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FIG. 1: Slices of fluid energy density E/T 4
c at t = 400 T−1

c ,
t = 800 T−1

c and t = 1200 T−1
c respectively, for the η = 0.2

simulation. The slices correspond roughly to the end of the
nucleation phase, the end of the initial coalescence phase and
the end of the simulation.

W ϵ, contracting [∂µT µν ]
fluid

with Uν yields

Ė + ∂i(EV i) + p[Ẇ + ∂i(WV i)]−
∂V

∂φ
W (φ̇+ V i∂iφ)

= ηW 2(φ̇+ V i∂iφ)
2. (5)

The equations of motion for the fluid momentum density
Zi = W (ϵ+ p)Ui read

Żi+∂j(ZiV
j)+∂ip+

∂V

∂φ
∂iφ = −ηW (φ̇+V j∂jφ)∂iφ. (6)

The principal observable of interest to us is the power
spectrum of gravitational radiation resulting from bub-
ble collisions. One approach is to project Tij at every
timestep and then making use of the Green’s function to
compute the final power spectrum [34, 35]; this is quite
costly in computer time. Instead, we use the procedure
detailed in Ref. [36]. We evolve the equation of motion
for an auxiliary tensor uij ,

üij −∇2uij = 16πG(τφij + τ fij), (7)

where τφij = ∂iφ∂jφ and τ fij = W 2(ϵ+ p)ViVj . The phys-
ical metric perturbations are recovered in momentum
space by hij(k) = λij,lm(k̂)ulm(t,k), where λij,lm(k̂) is
the projector onto transverse, traceless symmetric rank 2
tensors. We are most interested in the metric perturba-
tions sourced by the fluid, as the fluid shear stresses gen-
erally dominate over those of the scalar field, although it
will be instructive to also consider both sources together.
Having obtained the metric perturbations, the power

spectrum per logarithmic frequency interval is

dρGW(k)

d ln k
=

1

32πGL3

k3

(2π)3

∫

dΩ
∣

∣

∣
ḣlm(t,k)

∣

∣

∣

2

. (8)

We simulate the system on a cubic lattice of N3 = 10243

points, neglecting cosmic expansion which is slow com-
pared with the transition rate. The fluid is imple-
mented as a three dimensional relativistic fluid [37], with
donor cell advection. The scalar and tensor fields are

evolved using a leapfrog algorithm with a minimal sten-
cil for the spatial Laplacian. Principally we used lat-
tice spacing δx = 1T−1

c and time step δt = 0.1T−1
c ,

where Tc is the critical temperature for the phase tran-
sition. We have checked the lattice spacing dependence
by carrying out single bubble self-collision simulations for
L3 = 2563 T−3

c at δx = 0.5T−1
c , for which the value of

ρGW at t = 2000T−1
c increased by 10%, while the final

total fluid kinetic energy increased by 7%. Simulating
with δt = 0.2T−1

c resulted in changes of 0.3% and 0.2%
to ρGW and the kinetic energy respectively.

Starting from a system completely in the symmet-
ric phase, we model the phase transition by nucleat-
ing new bubbles according to the rate per unit volume
P = P0 exp(β(t − t0)). From this distribution we gener-
ate a set of nucleation times and locations (in a suitable
untouched region of the box) at each of which we insert a
static bubble with a gaussian profile for the scalar field.
The bubble expands and quickly approaches an invariant
scaling profile [23].

We first studied a system with g = 34.25, γ = 1/18,
α =

√
10/72, T0 = Tc/

√
2 and λ = 10/648; this allows

comparison with previous (1 + 1) and spherical studies
of a coupled field-fluid system where the same parameter
choices were used [23]. The transition in this case is rela-
tively weak: in terms of αT , the ratio between the latent
heat and the total thermal energy, we have αTN

= 0.012
at the nucleation temperature TN = 0.86Tc. We also
performed simulations with γ = 2/18 and λ = 5/648, for
which αTN

= 0.10 at the nucleation temperature TN =
0.8Tc, which we refer to as an intermediate strength tran-
sition. We note that αTN

∼ 10−2 is generic for a first
order electroweak transition, while αTN

∼ 10−1 would
imply some tuning [38].

For the nucleation process, we took β = 0.0125Tc,
P0 = 0.01 and t0 = tend = 2000T−1

c . The simulation vol-
ume allowed the nucleation of 100-300 bubbles, so that
the mean spacing between bubbles was of order 100T−1

c .
The wall velocity is captured correctly, but the fluid ve-
locity did not quite reach the scaling profile before col-
liding. Typically, the peak velocity prior to collision is
20-30% below the scaling value for the deflagrations.

For the weak transition we chose η = 0.1, 0.2, 0.4 and
0.6. The first gives a detonation with wall speed vw ≃
0.71, and the others weak deflagrations with vw ≃ 0.44,
0.24, and 0.15 respectively. The shock profiles are found
in Figs. 2 and 3 of Ref. [23]; slices of the total energy
density for one of our simulations are shown in Fig. 1.
The intermediate transition was simulated at η = 0.4,
for which the wall speed is vw ≃ 0.44, very close to the
weak transition with η = 0.2.

Fig. 2 (top) shows the time evolution of two quantities
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Gravitational Wave Definition

General Relativity (GR) Gµ⌫ = 1
m2

p
Tµ⌫

geometry matter

ds

2 = gµ⌫(x)dxµ
dx

⌫

DIFF : x

µ ! x

0µ(x)

symmetry
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Low Freq. / Long Scale: 

=

GW energy-momentum  tensor

It can be shown that only TT dof contribute to  < … >

tµ⌫ =
c4
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GW  power/area  radiated
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�
D↵D(µh⌫)� �DµD⌫h↵� �D↵D�hµ⌫

�

Dµh̄µ⌫ = 0 (                             ) Lorentz 

gauge



Gravitational Wave Definition

What about the 
High Freq. / Short Scale? 

negligible|R(2)
µ |High

|R(1)
µ |

⇠ O
✓

�p

LB

◆
|R(2)

µ |High

R(1)
µ⌫ = ḡ↵�
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probe of the early Universe
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probe of the early Universe
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FIG. 1: Slices of fluid energy density E/T 4
c at t = 400 T−1

c ,
t = 800 T−1

c and t = 1200 T−1
c respectively, for the η = 0.2

simulation. The slices correspond roughly to the end of the
nucleation phase, the end of the initial coalescence phase and
the end of the simulation.

W ϵ, contracting [∂µT µν ]
fluid

with Uν yields

Ė + ∂i(EV i) + p[Ẇ + ∂i(WV i)]−
∂V

∂φ
W (φ̇+ V i∂iφ)

= ηW 2(φ̇+ V i∂iφ)
2. (5)

The equations of motion for the fluid momentum density
Zi = W (ϵ+ p)Ui read

Żi+∂j(ZiV
j)+∂ip+

∂V

∂φ
∂iφ = −ηW (φ̇+V j∂jφ)∂iφ. (6)

The principal observable of interest to us is the power
spectrum of gravitational radiation resulting from bub-
ble collisions. One approach is to project Tij at every
timestep and then making use of the Green’s function to
compute the final power spectrum [34, 35]; this is quite
costly in computer time. Instead, we use the procedure
detailed in Ref. [36]. We evolve the equation of motion
for an auxiliary tensor uij ,

üij −∇2uij = 16πG(τφij + τ fij), (7)

where τφij = ∂iφ∂jφ and τ fij = W 2(ϵ+ p)ViVj . The phys-
ical metric perturbations are recovered in momentum
space by hij(k) = λij,lm(k̂)ulm(t,k), where λij,lm(k̂) is
the projector onto transverse, traceless symmetric rank 2
tensors. We are most interested in the metric perturba-
tions sourced by the fluid, as the fluid shear stresses gen-
erally dominate over those of the scalar field, although it
will be instructive to also consider both sources together.
Having obtained the metric perturbations, the power

spectrum per logarithmic frequency interval is

dρGW(k)

d ln k
=

1

32πGL3
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(2π)3
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dΩ
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∣
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. (8)

We simulate the system on a cubic lattice of N3 = 10243

points, neglecting cosmic expansion which is slow com-
pared with the transition rate. The fluid is imple-
mented as a three dimensional relativistic fluid [37], with
donor cell advection. The scalar and tensor fields are

evolved using a leapfrog algorithm with a minimal sten-
cil for the spatial Laplacian. Principally we used lat-
tice spacing δx = 1T−1

c and time step δt = 0.1T−1
c ,

where Tc is the critical temperature for the phase tran-
sition. We have checked the lattice spacing dependence
by carrying out single bubble self-collision simulations for
L3 = 2563 T−3

c at δx = 0.5T−1
c , for which the value of

ρGW at t = 2000T−1
c increased by 10%, while the final

total fluid kinetic energy increased by 7%. Simulating
with δt = 0.2T−1

c resulted in changes of 0.3% and 0.2%
to ρGW and the kinetic energy respectively.

Starting from a system completely in the symmet-
ric phase, we model the phase transition by nucleat-
ing new bubbles according to the rate per unit volume
P = P0 exp(β(t − t0)). From this distribution we gener-
ate a set of nucleation times and locations (in a suitable
untouched region of the box) at each of which we insert a
static bubble with a gaussian profile for the scalar field.
The bubble expands and quickly approaches an invariant
scaling profile [23].

We first studied a system with g = 34.25, γ = 1/18,
α =

√
10/72, T0 = Tc/

√
2 and λ = 10/648; this allows

comparison with previous (1 + 1) and spherical studies
of a coupled field-fluid system where the same parameter
choices were used [23]. The transition in this case is rela-
tively weak: in terms of αT , the ratio between the latent
heat and the total thermal energy, we have αTN

= 0.012
at the nucleation temperature TN = 0.86Tc. We also
performed simulations with γ = 2/18 and λ = 5/648, for
which αTN

= 0.10 at the nucleation temperature TN =
0.8Tc, which we refer to as an intermediate strength tran-
sition. We note that αTN

∼ 10−2 is generic for a first
order electroweak transition, while αTN

∼ 10−1 would
imply some tuning [38].

For the nucleation process, we took β = 0.0125Tc,
P0 = 0.01 and t0 = tend = 2000T−1

c . The simulation vol-
ume allowed the nucleation of 100-300 bubbles, so that
the mean spacing between bubbles was of order 100T−1

c .
The wall velocity is captured correctly, but the fluid ve-
locity did not quite reach the scaling profile before col-
liding. Typically, the peak velocity prior to collision is
20-30% below the scaling value for the deflagrations.

For the weak transition we chose η = 0.1, 0.2, 0.4 and
0.6. The first gives a detonation with wall speed vw ≃
0.71, and the others weak deflagrations with vw ≃ 0.44,
0.24, and 0.15 respectively. The shock profiles are found
in Figs. 2 and 3 of Ref. [23]; slices of the total energy
density for one of our simulations are shown in Fig. 1.
The intermediate transition was simulated at η = 0.4,
for which the wall speed is vw ≃ 0.44, very close to the
weak transition with η = 0.2.

Fig. 2 (top) shows the time evolution of two quantities
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c ,
t = 800 T−1

c and t = 1200 T−1
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simulation. The slices correspond roughly to the end of the
nucleation phase, the end of the initial coalescence phase and
the end of the simulation.
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Inflation: Basic Predictions
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Inflation: Observables
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Inflation: Summary
Inflation: Solves Causality Problem. Bonus: Universe Flat 

gµ⌫ = gFRW
µ⌫ + �gµ⌫ [R, hij ]a / eHt

Exponetial 
Expansion

Quantum Origin  
of Fluctuations

�T, E , B [also �⇢]

Angular Temperature/ 
Polarization Anisotropies

Observations:
    Almost Scale-Inv

ns � 1 ⇠ �0.04

Locally Flat
|⌦k| ⌧ 1

Gaussian

⌦
R3

↵
⇡ 0

Adiabatic
4�m = 3��

But CMB polarization B-modes due to GWs not yet found !
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Particle production during inflation

inflaton      = pseudo-scalar axion

Gauge field excitation creates chiral GWs !

Axion-inflation model
[J. Cook, L. Sorbo (arXiv:1109.0022)]

The rolling inflaton excites the gauge field(s) 

[N. Barnaby, E. Pajer, M. Peloso (arXiv:1110.3327)]

V (') +
'

⇤
Fµ⌫ F̃

µ⌫ '

⇠ ⌘ '̇

2⇤H

A+ / e⇡⇠ , |A�| ⌧ |A+|

Ä±(k, t) +


k2 ± 2⇠

k

t

�
A±(k, t) = 0

A+ exponentially amplified, 

A− has no amplification




Particle production during inflation
Axion-inflation model

[J. Cook, L. Sorbo (arXiv:1109.0022)]

[N. Barnaby, E. Pajer, M. Peloso (arXiv:1110.3327)]

JCAP12(2016)026

Figure 4. Spectrum of GWs today h2⌦GW obtained from a numerical integration of the dynamical
equations of motion (for a model of quadratic inflaton potential, with inflaton - gauge field coupling
f = MPl/35), versus the local parametrization h2⌦GW / (f/f⇤)nT , evaluated at various pivot fre-
quencies f⇤ and with the spectral tilt nT obtained from successive approximations to the analytic
expression (3.13).

In figure 4, we compare the analytic expression (3.13) for the spectral tilt nT against the
result of a numerical evolution of ⌦GWh2. For definiteness, we choose a quadratic inflaton
potential, and we fix the coupling between the gauge field and the inflaton to f = MPl/35.
This gives ⇠N=60 ' 2.46 at the CMB scales. We observe from the figure that the final
expression for the tilt in (3.13) provides a very good approximation (red segments in the
figure) to the slope of the numerical result (blue solid line in the figure). The term (1� ✏) in
the denominator of (3.13), due to the fractional change of the Hubble rate Ḣ/H2, contributes
to nT only to second order in slow-roll parameters, and hence we disregard it. The expression
nT ' �4✏+ (4⇡⇠ � 6)(✏� ⌘) predicts correctly the slope of the numerical signal, within the
LISA frequency range, to better than ⇠ 4%. In the figure, the di↵erence between the red
segments and the true numerical signal cannot be distinguished by eye.

Let us note that for the range of ⇠ that LISA can probe [⇠ & 3.5, see figure (5)], the
term �4✏ in the final expression of (3.13) is actually negligible compared to the other terms.
We can thus further approximate the expression for the tilt as nT ' (4⇡⇠ � 6) (✏� ⌘), which
still predicts correctly the slope of the numerical signal within the LISA frequency range,
for instance in the fiducial chaotic quadratic model to better than ⇠ 10%. The advantage
of using this simplified expression for the tilt is that it allows us to reduce the number of
independent variables that the GW signal depends on, from {HN , ⇠, ✏, ⌘} to {HN , ⇠, (✏� ⌘)}.
This simplifies our next goal, which is to obtain a model-independent parameter estimation
based on the LISA sensitivity curves.

In figure 5 we plot the region in the parameter space (⇠, ✏ � ⌘) that LISA is capa-
ble of probing, with the left and right panels depicting, LISA’s best (A5M5) and worst
(A1M2) configurations, respectively. In both panels we take as a pivot scale f⇤ the frequency

of the minimum of each LISA sensitivity curve h2⌦(AiMj)
GW (f), with f⇤|A5M5 ' 0.00346 Hz

– 14 –

LISA Gauge fields 

source a


blue tilted 

& chiral


 GW background



Particle production during inflation
Axion-inflation model

h2⌦gw = A⇤

✓
f

f⇤

◆nT

⌦GWh2 ' 1.5 · 10�13 H4

M4
Pl

e4⇡⇠

⇠6
, ⇠ � 1

H, ⇠, ✏H � ⌘
3 parameters

nT ' (4⇡⇠ � 6)(✏H � ⌘)Bartolo et al ‘16
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Alright, Inflation ends …

… so what follows afterwards ?

(p)Reheating ! 



GWs from Preheating
PHYSICAL CONTEXT: REHEATING

INFLATION �! REHEATING �! BIG BANG THEORY
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GWs from Preheating
Inflaton: V (�) / �n

1. Parametric Excitation of fields

Fermions: y� ̄ : Oscillations !  � Particle Creation
(Non-Pert., Out-of-Eq.)
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1. Parametric Excitation of fields

Scalar field (condensate) after Inflation:

Coherent Oscillations: �(t) ⇡ �(t)f(t), f(t+ T ) = f(t)
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GWs from Preheating1. Parametric Excitation of fields
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FIG. 1: We show ⇥
GW

as a function of k (in units of H�1

⇤ )
for two particular resonance parameters q = 61, 750, and each
one for KD, RD and MD post-inflationary expansion rates.
We take here � = 0.01. Each line corresponds to a particular
time, going from early times (red lines) to late times (purple
lines). For the RD simulations, the time step between each
spectra is approximatelyH⇤�t ⇡ 15.5, for the KD simulations
it is H⇤�t ⇡ 32.7, and for the MD simulations it is H⇤�t ⇡
7.3. The last spectra for KD simulations corresponds to the
output time H⇤t ⇡ 3280, while the last time plotted for RD
and MD panels is H⇤t ⇡ 750. The purple, red, and orange
dashed vertical lines indicate the position of the peaks k

1

, k
2

and k
3

respectively in these spectra.

⌦GW ⇠ 10�11 !!
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⌦GW ⇠ 10�11 !!

but …

f⇤ ⇠ 108 Hz

⌦GW[f ;�⇤, V, g
2] , f⇤ ⇠ 108(g/10�3)1/2 Hz



 0) GW definition

Gravitational Waves as a 
probe of the early Universe

OUTLINE

1) GWs from Inflation

2) GWs from Preheating

3) GWs from Phase Transitions

4) GWs from Cosmic Defects 

   Early 
Universe



fc = f⇤
a⇤
a0

=
2 · 10�5

✏⇤

T⇤
1TeV

Hz

* GW causal source: cannot 'operate' beyond the horizon (Hubble scale) 

Hubble rate        temperature in the universe :  
(assuming standard thermal history)

f⇤ =
H(T⇤)

✏⇤
✏⇤  1 parameter characteristic  

of source dynamics

✏⇤ ' 10�2 T⇤ ' 1TeVfor

' mHz

GW background from first order phase transitions



• collisions of bubble walls  

• sound waves and turbulence in the fluid 

• primordial magnetic fields (MHD turbulence)

* Potential barrier separates 
true and false vacua

quantum tunneling across the barrier : 
nucleation of bubbles of true vacuum

GW background from first order phase transitions

Universe expands, temperature decreases: phase transition triggered !

source:        tensor 
anisotropic stress

⇧ij



* Potential barrier separates 
true and false vacua

quantum tunneling across the barrier:  
nucleation of bubbles of true vacuum

GW background from first order phase transitions

Universe expands, temperature decreases: phase transition triggered !

source:        tensor 
anisotropic stress

⇧ij ⇧ij ⇠ �2(⇢+ p) vivj

⇧ij ⇠
(E2 +B2)

3
� EiEj �BiBj

⇧ij ⇠ @i�@j�



: duration of PhT

BUBBLE COLLISION

size of bubbles 
at collision

��1

vb  1
R⇤ = vb ��1

⇥ ' H⇤
�

, H⇤ R⇤

fc = f⇤
a⇤
a0

=
2 · 10�5

✏⇤

T⇤
1TeV

Hz

SOUND WAVES AND 
MDH TURBULENCE

: speed of bubble walls

what is ϵ in 1st Order PhT's?

GW generation <—> bubbles properties



Parameters determining the GW spectrum

↵ =
⇢vac

⇢⇤rad

 =
⇢kin
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(not independent)



MHD turbulence

Example of spectrum (‘runaway' solution)

10-5 10-4 0.001 0.01 0.110-16
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h2
W
G
W
HfL

Caprini et al, arXiv:1512.06239

sound waves

wall collisiontotal

peak of fluid-related processes 1/R⇤�peak of bubble collisions 



Evaluation of the signal

• bubble collisions: analytical and numerical simulations 

• sound waves: numerical simulations with both scalar field and fluid

• MDH turbulence: analytical evaluation

(Huber and Konstandin arXiv:0806.1828)

(Hindmarsh et al arXiv:1504.03291)

(Caprini et al arXiv:0909.0622)



• LISA sensitive to energy scale 10 GeV - 100 TeV !

• LISA can probe the EWPT in BSM models …  
- singlet extensions of MSSM (Huber et al 2015) 
- direct coupling of Higgs to scalars (Kozackuz et al 2013) 
- SM + dimension six operator (Grojean et al 2004)

• … and beyond the EWPT 
- Dark sector: provides DM candidate and confining PT 

(Schwaller 2015) 
- Warped extra dimensions : PT from the dilaton/radion 

stabilisation in RS-like models (Randall and Servant 2015)

Models for EWPT and beyond



• LISA sensitive to energy scale 10 GeV - 100 TeV !

• LISA can probe the EWPT in BSM models …  
- singlet extensions of MSSM (Huber et al 2015) 
- direct coupling of Higgs to scalars (Kozackuz et al 2013) 
- SM + dimension six operator (Grojean et al 2004)

• … and beyond the EWPT 
- Dark sector: provides DM candidate and confining PT 

(Schwaller 2015) 
- Warped extra dimensions : PT from the dilaton/radion 

stabilisation in RS-like models (Randall and Servant 2015)

Models for EWPT and beyond

Cosmology and Particle Physics interplay!  

Connections with baryon asymmetry & dark matter 

LISA —> new probe of BSM physics! 

(complementary to particle colliders)



Detection prospects for LISA: no runaway 

Caprini et al, 2015/2016 (LISA 1PhT working group)
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Detection prospects for LISA:  runaway 

Caprini et al, 2015/2016 (LISA 1PhT working group)



Detection prospects for LISA: runaway in vacuum

Caprini et al, 2015/2016 (LISA 1PhT working group)



What about
Cosmic Defects ?

(aftermath products of a PhT)



0. SYMMETRY BREAKING ! COSMIC DEFECTS0) Phase Transition ↔ Cosmic Defects (if conditions met) 
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1) 2)

3) 4)

U(1) Breaking (e.g. after Hybrid Inflation)

Dufaux et al PRD 2010
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MAGNETIC FIELD DYNAMICS: Hybrid Preheating (Abelian-Higgs)
[Dufaux, DGF, G

a
-Bellido, PRD’10]U(1) Breaking (after Hybrid Inflation):  Mag. Fields

Dufaux et al PRD 2010

0) Phase Transition ↔ Cosmic Defects (if conditions met) 
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What about if Defects are Cosmic Strings ?

Cosmic
(super)strings
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Conclusions

Cosmic (super)strings

A cosmic string network consists of:
1) “Infinite cosmic strings”
2) Cosmic string loops

Intercommutation

• Cosmic strings: p = 1

• Cosmic superstrings: p ∈ [10−3, 1]

DESY GW and Cosmology workshop / 3rd eLISA Cosmology WG meeting, DESY, Hamburg 3/22

Extra emission of GWs ! (Vilenkin ’81)

A cosmic string network formed by: 
1) ‘Infinite' long cosmic strings 
2) (subhorizon)Cosmic string loops

Intercommutation !
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GW emission from cosmic string networks

Loops once formed, decay by radiation emission

−→

Gravitational
Scalar/Gauge boson
Synchrotron/Radio/γ-ray
Neutrinos
UHERC

Also, cosmic strings create:

i. imprints on the CMB (anisotropies, non-Gaussianity)
ii. lensing events
iii. 21-cm signatures

Observational probes already used:

CMB experiments (e.g., Planck XXV)
Lensing surveys (e.g., Christiansen et al. 2009)
Diffuse γ-ray background (e.g., Santana Mota & Hindmarsh 2014)
GWs (EPTA, NANOGrav, LIGO)

DESY GW and Cosmology workshop / 3rd eLISA Cosmology WG meeting, DESY, Hamburg 5/22

* Widely believed that GW represents
dominant emission channel (Nambu-Goto)

* However… Abelian-Higgs field theory
simulations show loops decay into bosons

Extra emission of GWs ! (Vilenkin ’81)

* GW emission 
* Boson emission 
* UHCR 
* …
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GW emission from cosmic string networks

GW emission “engines”: cusps and kinks

Emission in a series of harmonics (modes) n:

fn = 2nc/ℓ, n = 1 → ∞

Emitted GW power per mode:

dEgw,loop

dt
= PnGµ2c , Pn = Γn−q/

∞∑
m=1

m−q

Given a loop number density n(ℓ, t)

Ωgw(f) =
2Gµ2c3

ρcrita5(t0)f

∞∑
j=1

jPj

∫ t0

tf

a5(t′)nj(f, t
′)dt′

Also GW emission from:

• Infinite cosmic strings (Kawasaki et al. 2010; Matsui et al. 2016)
• Scaling evolution in the radiation era (Figueroa et al. 2013)

DESY GW and Cosmology workshop / 3rd eLISA Cosmology WG meeting, DESY, Hamburg 6/22

Assuming GW emission dominates …

Extra emission of GWs ! (Vilenkin ’81)

* GW emission 
* Boson emission 
* UHCR 
* …
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Extra emission of GWs !
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FIG. 1: The GW energy density per logarithmic frequency
interval Ωgw(f)h2 of a cosmic string network with Gµ/c2 =
10−7, α = 10−3 and n∗ = 1. The black (solid) line is the full
spectrum from the network due to loops formed in both radi-
ation and matter eras, whereas the red (dashed) line is that
from the radiation-dominated era and the blue (dot-dashed)
line is from the matter-dominated era. The grey shaded area
shows the frequency window probed with the highest sensi-
tivity by PTA experiments with duration between 5 and 10
years.

D. Intercommutation probability

Whenever two field theory cosmic strings collide they
exchange partners with an intercommutation probability
p = 1 [70]. This is not necessarily the case for cosmic su-
perstrings however, which intercommute with a reduced
intercommutation probability p < 1. This can be at-
tributed to the extra dimensions in which cosmic super-
strings are moving, with a successful intercommutation
requiring their collision in all dimensions and not just in
the three spatial dimensions visible to us. If p < 1 then
the scaling density of long strings is increased in order
to increase the number of intersections per unit time and
hence allow the network to lose the requisite amount of
energy necessary to maintain scaling. This will increase
the number of loops and hence will increase the ampli-
tude of the SGWB by a uniform scaling. There is, how-
ever, some controversy as to the exact dependence on p.
Jones, Stoica and Tye [19], argued that the self-similar
length scale, L, of the cosmic string network should scale
as L ∝ pt, which would mean that ρ∞ ∝ L−2 ∝ p−2.
In that case, even a small decrease in p would lead to a
dramatic increase in the amplitude of the SGWB. How-
ever, in such a case the inter-string distance ds, due to
the higher string density, is smaller than the length scale
of the network L, whereas in the one-scale model L ∼ ds,
suggesting that this argument needs to be modified.
Sakellariadou [83] has performed simulations of cosmic

superstring networks in Minkowski spacetime which sug-
gest that L ∝ p1/2t, implying that ρ∞ ∝ p−1. It was
suggested the discrepancy with the results of Jones et
al. stems from the small-scale structure of cosmic stings,

which ensures more intersection points when two strings
collide, and therefore there are more chances for success-
ful loop production.
There are two techniques used to model the dynam-

ics of strings in the Nambu-Goto approximation: one
is the Minkowski spacetime approach used in [83]; the
other is to model the expansion of the Universe. The
results of such simulations are reported by Avgoustidis
and Shellard in [84, 85]. They find that when p ≤ 0.1
then ρ∞ ∝ p−0.6, whereas for 0.1 < p ≤ 1.0 they find
ρ∞ ∝ p−1. They also suggest that small-scale structure
is responsible for the difference from the ρ∞ ∝ p−2 scal-
ing law and they propose a simple two-scale model which
describes quite accurately their simulation results. The
difference in the scaling laws of [83] and [85] has to do
with fitting model parameters to results of fundamen-
tally different simulations, so the exact reasons for this
discrepancy are not easy to trace.
In this work we will not make a judgement on the pre-

cise dependence of the scaling density of infinite strings
as a function of p except that it can be modeled by a
power law

A(p) =
A(1)

pk
, (25)

where k is the model parameter and A(1) = 52 and
A(1) = 31 in the radiation and matter eras respectively.
The results of [83] suggest that k = 1, whereas those
of [84, 85] suggest k = 0.6 for p ≤ 0.1 and k = 1
for 0.1 < p ≤ 1.0. The consequence of this assump-
tion is that the amplitude of the SWGB will scale as
Ωgw(f) ∝ p−k independent of f .

III. CHARACTERISTICS OF COSMIC STRING
INDUCED SPECTRA

A. Low frequency cut-off due to newborn large
loops.

As we mentioned in Sec. II B, each cosmic string loop
emits GWs into an ensemble of harmonics defined by
fn = 2nc/ℓ. This means that there is a low frequency
cut-off on the GWs that a cosmic string network emits,
defined by the first emission mode of the largest loops
present. The largest loops are those created at the
present time t0 and have length ℓ0 = frαdH(t0), with
a corresponding low frequency cut-off f0 ∝ 1/αt0. The
redshifted frequencies of the GWs emitted by loops pre-
viously born will always be higher than f0 in both the
radiation- and matter-dominated eras. For example, in
the radiation era the frequency of the first emission mode
of a loop formed at time t1 redshifted to the present is

f1 ∝ t1/6eq /α(t1/21 t2/30 ) > f0, where teq ≈ 25, 000 yrs is the
time of radiation-matter equality. The same calculation

in the matter era gives f1 ∝ 1/α(t1/31 t2/30 ), which is also
greater than f0. To demonstrate the strength of this in-
equality, in the matter era, the GWs of the first emission

Sanidas et al 2012

(Vilenkin ’81)
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PTA Upper Limits

Lentati et al. 2015
Arzoumanian et al. 2015

For upper limits:
Only p = 1, n∗ = 1, and
n∗ = 104/ q = −4/3 needed

Planck:
Gµ/c2 < 1.3× 10−7

EPTA:
Gµ/c2 < 1.3× 10−7

NANOGrav:
Gµ/c2 < 3.3× 10−8

We are as robust as we can be,
aware of the caveats, and finally
competitive to CMB results

DESY GW and Cosmology workshop / 3rd eLISA Cosmology WG meeting, DESY, Hamburg 14/22

(From Sanidas et al,LISA GW cosmology 3rd encounter)
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eLISA configurations: Performance

Results for 6 links, SNR=20

A1M2
Conservative limit: Gµ/c2 < 4.4× 10−10

Large loops: Gµ/c2 < 1.5× 10−16

A2M2
Conservative limit: Gµ/c2 < 1.1× 10−10

Large loops: Gµ/c2 < 2.1× 10−17

A2M5
Conservative limit: Gµ/c2 < 7.0× 10−11

Large loops: Gµ/c2 < 1.3× 10−17

A5M5
Conservative limit: Gµ/c2 < 1.4× 10−11

Large loops: Gµ/c2 < 4.4× 10−18

Improvement (on conservative upper limits):

A1→A2: ×3.8− 4.8
A2→A5: ×4.6− 5
M2→M5: ×1.6

DESY GW and Cosmology workshop / 3rd eLISA Cosmology WG meeting, DESY, Hamburg 21/22

LISA Prospects

! v . 1010GeV

(From Sanidas et al,LISA GW cosmology 3rd encounter)
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EWPT (1st) 
observable*

[*At LISA if EWPT is strong 1st order]

GUT-PT 
observable**

[**By PTA, If large loops present]
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