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Some Applications of R & R*

e /tau —» Hadrons / Z-decay: QCD at N4LO
(2012 Baykov, Chetyrkin, KUhn) Global R*

« Anomalous Dimensions:
« QCD
« 5-loop Beta function
(2016 Baykov, Chetyrkin, KUhn) Global R*
* 5-loop quark mass and field anomalous dimension
(2014 Baykov, Chetyrkin, Kuhn) Global R*
* Phi4d
» 6-loop (Batkovich, Chetyrkin, Kompaniets)
(2016 Batkovich, Chetyrkin, Kompaniets) Global & Local R*

 Decay Rates: QCD corrections
« H-bb N4LO (2005 Baykov, Chetyrkin, Kuhn) Global & Local R*

* g-2: QED corrections
* 5loop (2014 Kinoshita,Aoyama, Hayakawa, Kinoshita, Nio)
Local R*(?) subtraction, even numerical
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BPHZ R-operation in the MS scheme

Example of a massive Feynman Graph:

/de
imD/2 (k2 4+ m?) k+p) + m?)

The R-operation allows to separate finite and divergent parts

G =RG+ KG

A
RG =Y GMe" KG = Z G
n=0

n=—1L
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What is R?

* R renormalizes a Feynman diagram
* R is scheme dependent

e R=1-K in the MS scheme

* R can be also be expressed as a recursive subtraction
operator

* The solufion to this recursive subtraction operator is
/immermann’s Forest Formula
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UV Divergences at 1 loop

E+p
dPk
St o /ZT('D/2 (k%2 +m?) k+p) + m?)
k
__ mom mom _ L
RG = G + Al Az =G| _,=-{ )}
Works because G and AA™ have identical singular limits:

dPk 1
inD/2 [k2]2

im —Ag ~ lim GN/

k—00 k—00



UV Divergences atf 2 loops
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UV Divergences atf 2 loops

1+k2
. / dPky dPk; 1
= iwD/2 i D/2 (kT + m?2)((k1 + ko) +m?) (k3 + m?)((k1 + p)? + m?)

UV divergent (sub) graphs:

= gme~ (O O
k2—>oo
e e O
7 ' kzl}clgrgooG

The R-operation will consfruct a counter term from the above limits.
Overlapping divergences are avoided by recursive subtraction of sub-divergences

H>=--(0-0-0)- OO

= Ag = Ay xG/y
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UV Divergences at L loops
iINn the MS scheme

RG:ZHAW*G/F

' ~rel

« Each | is called a spinney, a set of disjoint 1PI UV divergent subgraphs, it
contains also the empty and the full graph.

- The set{I'(G)} is a called a wood, .e.g. {F()} = {@, {C}}’ {}}

« /A, Is acounter term operation. It isolates the singuarity due to the divergent
subgraph.

w(y
Af}/ —_— —
n

)
KRT,\" RG=>"T[ A, G/
=()  ~ell

)= {0t}

' Does not include the full graph G.
. 7;<n>is a Taylor expansion operator. {

]
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What happens when m—-0 7
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Intfroducing R”

G=R'G+ KG

« G may have massless lines, but massive
external lines

« R* subfracts only those IR Divergences
associated to massless internal lines

* In MS scheme R*=1-K
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Why are scaleless integrals zero in
dimension regularisation?

Q /de 1 1 1 4
D/2 [k2]? _GUV IR

To see thisjustinsert 1 = +
k2+m?2 k2 +m?
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Extracting IR poles from UV poles

Ry =0
Ry ={ 3y KR { } —KR { } =0

UV counter term IR counter term

- KR { } =—KR { } =—Kk« ¥

Infrared Rearrangement (Viadimirov 1980)
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Subftraction of IR and UV at 2 loops

UV divergences: T(G)} = {o, {@ }, {C} il

1
R -

IR divergences: {1'(G)}

{o. {1
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Subftraction of IR and UV at 2 loops

UV divergences: G)} = {0, {@} {@}}

//\

R«@» «@»KR«@ KR{?}Q _KR* *KR
IR divergences: TG} = {o, Il}

"UV Rearrangement” R* I — Q
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Subtraction of IR and UV at L loops

(for masssive external leQgs)

RG= > ] &y «]]a,«G/m\1

'NIY=0~"el ~ell
IR counter term: UV counter term:
/ ~/ e 1k w
AL, = —KR*5 T A, = —KRT\¥)

. fNy/ is The contracted vacuum IR subgraph

/ , .
- G / F\F is constructed by confracting UV sulbbgraphs o points and
deleting IR subbgraphs
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Automartion:
Straight forward but tedious!

 Have automated the R*-operator for arbitrary Tensor integrals with massive
external legs, and massless internal legs, in both FORM and Maple.

\ 9"
N\ J

» Challenges:

1

« Subgraph finding: xl@w = 11<$1, 5132)[2(331; 372>l3<3317 372)

» Use x-representation

« Counter tferm constfruction:
» Delefion and confraction of subgraphs
 Differential Operators

* Evaluation of counter-terms: use Forcer, a highly optimised 4-loop
reduction routine in FORM (Ruijl, Ueda, Vermaseren to be published)
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Status, Outlook and Summary

Our current implementations are capable to evaluate poles of
up to 5-loop tensor integrals with massive external legs (still further
festing required)

Short-term Aims:

« Compute 5-loop Beta function in QCD for general gauge group
(currently need further optimisation)

* Plenty of 5-loop observables/anomalous dimensions which require
checking/ extending fo general gauge group

« Moments of 4-loop splitting functions from 3-loop integrals
« Long-ferm Aims: Can we learn something for LHC Physics?

 Generalise R* to massless external states (?)

« Aufomate expansions by region using subgraph search
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