -
production at large transverse momentum. Strictly speaking, the soft function for W -production at
large pT is not of the dijet-type considered here, but as argued in [9] the diagrams with attachments
to the third Wilson line are all scaleless and vanish up to NNLO. We can therefore consider this
function as an example with a non-trivial angular dependence.1

1In this case, the colour structure is also slightly different with CF !CF �CA/2 in the qq̄ ! g and CF !CA/2 in
the qg ! q and gg ! g channels, see [9].
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The cancellation of the divergences 1/e j with j = 2,3,4 in the renormalised result provides a strong
check of our calculation. We can then extract the anomalous dimensions gS

0 and gS
1 from the 1/e

pole terms, and the coefficients cS
1 and cS

2 of the renormalised soft function from the finite terms of
the two-loop calculation.

6. Results

We present results for all SCET-1 observables of Table 1, except for e+e� transverse thrust.
For these observables the NLO calculation as well as the NNLO mixed real-virtual correction are
trivial and can be performed analytically. As the respective measurement functions are consistent
with non-abelian exponentiation, the C2

F contribution is also known analytically.
We thus use SecDec to compute the CFCA and CFTFn f double real emission contributions.

We write the two-loop anomalous dimension and the finite term in the form

gS
1 = gCA

1 CFCA + gn f
1 CFTFn f ,
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Table 2 summarises our results for thrust, C-parameter, threshold Drell-Yan production and W -
production at large transverse momentum. Strictly speaking, the soft function for W -production at
large pT is not of the dijet-type considered here, but as argued in [9] the diagrams with attachments
to the third Wilson line are all scaleless and vanish up to NNLO. We can therefore consider this
function as an example with a non-trivial angular dependence.1

1In this case, the colour structure is also slightly different with CF !CF �CA/2 in the qq̄ ! g and CF !CA/2 in
the qg ! q and gg ! g channels, see [9].
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• We calculate the bare soft function with SecDec.  We have to renormalize, where the renormalized 
soft function obeys an RG equation:

• The cusp and non-cusp anomalous dimensions can be expanded perturbatively in a power series:

• With these forms, the RG equation can be solved explicitly to any given order (the same is true for 
the renormalization Z factor…):
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• We use SecDec to calculate the double emission contribution.  To obtain the renormalized soft 
function we have to add the counterterms, which are known analytically at the required order.

• We thus also have an indication of our numerical precision…

• For the finite portion, we find (setting again                       ):

• Versus the analytic expression calculated by Kelley, Schabinger, Schwartz, Zhu / 1105.3676 (see also 
Monni, Gehrmann, Luisoni / 1105.4560):

• We show the cancellation of the divergences for thrust, setting

 Thrust
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Soft function gS
0/CF cS

1/CF gCA
1 gn f

1 cCA
2 cn f

2

Thrust [5, 6] 0 �p2 15.7945
(15.7945)

3.90981
(3.90981)

�56.4992
(�56.4990)

43.3902
(43.3905)

C-parameter [24] 0 �p2/3 15.7947
(15.7945)

3.90980
(3.90981)

�57.9754
(�)

43.8179
(�)

Threshold Drell-Yan [4] 0 p2/3 15.7946
(15.7945)

3.90982
(3.90981)

6.81281
(6.81287)

�10.6857
(�10.6857)

W@large pT [9] 0 p2 15.88
(15.7945)

3.905
(3.90981)

�2.78
(�2.65010)

�25.28
(�25.3073)

Table 2: Anomalous dimensions and finite terms of the renormalised soft function for sample SCET-1
observables. The upper numbers are the numerical results that we obtain with the SecDec implementation
of our algorithm, and the lower ones correspond to the known analytic expressions.

The first three entries in Table 2 correspond to angular-independent measurement functions.
For these observables we are left with four-dimensional numerical integrations that can be evaluated
very accurately as can be seen from the comparison with the known analytic results. The finite
term of the renormalised C-parameter soft functions has not been calculated so far, but a numerical
extraction from a comparison with the EVENT2 generator has been performed in [24]. The authors
find

cCA
2 =�58.16±0.26 , cn f

2 = 43.74±0.06 (C-parameter) (6.2)

which agrees well with our findings. Based on the numbers that we find for the thrust and threshold
Drell-Yan soft functions – which are of the same numerical complexity – we are, however, led to
expect that our numbers are significantly more accurate.

The measurement function for W -production at large transverse momentum has a non-trivial
angular dependence. In this case we therefore face six-dimensional integrations, and from Table
2 we see that we typically loose two digits of precision for those observables. The situation is
particularly bad for the coefficient cCA

2 , and the problem can be traced back to a large cancellation
between the double real emission and the mixed real-virtual contributions. For the finite term of
the double real emission term, we find 108.62, which is to be compared with the analytic result
108.75. The accuracy of our number for the double real emission contribution is thus similar to the
ones in the last line of Table 2, but due to the large cancellation our final result for cCA

2 is poor2.
We next consider the angularity soft function, which has only been computed to one-loop order

so far. In this case the anomalous dimension and the finite term are functions of the angularity A,
which interpolates between thrust (for A = 0) and total broadening (for A = 1). The one-loop

2In the meantime we significantly improved our numerical routines, and we now (Dec 2015) obtain cCA
2 =�2.65034

and cnf
2 =�25.3073 in a few hours on a single 8-core machine.
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Angularities
• Angularities measurement function:

• The two-loop soft anomalous dimension is not known.  We define in Laplace space:
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Logarithmic Accuracy �Cusp �H , �J , �S CH , CJ , CS

LL 1-loop tree tree

NLL 2-loop 1-loop tree

NNLL 3-loop 2-loop 1-loop

N3LL 4-loop 3-loop 2-loop
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Figure 8: Angularity distributions at Q = 100 GeV. The full, NLL/NLO resummed, renormalon-
subtracted distributions in Fig. 7 are here shown all on the same scale. The parameters are chosen
the same as in Fig. 7. From highest to lowest peak value, the curves are for a = �2,�1,� 1

2 , 0, 1
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Figure 9: Hard scale variation (dark green band) and correlated jet and soft scale variation
(light blue band) of the NLL/NLO resummed, renormalon-subtracted angularity distributions at
Q = 100 GeV for a = �1, a = 0, a = 1/4, and a = 1/2. For the hard scale variation, µH varied
between Q/2 and 2Q and for the correlated scale variation, µJ and µS are varied between half the
values given in Eq. (6.1) and twice these values.
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Currently, Angularities have been 
resummed and matched to NLL/

NLO accuracy:  Hornig/Lee/
Ovanesyan

With the NNLO soft anomalous 
dimension, we can resum to 

NNLL’, match to NNLO (with 
some EVENT2 legwork) , and do 
a first-ever theory comparison to 

[LEP] data…

hep-ph/0901.3780
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• We have presented an automated algorithm to compute dijet soft functions for a 
wide class of observables in SCET.

• Our master formulas coupled with SecDec can quickly and easily produce predictions 
for a wide class of SCETI soft functions at one and two-loops.  We are currently 
working with the developers to implement a few additional features in SecDec.

• Next steps:  SCETII observables, n-jet soft functions, jet functions (?)…

Thanks!

• This is an important ingredient for NNLL resummations in SCET.  We are currently 
utilizing the results to perform a first-ever theory comparison to data, with Angularities.


