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Typical analog/infinite-dimensional inverse problem where
compressed sensing is/can be used:

(i) Magnetic Resonance Imaging (MRI)
X-ray Computed Tomography

)
)
) Single Photon Emission Computerized Tomography
) Nuclear Magnetic Resonance (NMR)
(vi) Electron Microscopy/Tomography

ii) Reflection seismology
) Radio interferometry
) Helium Atom Scattering
) Fluorescence Microscopy

)
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Most of these problems are modelled by the Fourier transform

Ff(w) :/ f(x)e*%"‘”'x dx,
Rd

or the Radon transform Rf : S x R — C (where S denotes the circle)

RF(6,p) = / F(x) dm(x),

(x,0)=p
where dm denotes Lebesgue measure on the hyperplane {x : (x,8) = p}.

» Fourier slice theorem = both problems can be viewed as the
problem of reconstructing f from pointwise samples of its Fourier
transform.

g =Ff, fecl?RY. (1)
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» Given the linear system

UXO =y.
» Solve
min ||z||1 subject to PqUz = Pqy,
where Pq is a projection and Q C {1,..., N} is subsampled
with |Q] = m.

m>C-N-pu(U)-s-log(e) log(N).

then P(z = xp) > 1 — ¢, where

(V) = max | U ?
iJ

is referred to as the incoherence parameter.
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Pillars of Compressed Sensing

> Sparsity
» Incoherence

» Uniform Random Subsampling
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Suppose that
f=Fg,  gel’(R),

and supp(g) C [~ T, T] for some T > 0. If € < 5% (the Nyquist
rate) then

g=¢ Z f(ke)e?™ick:, L2 convergence. (2)

k=—o00

In practice, one forms the approximation

N
gn = € Z f(ke)ez’ﬁek'.
k=—N
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MRI Example

Let g be
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0.5
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Approximating with the truncated Fourier series
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Figure : The figure displays gy (left) as well as the error g — gy (right).
N =128
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Note that

N
av=c 3 flke)e
k=—N-+1
can be written as
y = Ude) Udf S (C2N><2N7 Yy, X € C2N7

where y represents a vector of the sampled values of f, x
represents a vector of the point wise values of gy (on a equidistant
grid on [-1,1]), and Uy is a scalar multiple of the discrete Fourier
transform.



» If g is sparse in the Haar basis one could hope that
X0 = VdWX

is sparse, where V,,, is the discrete wavelet transform
corresponding to the Haar wavelet.

» If that was the case we could randomly sample a set
Qc{1,...,2N} of size |2] = m < 2N and try to reconstruct
xo (and hence x) from the subsampled vector Pqy by finding
a minimizer £ to

i : PqUqgrVln = P
nrgg(g;Han QUdf Vg, 1 = Pay, (3)

where Pq denotes the projection onto span{e;j};cq, and hope
that £ = xp with high probability.
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Finite Dimensional Compressed Sensing Results
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Figure : The left part displays the compressed sensing approximation
Vd_W1§ to gn from solving (3) with |Q] = 130. The right part displays the
error and g — VdTng.
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» Why does this happen? After all this is a super sparse
problem?
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Why not solve the true infinite-dimensional problem?

» Physical problems are often continuous/infinite-dimensional.
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» Given a separable Hilbert space H with an orthonormal set

{Pk fken-
» Given a vector

X0225k(10k7 52{517527"'}'
k=1

» Suppose also that we are given a set of linear functionals
{¢j}jen such that we can "measure” the vector xo by applying
the linear functionals e.g. we can obtain {(;(xo)}jen.
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With some appropriate assumptions on the linear functionals
{¢j}jen we may view the full recovery problem as the infinite
dimensional system of linear equations

C1(x0) v U2 iz ...\ [P
(2(x0) Up1 U2 U3 ... B2
Gxo) | = |us1 wuz w3z ... || B3] uij = Gi(5),

where we will refer to U = {ujj}; jen as the "measurement
matrix” .
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Infinite Dimensional Compressed Sensing

Let Q C N such that || = m < oo be randomly chosen and let Pq
denote the projection onto span{e;}jcq. Now consider the convex
(infinite-dimensional) optimization problem

(1(x0) Uil Ui U13 m
C2(x0) Up1 U2 U3 2
'mc ||TI||11(N Pq C3(X0) = Pq uz] U3zp  U33 3

€l(N)

L3
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Infinite Dimensional Compressed Sensing

The solution to problem (5) cannot be computed explicitly because it is
infinite-dimensional, and thus an approximation must be computed
instead. For R € N, consider the optimization problem

1(x0) Ul U2 3 ... "
. ] C2 (XO) Upy Uy U3 ... .
nell’glfl(N) ||77||/1(N) ' PQ <3(X0) = PQ usy uszn us3 e 'DR .
: : : : - R
(6)
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Tests
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Figure : Left: the piecewise smooth test function f;. Right: the smooth
test function £,
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Figure : Left: Reconstruction error when reconstructing f; with
compressed sensing using Ugg, V-1 Using periodized DB6 wavelets.
Right: Reconstruction error when reconstructing f; with compressed
sensing using an "infinite-dimensional” discretization. Both methods use
exactly the same samples.
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Tests
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Figure : Left: errors for the reconstructions of f, with compressed sensing
using Uggy Vigyi—1- Righ: errors for the reconstructions of £, using an
"infinite-dimensional” discretization. Both methods use exactly the same
samples.
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Figure : Subsampling 6.15%. Both reconstructions are based on identical
sampling information.
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» Sparsity
» Incoherence
» Uniform Random Subsampling

Problem: These concepts are absent in virtually all the problems
listed above. Moreover, uniform random subsampling gives highly

suboptimal results.

Compressed sensing is currently used with great success in many of
these fields, however the current theory does not cover this.



U = Uas Vi

5% subsampling Reconstruction Enlarged
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» The classical idea of sparsity in compressed sensing is that
there are s important coefficients in the vector xg that we
want to recover.

» The location of these coefficients is arbitrary.
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Let

and
y=Usx, A= PoUsVyl!,

where Pq is a projection and Q C {1,..., N} is subsampled with
|| = m. Solve

min ||z|]|1 subject to Az = Pqy.
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Truncated (max = 151.58)

FIgU € . Wavelet coefficients and subsampling reconstructions from 10% of Fourier coefficients with
distributions (1 + w% + w%)_l and (1 + w% + wg)_yz.

If sparsity is the right model we should be able to flip the
coefficients. Let

Truncated (max = 151.58)

0

12345867 8 9 10x0
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Let
7= UatVylzr
Solve

min||z||1 subject to Az = Pqy

to get Zr.
Flip the coefficients of Zr back to get z, and let X = Vd_wlé.

If the ordering of the wavelet coefficients did not matter i.e.
sparsity is the right model, then X should be close to x.

27 /53



Figure : The reconstructions from the reversed coefficients.

Conclusion: The ordering of the coefficients did matter.

Question: Is sparsity really the right model?
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Incoherence: Analog inverse problems are coherent

Let
Un = Uge VL e C™7

where Uygs is the discrete Fourier transform and Vg, is the discrete
wavelet transform. Then

1(Un) =1

for all n and all Daubechies wavelets!
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» Physical problems are often continuous/infinite-dimensional.
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Incoherence: Why analog inverse problems are
coherent

Note that
WOT-lim Uyt bﬂi;} =U,
n—oo
where
(p1,v1) {p2,91)
U= (e1,92) (p2,12) 7
where

{oitien {¥jtjen

are wavelets and complex exponentials respectively. Thus, we will
always have
—1
/1(Lﬁdf\<j“,) > C.
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Fourier to DB4 Fourier to Legendre Polynomials

Figure : Plots of the absolute values of the entries of the matrix U
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Figure : Left: original image x. Right: the wavelet coefficients of the
image.
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Error = 10.8%

Size: 256 x 256

CS reconstruction Subsamp. map

Original
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Size: 512 x 512, Error = 6.0%

Original CS reconstruction Subsamp. map
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Size: 1024 x 1024, Error = 3.6%

Original CS reconstruction Subsamp. map

AN

A A
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2048 x 2048 full sampling and 5% subsampling (DB4)

MRI Data courtesy of Andy Ellison, Boston University. Numerics
taken from: On asymptotic structure in compressed sensing, B. Roman,

B. Adcock, A. C. Hansen, arXiv:1406.4178




The MRI machine samples the continuous Fourier transform of the
brain.
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Test of compressed sensing in MRI

Classical MRI scanning with 512 x 512 full sampling (= 262144
samples) with 2048 x 2048 zero padding. Can you see the details?
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Test of compressed sensing in MRI

Compressed sensing with 6.25% subsampling from 2048 x 2048
(= 262144 samples, the same number of samples as the previous
example).
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Siemens has implemented our experiments and verified our theory
experimentally on their scanners.

> See the Siemens report: " Novel Sampling Strategies for
Sparse MR Image Reconstruction,” in Proceedings of the
International Society for Magnetic Resonance in Medicine.
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» "Significant differences in the spatial resolution can be
observed.”

> "The image resolution has been greatly improved.”

» " Current results practically demonstrated that it is possible to
break the coherence barrier by increasing the spatial resolution
in MR acquisitions. This likewise implies that the full potential
of the compressed sensing is unleashed only if asymptotic
sparsity and asymptotic incoherence is achieved. Therefore,
compressed sensing might better be used to increase the
spatial resolution rather than accelerating the data acquisition
in the context of non-dynamic 3D MR imaging.”
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B.Roman, M.Graves, A.Hansen, D.Lomas, “Improved Spatial Resolution and
Targeted Sampling in MRI” — University nomination for the Rosetrees
Interdisciplinary Research Award 2016.

General Electric 1.5T MRI, Addenbrooke’s. Slice from 3D scan (whole head).



B.Roman, M.Graves, A.Hansen, D.Lomas, “Improved Spatial Resolution and
Targeted Sampling in MRI” — University nomination for the Rosetrees
Interdisciplinary Research Award 2016.

1923(1.2mm) Full, 15 min 5123(0.4mm) CS, 15 min.

General Electric 1.5T MRI, Addenbrooke’s. Slice from 3D scan (whole head).



New Pillars of Compressed Sensing

» Asymptotic Sparsity
» Asymptotic Incoherence
» Multi-level Subsampling
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Definition

ForreNlet M= (My,....M,)e N withl< My <...<M,
and S:(Sl,...,Sr) e N, with sp < My — M, _1, k=1,...,r,
where My = 0. We say that 8 € [?(N) is (s, M)-sparse if, for each
k=1,...,r,

Ay = supp(B) N{Mk_1+1,..., My},

satisfies |Ak| < sx. We denote the set of (s, M)-sparse vectors by
YoM,
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Figure : Left: original image x. Right: the wavelet coefficients of the
image.



Sparsity in levels

Definition
Let £ =3 jcn Bjpj € H, where § = (B))jen € I'(N). Let

osm(f) = min 15 —nl|p. (7)
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Definition

Let re N N=(Ng,...,N,)eN"with1 < Ny < ... <N,
m=(my,...,m;) €N, with mg < Ny — Ny_1, k=1,...,r, and
suppose that

ng{/\/kfl—‘r]_,...,/\/k}, ]Qk\:mk, k=1,...,r,
are chosen uniformly at random, where Ny = 0. We refer to the set
Q:QN7m = U...UQ,.

as an (N, m)-multilevel sampling scheme.
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Figure : The typical sampling pattern that will be used.
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Definition

Let Ue CV*N If N = (Ny,...,N,) €N and M = (My,...,M,) € N
with 1< Ny <...N,and 1 < M; < ... < M, we define the (k, /)" local
coherence of U with respect to N and M by

pnm(k, 1) = \/u PrtUPY ) - (P V), kI =1,...,r,

where No = Mo =0.

49
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Fourier to DB4 Fourier to Legendre Polynomials

Figure : Plots of the absolute values of the entries of the matrix U
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The optimization problem

inf bject to ||[PaUn — y|| < 6. 8
776|€r}(l\])||17||131 subject to [|[PoUn — y| < (8)
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Let U € CV*N be an isometry and 8 € CV. Suppose that Q = Qnym is a
multilevel sampling scheme, where N = (Ny,..., N,) € N" and
m=(my,...,m,) € N". Let (s, M), where M = (My,...,M,) e N,

My <...< M, and s = (s1,...,s:) € N, be any pair such that the following
holds: fore >0and 1 < k<r,

1> Nie = Nier log(e ™) - (Z pnm(k, 1) - 5’) ~log (N). )
=1

my

Suppose that £ € CV is a minimizer of (8) with § = §v/K—1 and
K = maxi<k<,{(Nk — Nk—1)/mi}. Then, with probability exceeding 1 — se,
where s = s; + ...+ s,, we have that

Hg_ﬁ“SC'(5'(1‘|'L'\/g)—i—as,M(F)>7

log, (6e—1
for some constant C, where osm(f) isasin (7), L=1+ W and

Ny — Ny
K = maxk=1,..., {M}



Continuous CS in Helium Atom Scattering

Polarisation FT + Wavelength
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From Nature, Sci. Rep. July 2016
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