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Temperature of the Universe

What is the highest temperature?

What is the lowest temperature?

What is the available range of this initial high temperature?



Inflation: vacuum-dominated

Oscillation
 : matter-dominated

Decay
: radiation-dominated

Inflation and Matter-Domination



Reheating

During inflation, the Universe is cold.

After inflation, the energy of the inflation is converted to the 
production of the light particles. Usually the inflaton field oscillates 
around vacuum and decay to produce light particles.

The particles are thermalised and the Universe is heated to some 
temperature. We call the highest temperature when the radiation-
domination starts, reheating temperature.

Early matter-domination (by inflaton) before reheating is inevitable.
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Upper bound on Reheating Temperature

Energy scale of the inflation constrains the highest temperature of 
the reheating temperature.

Tensor to scalar ratio

12.3.2 Quantization

Each polarization of the gravitational wave is therefore just a renormalized massless field in de Sitter

space
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Since we computed the power spectrum of  = v/a in the previous section, �2
 = (H/2⇡)2m we

can simply right down the answer for �2
h, the power spectrum for a single polarization of tensor

perturbations,
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Again, the r.h.s. is to be evaluated at horizon exit.

12.3.3 Power Spectrum

The dimensionless power spectrum of tensor fluctuations therefore is
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12.4 The Energy Scale of Inflation

Tensor fluctuations are often normalized relative to the (measured) amplitude of scalar fluctuations,

�2
s ⌘ �2

R ⇠ 10�9. The tensor-to-scalar ratio is
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t (k)
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. (217)

Since �2
s is fixed and �2

t / H2 ⇡ V , the tensor-to-scalar ratio is a direct measure of the energy scale

of inflation
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1016 GeV . (218)

Large values of the tensor-to-scalar ratio, r � 0.01, correspond to inflation occuring at GUT scale

energies.

12.5 The Lyth Bound

Note from Eqns. (203) and (216) that the tensor-to-scalar ratio relates directly to the evolution of

the inflaton as a function of e-folds N
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The total field evolution between the time when CMB fluctuations exited the horizon at Ncmb and

the end of inflation at Nend can therefore be written as the following integral
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The determination of r gives the energy scale of inflation
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During slow-roll evolution, r(N) doesn’t evolve much and one may obtain the following approximate

relation [27]
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, (221)

where r(Ncmb) is the tensor-to-scalar ratio on CMB scales. Large values of the tensor-to-scalar ratio,

r > 0.01, therefore correlate with �� > Mpl or large-field inflation.

13 Primordial Spectra

The results for the power spectra of the scalar and tensor fluctuations created by inflation are
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where

" = �d ln H

dN
. (224)

The horizon crossing condition k = aH makes (222) and (223) functions of the comoving wavenumber

k. The tensor-to-scalar ratio is
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13.1 Scale-Dependence

The scale dependence of the spectra follows from the time-dependence of the Hubble parameter and

is quantified by the spectral indices
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We split this into two factors
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The derivative with respect to e-folds is
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The first term is just �2" and the second term may be evaluated with the following result from

Appendix D
d ln "

dN
= 2(" � ⌘) , where ⌘ = �d ln H,�
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. (229)

The second factor in Eqn. (227) is evaluated by recalling the horizon crossing condition k = aH, or

ln k = N + ln H . (230)
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The large value of tensor-to-scalar ratio is related to the large field 
inflation.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

Ph(k) =
2H2

M2

P k
3

, Pt = 2Ph(k) =
2H2

⇡2M2

P

(1)

hhs
k

, hs
k

0i =(2⇡)3�(k+ k

0)
4

a2M2

P

|vs
k

|2

=(2⇡)3�(k+ k

0)
4H2

2M2

P k
3

(1 + k2⌧2)

=(2⇡)3�(k+ k

0)Ph(k)

(2)

ns � 1 = �1

2
r a = � 1

H⌧
(3)

H2 =
1

2

m2�2

3M2

P

m ' 5⇥ 10�10MP (4)

k = a⇤H⇤
dH⇤
d ln k

=
Ḣ⇤
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Early Matter-Domination and Reheating

Reheating and early matter-domination also happen in 
the scenarios of Moduli, curvaton, thermal inflation, axino, 
gravitino, ....

When decoupled heavy particles are very weakly interacting, 
they decay very late in the early Universe.

Temperature ~ MeV - GeV
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Reheating Temperature

[From Kolb & Turner]
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Low bound on Reheating Temperature

1. Big Bang Nucleosynthesis
: at low-reheating temperature, neutrinos are not fully thermalised
and the light element abundances are changed,

Bounds on low-reheating temperature from small-scale dark matter perturbations

(tentative)

Ki-Young Choi1, ⇤ and Tomo Takahashi2, †

1
Institute for Universe and Elementary Particles and Department of Physics,

Chonnam National University, 77 Yongbong-ro, Buk-gu, Gwangju, 61186, Republic of Korea
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Introduction.— The early Universe is very well
known to the temperature below around 1MeV. In other
words, the temperature of the Universe must be higher
than this to be consistent with the current observations
such as big bang nucleosynthesis, cosmic microwave back-
ground and large scale structure formation.

When the reheating temperature is low, the neutrinos
are not thermalized fully and do not have the Fermi-
Dirac distribution. This changes the proton-neutron ra-
tio and also the abundance of 4He, which sets the limit
on the reheating temperature as T

reh

& 0.5 � 0.7MeV
(or T

reh

& 2.5MeV � 4MeV in the case of hadronic de-
cays) [1, 2]. In this low-reheating temperature the oscil-
lation of neutrinos can a↵ect the thermalization too [3].

By combining with cosmic microwave background and
large scale structure data, the bound on the reheating
temperature can be increased [4–6]. From the recent
Planck data, the lower bound was obtained as T

reh

&
4.7MeV when the neutrino masses are allowed to vary [7].

Before reheating, the Universe is conventionally as-
sumed to be dominated by non-relativistic heavy parti-
cles during those times the Universe undergoes a matter-
like phase. The decay of them produces light thermalised
particles and the standard hot Universe begins. The spe-
cific examples of the early matter-domination before re-
heating are the inflaton oscillation phase after inflation
or the late-time domination of heavy long-lived particles
such as curvaton, moduli or gravitino/axino [8].

When the reheating temperature is low, it is often
that the dark matters are already non-relativistic and
decoupled from the relativistic thermal plasma. Their
density perturbations linearly grow during early matter-
domination and has more possibility to seed the dark
matter substructures such as ultracompact minihalos
(UCMHs), which are expected to survive to the present
time [9, 10]. The precise determination of the present
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number of UCMHs can provide clues to the early time of
the Universe.
Up to now there is no convincing observation of small

clumps of dark matter and this restricts the number
of UCMHs in the Universe. The bound was used to
put constraints on the primordial power spectrum. The
strongest one comes form the gamma-ray searches by the
Fermi Large Area Telescope, through the annihilation of
dark matters [11, 12]. There are also constraints from
pure gravitational observations using possible small dis-
tortions in the images of macrolensed quasar jets [13],
astrometric microlensing [14] or pulsar timing [15, 16].
In this Letter, we use the limit on the UCMHs abun-

dance to obtain new bound on the low-reheating tem-
perature. Especially using the pulsar timing constraint,
we find the lowest reheating temperature as T

reh

&
30 � 100MeV in relatively broad models of dark mat-
ter independent on their microscopic properties.

Density perturbation during early matter-
domination.— During the early matter-domination,
the density perturbation of dominating heavy particle,
�, grow linearly as
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where �� ⌘ �⇢�/⇢�, �0

is the primordial gravitational
potential, H is Hubble parameter, and a is scale factor
with i representing the initial time. Here the comoving
scale k which enters the horizon at the scale factor a
during early mater-domination has a relation with the
reheating scale k

reh

as

k = k
reh
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where a
reh

(a < a
reh

) is the scale factor at the time of
reheating from the decay of �. The scale of reheating k

reh

can be calculated from the standard big bang cosmology
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for hadronic decays
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2. BBN+CMB+LSS 
 : precise calculation of the cosmic neutrino background and CMB 
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Local	Thermal	Equilibrium		
of	protons	and	neutrons

Weak	freeze-out Deuterium	bottleneck
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I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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New bound on low-reheating temperature

3. Dark matter halos
: density perturbation during early matter-domination and no 
observation of small scale DM halos.

[KYChoi, Tomo Takahashi, in preparation]
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Early Matter Domination and Reheating

[From Kolb & Turner]
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Evolution of Density Perturbation
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If primordial density perturbation is large:
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The matters and radiation collapse when they enters the 
horizon and make black holes (primordial black hole)

No observation of primordial black hole rule out this 
large density perturbation.
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It does not make black hole, but can make small scale
dm dominated halos (ultra compact mini halo, UCMH)

No observation yet. The constraint depends on the 
properties of dark matter.



UCMHs in the Galaxy

Small Scale Objects
Growth of small scale perturbation can be proved by �-ray signal.
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N-body simulations can 
follow evolution until z~26

General expectation afterwards: tidal disruption 
important, but compact core should survive...

...though prospects might be much worse.

Details not well understood and still under debate,
more input from simulations needed!
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mÑ = mÑ mX̃ = MX (2073)

m2X1,2 = M2X +
1

2

⌅
m2X +m

2
Xc ±

⌥
(m2X �m2Xc )2 + 4|BXMX |2

⇧
. (2074)

n⇥ � n⇥⇥
s

⇤
µ⇥i
T

for m⇥i ⌅ T (2075)

n⇥ � n⇥⇥
s

⇤
µ⇥i
T

⇥m⇥i
T

⇤3/2
e�m⇥i /T for m⇥i ⇧ T (2076)

Y�X =
nX̃ � nX̃c
s

⇤
nL � nL̄
s

(2077)

�M =

⌃

Area

⇥⇧ d3r ⇤ ⇥⇧ ⇤3ph (2078)

�M > MS =
⇤ph
G
= M2Pl ⇤ph (2079)

f f̄ (2080)

� (2081)

⇥�(t,⌃x) =
⇥⇧(t,⌃x)

⇧0(t)

����
primodial

⌃ 10�5 for ⇤ ⇤ kpc�Mpc (2082)

⇥�(t,⌃x) ⇤
⌃
d3k ⇥k(t) ⇤ =

2⌅

k
⇧(r) ⇤

1

r 2.25
(2083)

299

T = MeV T = 102GeV T = eV T = 1016GeV (2321)

⌦X̃h
2 = 0.1

✓

MX
5GeV

◆✓

Y�X
10�10

◆

(2322)

Treh '
p

�inf.MP Tmax ' Treh

s

V 1/4inf.
Treh

(2323)

Treh =? (2324)

�̃01 ! G̃ + � m�̃01 > mG̃ > MX (2325)

F⇣ = (100TeV)
2, mq̃ = 1TeV, (2326)
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Observation of UCMHs with WIMP

WIMP dark matter

Annihilation or decay of WIMPs in the UCMHs 
   : gamma-ray, neutrino, cosmic rays.

Fermi-LAT constrains strongly 

[Bringmann, Scott,  Akrami, 2012]
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less. For the following discussion, we thus assume that
Eq. (3) indeed provides a very good estimate for the
present UCMH mass, and Eq. (17) accurately represents
the present UCMH density.

As another important consequence of the extremely
high density of UCMHs discussed above, we note that
the spatial distribution of UCMHs is expected to track
the bulk DM. This is quite di↵erent from ordinary DM
subhalos, which are subject to tidal disruption and there-
fore generally much less abundant in the centres than
outer parts of large halos, relative to the smooth DM
component (see e.g. Ref. [87] for a detailed discussion
and references). Similarly, we expect the e↵ects of the
stellar disk of our Galaxy on the UCMH distribution to
be negligible (again in contrast to its e↵ect on ordinary
DM clumps, which can be sizable [88]).

B. Limits from gamma rays: individual Galactic
sources

If UCMHs consist of WIMP DM, they are generically
expected to be sources of high-energy gamma rays4 ([49];
see e.g. Ref. [90] for an overview of gamma-ray yields from
WIMP annihilation). In this case, there exists a unique
distance dobs out to which UCMHs of any given mass will
be observable by gamma-ray telescopes, given a certain
instrumental sensitivity. Using the all-sky gamma-ray
survey performed by the Fermi -LAT, the present abun-
dance of UCMHs in our own Galaxy can be constrained,
based on the non-observation of unassociated point and
extended sources with a spectral signature resembling
DM annihilation.

Indeed, no unassociated point or extended sources
showing evidence of DM annihilation have yet been dis-
covered by Fermi [91–94]; this is true both for sources in
[91, 92] and outside [91] the 1-year LAT catalogue [95].
Although Buckley & Hooper [92] place a rough upper
limit of 20–60 on the number of DM halos observed in
the 1 year catalogue, many of these can in fact be associ-
ated with astrophysical sources; Zechlin et al. [96] found
12 possibilities, and then identified the most promising
as probably a blazar. A recent search in the 2-year cata-
logue [97] found just 9 potential sources. Given that we
do not expect all these 9 sources to have been detected
at better than 5� in 1 year of data, and that statistically,
we expect at least ⇠80% of unidentified Fermi sources
to be relatively easily matched with known sources [98],
the implied maximum number of UCMHs in the 1-year
data is of the order of one or two. Whilst yet to provide
a statistical upper limit on the number of DM halos, the
Fermi -LAT Collaboration itself reports having seen ex-
actly zero [91, 99, 100]. We thus work under the assump-

4 Note that this is true even in the somewhat contrived situation
where WIMPs annihilate, at tree level, only into neutrinos [89].

tion that Fermi observed exactly zero UCMHs during its
first year of operation, to within its instrumental sensi-
tivity. Whilst a more detailed treatment would actually
include a full spectral analysis of all unassociated sources
in the Fermi survey, such a procedure is well beyond the
scope of this paper (for a full multi-wavelength approach,
see Ref. [96]).
The LAT sensitivity to point sources after 1 year

of observations, based on a spectral integration above
100MeV, is 4⇥ 10�9 photons cm�2 s�1 [101] for a 5� de-
tection. Although this sensitivity is based on a power-law
spectral source with index �2, expected DM annihilation
spectra are often su�ciently similar to this that the sen-
sitivity should be broadly similar. Going beyond this ap-
proximation would also require spectral analysis beyond
this paper’s scope. We note, however, that pronounced
spectral features at high energies, close to the DM par-
ticle’s mass (in particular from internal bremsstrahlung
[102]), can in principle enhance the e↵ective sensitivity
by up to an order of magnitude [103, 104].
In order to derive limits upon the fraction f of Galactic

DM contained in UCMHs, let us for simplicity assume
that all UCMHs have the same mass M0

UCMH – an as-
sumption we will later comment on. We now pick one
particular UCMH in the Milky Way, residing some dis-
tance d from Earth. Assuming that UCMHs track the
bulk DM, the probability that this UCMH can be found
within a distance dobs of Earth is

Pd<dobs,1 =
Md<dobs

MMW
, (18)

where MMW is the total mass of DM in the Milky Way,
and Md<dobs

 MMW is the mass of DM within dobs
of Earth. This probability is simply the fraction of the
(dark) Milky Way mass available for the UCMH to turn
up in by chance.
The probability of there existing i such UCMHs within

dobs can then be constructed from the binomial probabil-
ity of there being a single one, as done in e.g. Ref. [105]
for intermediate mass black holes. With the total num-
ber of UCMHs of mass M0

UCMH in the MW denoted by
NMW, we then have

Pd<dobs,i =

✓
NMW

i

◆
(Pd<dobs,1)

i(1� Pd<dobs,1)
NMW�i.

(19)
Because we assume that all UCMHs have the same mass,
we can write

NMW = f
MMW

f�M0
UCMH

, (20)

where we use Eq. (17) to express the local UCMH mass
fraction f in the Milky Way as

f ⌘ ⌦UCMH/⌦m = �(R)f�
M0

UCMH

Mi
. (21)

In general, the probability that the number of UCMHs
i present within dobs is equal to or greater than some

UCMH Mass Fraction

UCMH mass fraction in the Milky Way

3

here as the co-moving radius of the collapsing region; the
co-moving diameter of the region is 2R, which is half the
co-moving wavelength of the corresponding physical den-
sity fluctuation. No factors of ge↵ , the e↵ective number
of relativistic degrees of freedom at various times in the
early history of the Universe, enter in the above expres-
sion, because only the CDM component collapses and
contributes to the initial UCMH mass.

During radiation domination, the UCMH-forming
‘seed’ consists only of CDM, and its mass stays essentially
constant. Around matter-radiation equality, it then be-
gins to grow by infall of both dark and (after decoupling)
baryonic matter as

MUCMH(z) =
zeq + 1

z + 1
Mi . (2)

We conservatively assume that this growth only continues
until standard structure formation has progressed su�-
ciently far as to allow star formation, at z ⇠ 10. After
this time, dynamical friction between DM halos and hier-
archical structure formation presumably make further ac-
cretion from the smooth cosmological background of DM
ine�cient (note that the growth rate presented in Eq. (2)
assumes accretion in a homogeneous and unbound DM
background). Taking ⌦�h

2 = 0.112 [51], the mass of a
UCMH today is then related to the size of the original,
slightly over-dense region by

M0
UCMH ⌘ MUCMH(z . 10) ⇡ 4⇥ 1013

✓
R

Mpc

◆3

M� .

(3)
Similarly, the current-day UCMH mass is related to the
horizon mass MH(R) at the time when the fluctuation of
co-moving size R enters the horizon, by1

M0
UCMH ⇡ 3⇥ 10�7

✓
⌦�h

2

0.112

◆✓
ge↵
geqe↵

◆ 1
4
✓
MH

M�

◆ 3
2

M� ,

(4)
where ge↵ (geqe↵) is evaluated at the time of horizon entry
(equality).

After kinetic decoupling [74], the velocity of CDM par-
ticles decreases as v / (1 + z); the DM within the over-
dense region therefore initially has an extremely low ve-
locity dispersion as long as the density fluctuations are so
small that they do not induce sizable gravitational poten-
tials. Even shortly after the onset of matter-domination,
when the fluctuations that we are interested in here start
to become non-linear, the velocity dispersion increases
only mildly as [48, 75]

�v(z) ⇡ �v,0

✓
1000

z + 1

◆ 1
2
✓
MUCMH(z)

M�

◆0.28

, (5)

1 Eq. (4) is rigorously correct only when R ⌧ (aeqHeq)�1 ' 1.0⇥
102 Mpc, i.e. MH ⌧ Meq

H ' 3.5⇥ 1017M�; close to MH = Meq
H

it receives a further correction of 2�3/4. We give this expression
here only for explanatory purposes, and use Eq. (1), which is
exact, for all the calculations that follow.

with �v,0 = 0.14m s�1. UCMHs thus form by almost
pure radial infall [48], which leads to the growth rate
presented in Eq. (2), and a DM radial profile

⇢�(r, z) =
3f�MUCMH(z)

16⇡RUCMH(z)
3
4 r

9
4

, (6)

where f� ⌘ ⌦�/⌦m denotes the fraction of matter that
is CDM. This extremely steep profile, a direct conse-
quence of spherically-symmetric collapse, was first de-
rived analytically [76, 77] and later confirmed by explicit
N -body simulations [78, 79] (see in particular Fig. 6 of
Ref. [78]). The factor f� enters because even though the
initial UCMH seed consists only of DM, the matter it ac-
cretes following decoupling includes both dark and bary-
onic matter, and accounts for the majority of the mass of
the UCMH at the present time. RUCMH(z) refers to the
e↵ective radius of the UCMH at redshift z, beyond which
the density contrast associated with the (fully collapsed)
UCMH is � < 2. For collisionless DM, this turns out to
be [77]

RUCMH(z) ⇡ 0.339Rta(z), (7)

where the turnaround radius Rta(z) is the radius within
which matter contained in a collapsing perturbation sep-
arates from the Hubble flow. Rta(z) has been obtained by
Ricotti [80] from fits to numerical simulations of matter
accretion at early times, and then converted by Ricotti,
Ostriker & Mack [75] to RUCMH(z) using Eq. (7), giving

RUCMH(z)

pc
= 0.019

✓
1000

z + 1

◆✓
MUCMH(z)

M�

◆ 1
3

. (8)

With our assumed cuto↵ in accretion at the beginning
of star formation at z ⇠ 10, the current profiles and radii
are obtained by choosing z ⇠ 10 in Eqs. (6,8). Choosing
e.g. z ⇠ 30 instead has a minimal impact on results [49].
The steep density profile presented in Eq. (6) is valid

so long as the infalling dark matter follows an approxi-
mately radial path. This approximation breaks down in
the innermost parts of the minihalo, where the average
tangential velocity vrot of infalling material exceeds the
local Keplerian velocity vKep. This occurs only in the
inner region because vrot rises more steeply with decreas-
ing radius than vKep. The radial infall approximation is
hence violated at steadily larger radii as time goes on,
as the velocity dispersion of infalling matter increases
with time, so matter accreted at later times begins its
infall with larger vrot. This tends to suppress the con-
tribution of newly-accreted matter to the inner parts of
the halo. Accretion following UCMH formation therefore
contributes preferentially to the outer parts of the halo
[48, 77], but leaves the steep inner profile (established
by radial infall during the earliest stages of formation)
essentially intact.
Even for the earliest-accreted material however, radial

infall cannot be valid all the way to r = 0. This means
that the DM profile in Eq. (6) can only be expected to

with DM fraction
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even taking into account departures from radial infall.3

To account for this, we simply truncate our density pro-
files instead at r = rcut, setting the density within this
radius equal to ⇢�,max.

Whilst both are important for total annihilation rates,
neither the annihilation cuto↵ nor the correction for vio-
lation of radial infall have any real bearing upon the inte-
grated mass of UCMHs. Correcting e.g. Eq. (8) to retain
exactly the same integrated UCMH mass after complete
truncation of the density profile inwards of rmin or rcut
would result in changes at less than the percent level.

III. THE UCMH POPULATION TODAY

A. Present abundance

For perturbations following a Gaussian distribution,
the probability that a region of co-moving size R (at the
time when this scale enters the horizon, i.e. 1/R = aH)
will later collapse into a UCMH is given by

�(R) =
1p

2⇡��,H(R)

Z �max
�

�min
�

exp

"
� �2�
2�2

�,H(R)

#
d�� .

(15)
Here, �2

�,H is the CDM mass variance at horizon entry
and �� is the density contrast in the CDM component
only; in Appendix B, we provide a detailed recipe for
computing �2

�,H. The minimal �� required for the col-

lapse eventually to happen is given by �min
� (see Appendix

A for a precise determination of this value as a function
of R) and an initial density contrast higher than �max

�

would lead to the formation of a PBH rather than a
UCMH. PBH formation is expected above �max

� ⇠ 1/4
from semi-analytical arguments [35] or slightly higher
values, �max

� ⇠ 0.5, from numerical simulations [36] (re-
call that for super-horizon adiabatic fluctuations we have
�� ⇠ (3/4)� during radiation domination). UCMH for-
mation, on the other hand, only requires much smaller
density contrasts of the order of �min

� ⇠ 10�3 [48]. With
��,H ⇠ 10�5, as observed on large scales, we would thus
always have ��,H ⌧ �min

� ⌧ �max
� and thus

�(R) ' ��,H(R)p
2⇡�min

�

exp

"
� �min 2

�

2�2
�,H(R)

#
. (16)

This turns out to be a very good approximation to
Eq. (15) even in all cases that we will be interested in

3 The ratio rcut/rmin reduces as the UCMH mass decreases, so in
UCMHs lighter than the smallest we consider here (⇠10�9 M�)
the two radii are comparable. The crossing point rcut = rmin

occurs at M0
UCMH ⇠ 10�19 M� for the parameters we choose

here; higher annihilation cross sections or lower DM masses will
cause this point to shift to higher M0

UCMH.

here, where the power on small scales is significantly
larger than on large scales.
Note that �(R) also counts those regions of size R that

are contained within a larger region R0 > R that satisfies
� > �min

� , too. On the other hand, it does not take into
account the possibility that we have � < �min

� for the
smaller region R, but still have � > �min

� for the larger
region R0 – in which case the original region of course
would also collapse eventually and end up in a (bigger)
UCMH. In the following, we will conservatively neglect
these contributions to the total UCMH abundance; in
passing, however, we note that in the Press-Schechter
formalism [83] these e↵ects would (somewhat arbitrarily)
be accounted for by multiplying the above expressions for
� by a factor of 2.
Taking into account the accretion of mass described by

Eq. (2), the present density of UCMHs with mass equal
to or greater than M0

UCMH is therefore given by

⌦UCMH(M
0
UCMH) = ⌦�

M0
UCMH

Mi
�(R) , (17)

where R = R(M0
UCMH) follows from Eq. (3). Note that

this expression does not take into account the potential
destruction of UCMHs due to tidal forces and mergers
during structure and galaxy formation. Similar to the
case of super-dense clumps that already collapsed during
radiation domination [31], however, these e↵ects turn out
to be completely negligible. This is because UCMHs form
so early that by the time of structure formation, they
have collapsed into quite extreme over-densities with re-
spect to the smooth background. A good indicator of
survival probability is the size of the core radius [84, 85],
given by Eqs. (12) and (14). A smaller core radius in-
dicates a higher survival probability. In particular, a
core-to-outer radius ratio of less than ⇠10�3 [85] indi-
cates a survival probability very close to unity; for all
the UCMHs we consider in this paper, this ratio is less
than 10�5. It is also worth recalling that UCMHs evolve
as completely isolated objects for some time after they
have collapsed: the limits that we will place correspond
to rather rare fluctuations with �/��,H ⇠ 3�6 (relative to
a perturbation spectrum where ��,H is already enhanced
by roughly one order of magnitude on the scale of inter-
est, compared to what is expected from observations at
large scales).
We point out that the DM annihilation signal from

UCMHs is almost exclusively sensitive to the density
in the innermost region; even if UCMHs were to lose
part of their outer material due to tidal stripping, this
would therefore not a↵ect the corresponding limits that
we derive in Section IV. In fact, even for ordinary DM
clumps – formed in the presence of a standard Harrison-
Zel’dovich spectrum of density fluctuations and thus
with much smaller densities than UCMHs – a dense in-
ner core should remain more or less intact and the im-
pact of clump destruction on indirect detection prospects
could be much less severe than one naively might ex-
pect [85, 86]; the impact on UCMHs should be even

- probability of comoving size R can collapse to form UCMH
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less. For the following discussion, we thus assume that
Eq. (3) indeed provides a very good estimate for the
present UCMH mass, and Eq. (17) accurately represents
the present UCMH density.

As another important consequence of the extremely
high density of UCMHs discussed above, we note that
the spatial distribution of UCMHs is expected to track
the bulk DM. This is quite di↵erent from ordinary DM
subhalos, which are subject to tidal disruption and there-
fore generally much less abundant in the centres than
outer parts of large halos, relative to the smooth DM
component (see e.g. Ref. [87] for a detailed discussion
and references). Similarly, we expect the e↵ects of the
stellar disk of our Galaxy on the UCMH distribution to
be negligible (again in contrast to its e↵ect on ordinary
DM clumps, which can be sizable [88]).

B. Limits from gamma rays: individual Galactic
sources

If UCMHs consist of WIMP DM, they are generically
expected to be sources of high-energy gamma rays4 ([49];
see e.g. Ref. [90] for an overview of gamma-ray yields from
WIMP annihilation). In this case, there exists a unique
distance dobs out to which UCMHs of any given mass will
be observable by gamma-ray telescopes, given a certain
instrumental sensitivity. Using the all-sky gamma-ray
survey performed by the Fermi -LAT, the present abun-
dance of UCMHs in our own Galaxy can be constrained,
based on the non-observation of unassociated point and
extended sources with a spectral signature resembling
DM annihilation.

Indeed, no unassociated point or extended sources
showing evidence of DM annihilation have yet been dis-
covered by Fermi [91–94]; this is true both for sources in
[91, 92] and outside [91] the 1-year LAT catalogue [95].
Although Buckley & Hooper [92] place a rough upper
limit of 20–60 on the number of DM halos observed in
the 1 year catalogue, many of these can in fact be associ-
ated with astrophysical sources; Zechlin et al. [96] found
12 possibilities, and then identified the most promising
as probably a blazar. A recent search in the 2-year cata-
logue [97] found just 9 potential sources. Given that we
do not expect all these 9 sources to have been detected
at better than 5� in 1 year of data, and that statistically,
we expect at least ⇠80% of unidentified Fermi sources
to be relatively easily matched with known sources [98],
the implied maximum number of UCMHs in the 1-year
data is of the order of one or two. Whilst yet to provide
a statistical upper limit on the number of DM halos, the
Fermi -LAT Collaboration itself reports having seen ex-
actly zero [91, 99, 100]. We thus work under the assump-

4 Note that this is true even in the somewhat contrived situation
where WIMPs annihilate, at tree level, only into neutrinos [89].

tion that Fermi observed exactly zero UCMHs during its
first year of operation, to within its instrumental sensi-
tivity. Whilst a more detailed treatment would actually
include a full spectral analysis of all unassociated sources
in the Fermi survey, such a procedure is well beyond the
scope of this paper (for a full multi-wavelength approach,
see Ref. [96]).
The LAT sensitivity to point sources after 1 year

of observations, based on a spectral integration above
100MeV, is 4⇥ 10�9 photons cm�2 s�1 [101] for a 5� de-
tection. Although this sensitivity is based on a power-law
spectral source with index �2, expected DM annihilation
spectra are often su�ciently similar to this that the sen-
sitivity should be broadly similar. Going beyond this ap-
proximation would also require spectral analysis beyond
this paper’s scope. We note, however, that pronounced
spectral features at high energies, close to the DM par-
ticle’s mass (in particular from internal bremsstrahlung
[102]), can in principle enhance the e↵ective sensitivity
by up to an order of magnitude [103, 104].
In order to derive limits upon the fraction f of Galactic

DM contained in UCMHs, let us for simplicity assume
that all UCMHs have the same mass M0

UCMH – an as-
sumption we will later comment on. We now pick one
particular UCMH in the Milky Way, residing some dis-
tance d from Earth. Assuming that UCMHs track the
bulk DM, the probability that this UCMH can be found
within a distance dobs of Earth is

Pd<dobs,1 =
Md<dobs

MMW
, (18)

where MMW is the total mass of DM in the Milky Way,
and Md<dobs

 MMW is the mass of DM within dobs
of Earth. This probability is simply the fraction of the
(dark) Milky Way mass available for the UCMH to turn
up in by chance.
The probability of there existing i such UCMHs within

dobs can then be constructed from the binomial probabil-
ity of there being a single one, as done in e.g. Ref. [105]
for intermediate mass black holes. With the total num-
ber of UCMHs of mass M0

UCMH in the MW denoted by
NMW, we then have

Pd<dobs,i =

✓
NMW

i

◆
(Pd<dobs,1)

i(1� Pd<dobs,1)
NMW�i.

(19)
Because we assume that all UCMHs have the same mass,
we can write

NMW = f
MMW

f�M0
UCMH

, (20)

where we use Eq. (17) to express the local UCMH mass
fraction f in the Milky Way as

f ⌘ ⌦UCMH/⌦m = �(R)f�
M0

UCMH

Mi
. (21)

In general, the probability that the number of UCMHs
i present within dobs is equal to or greater than some

- increase of the mass by grav. infall during MD

Notes on calculation of UCMHs

1 Calculation of f

In the following, we describe the method to calculate the abundance of UCMHs following
[1]. The fraction of the local UCMH mass f is defined as

f ≡ ΩUCMH

Ωm
= β(R)fχ

M0
UCMH

Mi
, (1)

where fχ = Ωχ/Ωm is the fraction of DM in the matter component. Mi is the mass inside
the comoving volume of the radius R at the horizon entry which is given by

Mi ≃
!
4π

3
ρχ(a)R

3
phys

"

R=1/(aH)

, (2)

with ρχ(a) = ρχ0a−3 is the energy density of DM. Rphys = aR is the physical length. At
the horizon entry when R = 1/(aH) holds, Rphys = 1/H. After some calculation, we find

Mi ≃
H2

0

2G
Ωχ0R

3 ≃ 1.3× 1011M⊙

#
Ωχh2

0.112

$#
R

1 Mpc

$3

. (3)

During RD, the mass inside the comoving radius R remains the same, however, once the
Universe becomes MD, the mass inside R begins to grow due to the gravitational infall. We
assume that this growth continues until the star formation begins at z = 10, and hence the
present abundance can be evaluated at z = 10 (i.e., M0

UCMH(z = 0) = MUCMH(z = 10)).
Therefore, after the radiation-matter equality zeq, the mass inside R can be given by

MUCMH(z) =
1 + zeq
1 + z

Mi, (4)

from which we can derive the present mass of UCMHs inside the comoving radius R as,
by putting z = 10,

M0
UCMH ≃ 4× 1013M⊙

#
R

1 Mpc

$3

. (5)

β(R) is the probability that the region with comoving size R collapses to form UCMH.
Assuming that the probability follows Gaussian distribution, it is calculated as

β(R) =
1%

2πσ2
χ(R)

& δmax
χ

δmin
χ

exp

#
−

δ2χ
2σχ(R)2

$
dδχ ≃ σχ(R)√

2πδmin
χ

exp

#
−
(δmin

χ )2

2σ2
χ(R)

$
, (6)

1
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erage density contrast � in a spherical region of size R is
given by

pR(�) =
1p

2⇡�(R)
exp


� �2

2�2(R)

�
, (B1)

where the mass variance �(R) is computed by convolving
the power spectrum with a top-hat window function:

�2(R) =

Z 1

0

W 2
TH(kR)P�(k)

dk

k
. (B2)

In the above expression, P�(k) is defined by

h�k�⇤k0i ⌘ 2⇡2

k3
P�(k) �(k� k

0) (B3)

andWTH(x) = 3j1(x)/x = 3x�3 (sinx� x cosx) denotes
the Fourier transform of the 3D top-hat window function,
with x ⌘ kR.

The above description is somewhat complicated by the
fact that density perturbations evolve with the expansion
of the Universe, which means that also the power spec-
trum is time-dependent. In total matter (as well as in
synchronous) gauge, the quantity10

�2H(k, t) ⌘
(aH)4

k4
P�(k) , (B4)

however, is time-independent on super-horizon scales
(k ⌧ aH), with a numerical value that is very close to
the value at the time tk when mode k crosses the horizon.
It is thus illustrative to separate the power spectrum into
a part that describes the primordial fluctuation spectrum
on super-horizon scales, as provided by inflation, and
a part that encodes the evolution of the perturbations
(mostly after they enter the horizon). This is usually
done by introducing a transfer function

T 2(k, t) ⌘ �2H(k, t)/�
2
H(k, ti) , (B5)

which satisfies T (k! 0, t) ! 1. In the above definition,
ti denotes a time before the entrance of any scale k into
the horizon, ti < tk 8k, so it should be taken to corre-
spond to the time at the end of inflation. Note that the
time-dependence of the transfer function only enters as
the ratio of aH/k, so T can also be written as a func-
tion of one variable only. For e.g. radiation domination,
explicit expressions are given in Eqs. (A8–A10). The re-
lation between �H and the initial spectrum of (adiabatic)
curvature perturbations during radiation domination is

PR(k) =

✓
3

2

◆4

�2H(k, ti), (B6)

10 The quantity �H is directly related to what is also known as the
peculiar gravitational potential �, h�2i = (9⇡2/2k3)�2H.

as can be explicitly verified with the help of Eqs. (A8–
A9). During matter domination, the right hand side of
this expression has to be multiplied by (10/9)2 [161].
As explained in Appendix A, the condition for UCMH

formation can be stated in terms of the DM density con-
trast at horizon crossing of a given scale. We should
therefore evaluate the mass variance in Eq. (B2) at the
time when kR ⌘ 1/R = aH. With the shorthand nota-
tion

�H(tk) ⌘ �H(k, tk) , (B7)

this can be conveniently expressed as [40, 46]

�2
H(R) ⌘ �2 (R)

��
t=tkR

= ↵2(kR) �
2
H(tkR) , (B8)

where

↵2(k) = ��2
H (tk)

Z 1

0

x3�2H(xk, ti)T
2(xk, tk)W

2
TH(x)dx .

(B9)
The important point to note here [40, 46] is that the re-
lation between mass variance �H and size of the pertur-
bation at horizon crossing �H depends on the scale and,
in principle, on the full cosmological evolution between
the end of inflation and tk.
Unlike for the case of PBHs, only the density contrast

in the DM component will grow and eventually collapse
to a UCMH; in the above expressions, we should thus
place an index � where appropriate. Since � and �� only
di↵er by a constant factor on super-horizon scales (at
least for curvature perturbations), the main di↵erence
between ↵(k) and ↵�(k) is the transfer function that is
used. This di↵erence, however, is important because per-
turbations in the DM component behave completely dif-
ferently from those in other components once they enter
the horizon, cf. Eqs. (A9–A10). The mass variance we
are really interested in is therefore given by

�2
�,H(R) = ↵2

�(kR) �
2
H(tkR) , (B10)

where �2H(tkR) refers to the total energy fluctuations be-
cause we later want to normalise it to the present-day
density contrast observed in the CMB. For k � keq =p
2H0⌦m/

p
⌦r, we have

↵2
�(k) =

9

16

Z 1

0

dx x3W 2
TH(x)

PR(xk)

PR(k)

T 2
�

�
✓ = x/

p
3
�

T 2
r

�
✓ = 1/

p
3
� .

(B11)

1. Scale-free spectrum

It is often assumed that the spectrum on super-horizon
scales is of a scale-free form, implying also that

�2H(tk) / kn�1 (B12)

: with minimum value of density contrast for UCMH at horizon 
entry
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redshift zc < zeq:

R0
min(k) =

a2

t2

����
z=zc

2

3

✓
3⇡

2

◆ 2
3 1

T ()k2
. (A5)

While R0 is the actual fundamental physical quantity
describing the strength of adiabatic fluctuations – pre-
dicted, e.g., in theories of inflation – one may instead
also consider the somewhat more intuitive value of the
DM density contrast at the time a fluctuation enters into
the horizon – which in our case would be during the
radiation-dominated era. In contrast to R0, however, the
density contrast is a gauge-dependent quantity (which
becomes numerically quite relevant for scales k . aH).
In the following, we will choose the co-moving (or “total

matter”) gauge, where the rest frame is that of the total
energy density fluctuations; this is the gauge that corre-
sponds to the initial conditions adopted in the treatment
of the collapse outlined above (and also is typically used,
e.g., for the calculation of PBH formation).

During radiation domination, the evolution of all per-
turbed quantities like �� can be solved analytically. To
convert the results in synchronous gauge given in Ref. [7]
to the total matter frame, one has to perform a gauge
transformation under which

�⇢(S) ! �⇢(T) = �⇢(S) + ˙̄⇢ �u(S), (A6)

where ˙̄⇢ is the time derivative of the mean density and
�u(S) is the scalar part of the velocity components in the
stress-energy tensor in synchronous gauge.9 The result
can be written as

�i(k, t) = Ni✓
2Ti(✓)R0(k) , (A7)

where

✓ =
2ktp
3a

=
1p
3

k

aH
(A8)

and i = �, r for the DM and radiation component, re-
spectively. For adiabatic fluctuations we have Nr = 4/3
and N� = 1. The transfer functions introduced here
satisfy Ti(0) = 1 and are given by

Tr(✓) =
3

✓
j1(✓) , (A9)

T�(✓) =
6

✓2


ln(✓) + �E � 1

2
� Ci(✓) +

1

2
j0(✓)

�
, (A10)

9 This transformation behaviour follows from the fact that both
synchronous and total matter gauge have vanishing metric com-
ponents g0i and that in co-moving gauge we have �u = 0. Note
that the latter condition follows from �u being defined as part
of the stress-energy tensor (as in Ref. [7]) – which is a somewhat
di↵erent definition compared to other examples from the litera-
ture [160]; as a result, the change of velocity perturbations under
gauge transformations does not take the same form as in these
references, either. Of course, the final results are una↵ected.
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FIG. 7: Minimal density contrast in the DM component, at
the time of horizon entry (k = aH), required to form a UCMH
before redshift zc = 1000, 500, or 200.

where �E is the Euler-Mascheroni constant, Ci the cosine
integral function and j0,1 are spherical Bessel functions
of the first kind. Eq. (A10) is somewhat painful to im-
plement numerically in certain cases; a good solution is
to modify an existing code for computing Ci(x) (as found
in e.g. [113]) to instead return x�2[Ci(x)� lnx� �E].
We have now collected all the pieces needed to express

the minimal density contrast in the DM component, at
the time of horizon entry tk of a scale k, for a perturba-
tion to collapse and form a UCMH before a redshift zc.
Combining Eqs. (A5) and (A7), we have

�min
� (k, tk) =

a2

t2

����
z=zc

2

9

✓
3⇡

2

◆2/3
T�(✓ = 1/

p
3)

k2T ()
.

(A11)
This function is plotted in Fig. 7 for a few selected values
of zc. Note that after decoupling at zdec ⇠ 1000, baryons
would also start to gravitationally collapse and thus sig-
nificantly contribute to the over-density – which has not
been taken into account here. In that sense, our estimate
for �min

� is rather conservative for redshifts z ⌧ zdec.

Appendix B: Correct normalisation of power
spectrum and mass variance

In this Appendix, we review in detail how to express
the mass variance, i.e. the r.m.s. over-density in a given
region of space, in terms of the super-horizon spectrum
of density or curvature fluctuations provided by inflation.
Assuming Gaussian statistics for the primordial den-

sity fluctuations, the probability (density) to find an av-

[Bringmann, Scott, Akrami, 2013]

It is roughly 0.001 at horizon entry in the standard Rad.-dom.
Universe. 
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FIG. 1: The maximum allowed fraction of DM in the Milky
Way contained in UCMHs, as a function of k and the UCMH
mass M0

UCMH. Here we show limits derived in this paper from
Fermi-LAT searches for individual and di↵use DM sources.
The UCMH mass is related to the mass contained inside the
horizon when mode k enters by Eq. (4). All limits correspond
to a 95% CL. Limits from searches for individual minihalos
are based on non-observation of point or extended DM sources
during one year of operation in all-sky survey mode.

SUSY [108]5, as described in [49].
We assume 100% annihilation of WIMPs into bb̄ pairs,

a WIMP mass of m� = 1TeV and an e↵ective annihi-
lation cross-section of h�vi = 3 ⇥ 10�26 cm3 s�1. These
are fairly conservative choices as far as gamma-ray yields
go. Heavier WIMPs give lower fluxes, and WIMP masses
considerably higher than 1TeV are extremely challenging
to obtain if one hopes for an associated natural solution
to the gauge hierarchy problem. Our annihilation cross-
section is the canonical, unboosted s-wave value implied
by the relic density of DM under the assumption of ther-
mal production. The bb̄ final state gives rise to a rela-
tively soft continuum spectrum dominated by pion decay;
significant yields into final states with lower gamma-ray
yields, such as µ+µ�, typically only arise in WIMP mod-
els engineered to explain cosmic-ray excesses, and are in
those cases accompanied by a corresponding boost factor
in the annihilation rate. Taking both these e↵ects into
account, integrated UCMH gamma-ray fluxes from mod-
els annihilating into µ+µ� are not enormously di↵erent
to those arising from unboosted annihilation into bb̄ [49].

Reading from right to left in Fig. 1, the Galac-

5 UCMH routines will be included in a future public release of
DarkSUSY.

tic gamma-ray source limit strengthens with increasing
UCMH mass as UCMHs become brighter and more of
the Galaxy is contained within dobs. At a mass of
⇠7 ⇥ 103 M�, the limit is strongest, and UCMHs must
constitute less than about 4⇥10�7 of all DM in the Milky
Way.
At masses above ⇠106 M�, the value of fmax given by

Eq. (24) corresponds to less than three UCMHs in the
entire Milky Way. At this point, Eq. (24) breaks down
due to low-number statistics; the Milky Way may sim-
ply contain zero UCMHs of a given mass in this case
purely by chance, even though they are cosmologically
more abundant than Eq. (24) would suggest. For larger
masses, we obtain constraints by assuming that on aver-
age there are at most 3 UCMHs of the mass in question
per Milky-way sized halo. For zero observed UCMHs
of a given mass, the CL with which we exclude a model
that gives on average n such UCMHs per Milky-way sized
halo is x[1� exp(�n)], with x the confidence level of the
observation as in Eqs. (24–26); choosing n = 3 makes
this is a 95% confidence exclusion. From the minimum
at intermediate UCMH mass, larger masses lead to less
stringent limits on f , as three UCMHs progressively oc-
cupy a larger fraction of the mass of the Milky Way halo.
The limiting behaviour in Fig. 1 at very large and very

small masses is simple to understand. For large UCMH
masses, M0

UCMH approaches the Milky Way mass, and
because the limit here is given by the assumption that
no more than three UCMHs of a given mass exist in
each Milky-Way size halo, fmax approaches one at ex-
actly M0

UCMH = MMW/3f�.
For small UCMH masses, Md<dobs

eventually shrinks
to such an extent that Eqs. (24) and (26) become greater
than one. Common sense of course dictates that UCMHs
cannot make up more than 100% of the Milky Way mass,
but in our formalism this knowledge does not place any
limit on the size of cosmological perturbations at such
large k. This is because the Fermi limit is ‘saturated’
with respect to perturbations of this size; the pertur-
bations can be arbitrarily large and still (by definition)
unable to cause over 100% of the mass of the Milky Way
to reside in UCMHs. For this reason, we do not give any
limits for wavenumbers where fmax = 1. For searches
for individual Galactic gamma-ray sources, this corre-
sponds to UCMH masses below ⇠10�7 M�. In principle,
one could obtain some bounds for larger wavenumbers
by relaxing Eq. (2), and deriving direct limits on � as a
function of Mi, in cases where large amplitude density
fluctuations would result in f = 1 before z = 10. This
would be rather brave however, as it is not known to what
extent the radial infall and absolute survival approxima-
tions, which we rely on here, should be violated close to
f = 1.
Such masses are already well into the regime in which

kinetic coupling of DM might be expected to wash out
structures such as UCMHs anyway. Indeed, this is
an important general caveat at low masses: depending
upon the specific particle DM candidate, the resultant

Constraints for UCMH with WIMP DM
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FIG. 1: The maximum allowed fraction of DM in the Milky
Way contained in UCMHs, as a function of k and the UCMH
mass M0

UCMH. Here we show limits derived in this paper from
Fermi-LAT searches for individual and di↵use DM sources.
The UCMH mass is related to the mass contained inside the
horizon when mode k enters by Eq. (4). All limits correspond
to a 95% CL. Limits from searches for individual minihalos
are based on non-observation of point or extended DM sources
during one year of operation in all-sky survey mode.

SUSY [108]5, as described in [49].
We assume 100% annihilation of WIMPs into bb̄ pairs,

a WIMP mass of m� = 1TeV and an e↵ective annihi-
lation cross-section of h�vi = 3 ⇥ 10�26 cm3 s�1. These
are fairly conservative choices as far as gamma-ray yields
go. Heavier WIMPs give lower fluxes, and WIMP masses
considerably higher than 1TeV are extremely challenging
to obtain if one hopes for an associated natural solution
to the gauge hierarchy problem. Our annihilation cross-
section is the canonical, unboosted s-wave value implied
by the relic density of DM under the assumption of ther-
mal production. The bb̄ final state gives rise to a rela-
tively soft continuum spectrum dominated by pion decay;
significant yields into final states with lower gamma-ray
yields, such as µ+µ�, typically only arise in WIMP mod-
els engineered to explain cosmic-ray excesses, and are in
those cases accompanied by a corresponding boost factor
in the annihilation rate. Taking both these e↵ects into
account, integrated UCMH gamma-ray fluxes from mod-
els annihilating into µ+µ� are not enormously di↵erent
to those arising from unboosted annihilation into bb̄ [49].

Reading from right to left in Fig. 1, the Galac-

5 UCMH routines will be included in a future public release of
DarkSUSY.

tic gamma-ray source limit strengthens with increasing
UCMH mass as UCMHs become brighter and more of
the Galaxy is contained within dobs. At a mass of
⇠7 ⇥ 103 M�, the limit is strongest, and UCMHs must
constitute less than about 4⇥10�7 of all DM in the Milky
Way.
At masses above ⇠106 M�, the value of fmax given by

Eq. (24) corresponds to less than three UCMHs in the
entire Milky Way. At this point, Eq. (24) breaks down
due to low-number statistics; the Milky Way may sim-
ply contain zero UCMHs of a given mass in this case
purely by chance, even though they are cosmologically
more abundant than Eq. (24) would suggest. For larger
masses, we obtain constraints by assuming that on aver-
age there are at most 3 UCMHs of the mass in question
per Milky-way sized halo. For zero observed UCMHs
of a given mass, the CL with which we exclude a model
that gives on average n such UCMHs per Milky-way sized
halo is x[1� exp(�n)], with x the confidence level of the
observation as in Eqs. (24–26); choosing n = 3 makes
this is a 95% confidence exclusion. From the minimum
at intermediate UCMH mass, larger masses lead to less
stringent limits on f , as three UCMHs progressively oc-
cupy a larger fraction of the mass of the Milky Way halo.
The limiting behaviour in Fig. 1 at very large and very

small masses is simple to understand. For large UCMH
masses, M0

UCMH approaches the Milky Way mass, and
because the limit here is given by the assumption that
no more than three UCMHs of a given mass exist in
each Milky-Way size halo, fmax approaches one at ex-
actly M0

UCMH = MMW/3f�.
For small UCMH masses, Md<dobs

eventually shrinks
to such an extent that Eqs. (24) and (26) become greater
than one. Common sense of course dictates that UCMHs
cannot make up more than 100% of the Milky Way mass,
but in our formalism this knowledge does not place any
limit on the size of cosmological perturbations at such
large k. This is because the Fermi limit is ‘saturated’
with respect to perturbations of this size; the pertur-
bations can be arbitrarily large and still (by definition)
unable to cause over 100% of the mass of the Milky Way
to reside in UCMHs. For this reason, we do not give any
limits for wavenumbers where fmax = 1. For searches
for individual Galactic gamma-ray sources, this corre-
sponds to UCMH masses below ⇠10�7 M�. In principle,
one could obtain some bounds for larger wavenumbers
by relaxing Eq. (2), and deriving direct limits on � as a
function of Mi, in cases where large amplitude density
fluctuations would result in f = 1 before z = 10. This
would be rather brave however, as it is not known to what
extent the radial infall and absolute survival approxima-
tions, which we rely on here, should be violated close to
f = 1.
Such masses are already well into the regime in which

kinetic coupling of DM might be expected to wash out
structures such as UCMHs anyway. Indeed, this is
an important general caveat at low masses: depending
upon the specific particle DM candidate, the resultant

[Bringmann, Scott, Akrami, 2013]
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to be n . 1.17. Since large-scale observations actually
put much stronger limits on the spectral index, we have
also considered the case of n = 0.968 ± 0.012, as ob-
tained by WMAP observations, and constrained the al-
lowed additional power below some small scale ks to be at
most a factor of ⇠10–12 (assuming a step-like enhance-
ment in the spectrum). As a third example, we have
obtained quasi-model-independent limits, of the order of
PR . 10�6, on perturbation spectra that can at least
locally be well described by a power law. We would like
to stress, however, that it is intrinsically impossible to
constrain primordial density fluctuations in a completely
model-independent way; one thus has to re-derive such
limits for any particular model of, e.g., inflation which
produces a spectrum that does not fall into one of these
classes. Here, we have provided all the necessary tools to
do so.

We have mentioned that present gravitational lens-
ing data cannot be used to constrain the abundance of
UCMHs – essentially because they are simply not point-
like enough, even in view of their highly dense and con-
centrated cores. Future missions making use of the light-
curve shape in lensing events, however, are likely to probe
or constrain their existence. This would be quite remark-
able as it would allow us to put limits on the power spec-
trum without relying on the WIMP hypothesis for DM.
Most of our formalism is readily extended, or can in fact
be directly applied to, such constraints arising from grav-
itational microlensing.

Finally, we have compiled an extensive list of the most

stringent limits on PR(k) that currently exist in the lit-
erature for the whole range of accessible scales, from the
horizon size today down to scales some 23 orders of mag-
nitude smaller. Direct and indirect observations of the
matter distribution on large scales – in particular galaxy
surveys and CMB observations – constrain the power
spectrum to be PR(k) ⇠ 2 ⇥ 10�9 on scales larger than
about 1Mpc. On sub-Mpc scales, on the other hand, only
upper limits exist. From the non-observation of PBH-
related e↵ects, one can infer PR . 10�2 � 10�1 on all
scales that we consider here. UCMHs are much more
abundant and thus result in considerably stronger con-
straints, PR . 10�6, down to the smallest scale at which
DM is expected to cluster (this depends on the nature of
the DM; for typical WIMPs like neutralino DM, e.g., it
falls into the range k�max ⇠ 8⇥ 104 � 3⇥ 107 Mpc�1).

It is worth recalling that the observational evidence
for a simple, nearly Harrison-Zel’dovich spectrum of den-
sity fluctuations is obtained by probing a relatively small
range of rather large scales. The limits we have provided
here will thus be very useful in constraining any model of
e.g. inflation, or phase transitions in the early Universe,
that predicts deviations from the most simple case and
which would result in more power on small scales.

Constraints on Primordial Power Spectrum

[Bringmann, Scott, Akrami, 2013]



Observation of UCMHs

UCMHs with non-WIMP dark matter

: To observe by Gravitational effects only

- distortion in the macrolensed quasars

[Clark, Lewis, Scott, 2015]

[Zackrisson 2013]

- pulsar timing

- astrometric microlensing

[Li, Erickcek, Law, 2012]

IV. CONSTRAINTS ON THE PRIMORDIAL
CURVATURE PERTURBATION

The expectation value for the number of observed lens-
ing events is Nobs ! Plensed, where Nobs is the number of
stars sampled. If a single UCMH lensing event is detected
in such a sample, we can invert the Poisson cumulative
distribution function to obtain a 95% confidence lower
bound on the lensing probability: Plower ¼ 0:355=Nobs.
Conversely, the absence of UCMH lensing events implies
a 95% confidence upper bound on the lensing probability:
Pupper ¼ 2:996=Nobs. To determine a feasible value for
Nobs, we start with the Gaia astrometric performance as
estimated at the time of the Gaia Mission Critical Design
Review.3

The Gaia astrometric performance is approximately
constant for stars brighter than G ¼ 12 (where G is the
stellar magnitude in the Gaia passband), and so there is no
penalty for including all stars down to that brightness. This
cutoff leads to a target list of at least several million stars,
based on the G-band all-sky star counts detailed in
Gaia Technical Note Gaia_ML_022 and Ref. [119]. To
ensure a low number of false positives with that number
of targets, we require a 6! detection. In this scenario, our
canonical value of Smin ¼ 256 "as corresponds to a
single-measurement precision of 29 "as. This perform-
ance is reached by Gaia for a stellar brightness of approxi-
mately G ¼ 12:5, for which the G-band all-sky star counts
predict approximately 7! 106 target stars. We expect
some targets to be rejected during the calibration phase
because of companions and other effects, so we reduce the
estimated Nobs to 5! 106. With this sample size, the 6!
limit for Smin implies 98% confidence in a single detection.

In order to translate constraints on the lensing probabil-
ity into constraints on the initial UCMH mass fraction, we

note that Plensed has a twofold dependence on feq if feq *
1=300. The first is a simple linear dependence originating
from the number density nucmh / feq. The second is a more

complex term originating from the growth of the truncation
radius rt as the initial UCMH mass fraction decreases,
which increases the post-equality growth factor g ¼
1=feq. This leads to a weaker restriction on the lensing

cross section Alensed, which must fall completely inside the
truncation radius. However, for the ranges of Smin and Mi

under consideration, the lensing signal falls off so
sharply with increasing star-lens separation that this latter
factor is negligible. We can thus safely assume that feq ’
PlensedðfeqÞ=Plensedðfeq ¼ 1Þ. If Nobs stars are monitored

and no UCMHs are observed, then we can place an upper
bound on feq: feq < ð2:996=NobsÞ=Plensedðfeq ¼ 1Þ. These
upper bounds on feq are shown in Fig. 4. We see that a

survey of five million stars with Smin ¼ 256 "as can con-
strain feq to be less than 0.5 for UCMHs with masses

between 5M% & Mi & 21M% if h!vi&3!10&30 cm3s&1.
Figure 4 also shows how future surveys with higher
astrometric precisions could improve this constraint.
Even with Smin ¼ 16 "as, however, we can only constrain
feq & 0:009.
The feq constraints shown in Fig. 4 assume that the inner

density profiles of UCMHs are not significantly disturbed
from the time of their collapse to the present day. Since
UCMHs have high central densities with steep density
profiles and small constant-density cores, it is highly likely
that they survive accretion by larger halos [4,8,132,133].
However, if feq * 0:01, then UCMHs do not grow in

isolation before falling into larger, more diffuse halos.
Instead, UCMHs would interact with other UCMHs, and
the outcome of such interactions has not been investigated.
A complete analysis of the survival probability for UCMHs
with feq * 0:01 lies beyond the scope of this work, but we
note two reasons to expect that such an analysis will
not affect our primary conclusions. First, UCMHs with
Mi ' 5M% only generate astrometric microlensing signals

FIG. 3 (color online). Lensing probabilities as a function of initial UCMH mass Mi, assuming that feq ¼ 1 and the observed stars
have an average distance ds ¼ 2 kpc. As in Fig. 2, the four lines correspond to different values of Smin, and the three panels show the
constraints for three different UCMH density profiles.

3We calculate the single-epoch precision as 4:3! the end-of-
mission sky-averaged position accuracy in the recommended
Gaia model for bright stars [http://www.rssd.esa.int/index.php?
project=GAIA&page=Science_Performance (April 2011)].
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less. For the following discussion, we thus assume that
Eq. (3) indeed provides a very good estimate for the
present UCMH mass, and Eq. (17) accurately represents
the present UCMH density.

As another important consequence of the extremely
high density of UCMHs discussed above, we note that
the spatial distribution of UCMHs is expected to track
the bulk DM. This is quite di↵erent from ordinary DM
subhalos, which are subject to tidal disruption and there-
fore generally much less abundant in the centres than
outer parts of large halos, relative to the smooth DM
component (see e.g. Ref. [87] for a detailed discussion
and references). Similarly, we expect the e↵ects of the
stellar disk of our Galaxy on the UCMH distribution to
be negligible (again in contrast to its e↵ect on ordinary
DM clumps, which can be sizable [88]).

B. Limits from gamma rays: individual Galactic
sources

If UCMHs consist of WIMP DM, they are generically
expected to be sources of high-energy gamma rays4 ([49];
see e.g. Ref. [90] for an overview of gamma-ray yields from
WIMP annihilation). In this case, there exists a unique
distance dobs out to which UCMHs of any given mass will
be observable by gamma-ray telescopes, given a certain
instrumental sensitivity. Using the all-sky gamma-ray
survey performed by the Fermi -LAT, the present abun-
dance of UCMHs in our own Galaxy can be constrained,
based on the non-observation of unassociated point and
extended sources with a spectral signature resembling
DM annihilation.

Indeed, no unassociated point or extended sources
showing evidence of DM annihilation have yet been dis-
covered by Fermi [91–94]; this is true both for sources in
[91, 92] and outside [91] the 1-year LAT catalogue [95].
Although Buckley & Hooper [92] place a rough upper
limit of 20–60 on the number of DM halos observed in
the 1 year catalogue, many of these can in fact be associ-
ated with astrophysical sources; Zechlin et al. [96] found
12 possibilities, and then identified the most promising
as probably a blazar. A recent search in the 2-year cata-
logue [97] found just 9 potential sources. Given that we
do not expect all these 9 sources to have been detected
at better than 5� in 1 year of data, and that statistically,
we expect at least ⇠80% of unidentified Fermi sources
to be relatively easily matched with known sources [98],
the implied maximum number of UCMHs in the 1-year
data is of the order of one or two. Whilst yet to provide
a statistical upper limit on the number of DM halos, the
Fermi -LAT Collaboration itself reports having seen ex-
actly zero [91, 99, 100]. We thus work under the assump-

4 Note that this is true even in the somewhat contrived situation
where WIMPs annihilate, at tree level, only into neutrinos [89].

tion that Fermi observed exactly zero UCMHs during its
first year of operation, to within its instrumental sensi-
tivity. Whilst a more detailed treatment would actually
include a full spectral analysis of all unassociated sources
in the Fermi survey, such a procedure is well beyond the
scope of this paper (for a full multi-wavelength approach,
see Ref. [96]).
The LAT sensitivity to point sources after 1 year

of observations, based on a spectral integration above
100MeV, is 4⇥ 10�9 photons cm�2 s�1 [101] for a 5� de-
tection. Although this sensitivity is based on a power-law
spectral source with index �2, expected DM annihilation
spectra are often su�ciently similar to this that the sen-
sitivity should be broadly similar. Going beyond this ap-
proximation would also require spectral analysis beyond
this paper’s scope. We note, however, that pronounced
spectral features at high energies, close to the DM par-
ticle’s mass (in particular from internal bremsstrahlung
[102]), can in principle enhance the e↵ective sensitivity
by up to an order of magnitude [103, 104].
In order to derive limits upon the fraction f of Galactic

DM contained in UCMHs, let us for simplicity assume
that all UCMHs have the same mass M0

UCMH – an as-
sumption we will later comment on. We now pick one
particular UCMH in the Milky Way, residing some dis-
tance d from Earth. Assuming that UCMHs track the
bulk DM, the probability that this UCMH can be found
within a distance dobs of Earth is

Pd<dobs,1 =
Md<dobs

MMW
, (18)

where MMW is the total mass of DM in the Milky Way,
and Md<dobs

 MMW is the mass of DM within dobs
of Earth. This probability is simply the fraction of the
(dark) Milky Way mass available for the UCMH to turn
up in by chance.
The probability of there existing i such UCMHs within

dobs can then be constructed from the binomial probabil-
ity of there being a single one, as done in e.g. Ref. [105]
for intermediate mass black holes. With the total num-
ber of UCMHs of mass M0

UCMH in the MW denoted by
NMW, we then have

Pd<dobs,i =

✓
NMW

i

◆
(Pd<dobs,1)

i(1� Pd<dobs,1)
NMW�i.

(19)
Because we assume that all UCMHs have the same mass,
we can write

NMW = f
MMW

f�M0
UCMH

, (20)

where we use Eq. (17) to express the local UCMH mass
fraction f in the Milky Way as

f ⌘ ⌦UCMH/⌦m = �(R)f�
M0

UCMH

Mi
. (21)

In general, the probability that the number of UCMHs
i present within dobs is equal to or greater than some
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to our upper limit from pulsar data, we obtain an upper
limit on UCMH number density within the Milky Way as a
function of mass. We show this limit in Fig. 5, comparing to
those from gamma-ray searches by Bringmann et al. (2012),
which necessarily assume a specific model for annihilating
dark matter. Mirroring their procedure, we reduce our limits
at large masses (& 103M�), corresponding to case in which
the Ṗ -noise does exceed the observational upper limit, but
the large-N condition of the central limit theorem no longer
holds. By performing a chi-squared test for normality on
the time delay distribution at low N, we find that that for
N > 12 the distribution remains normal (p-value < 0.05) for
all halo masses that we consider. As a conservative measure,
we therefore reduce our limit to N � 20 halos within the
Milky Way, as can be seen in Fig. 5.

Our final limits on UCMH number density are of simi-
lar magnitude to those found by gamma-ray searches, with
strongest constraint f  1.1 ⇥ 10�8 at a mass of ap-
proximately 1 ⇥ 103M�. In fact, our constraints from pul-
sar timing are significantly stronger throughout the range
10�2 . M

h

/M� . 104 than those found previously. Not only
are these the strongest limits on the abundance of UCMH
number density to date, they have the additional benefit of
being the only strong constraint that does not rely on the
assumption that dark matter undergoes annihilation.

Baryonic matter along the line of sight may be expected
to produce the same gravitational e↵ects. While additional
structure (baryonic or otherwise) would boost this signal
beyond that provided by UCMHs alone, we have provided
only upper limits on the total Gaussian noise, and so our
constraint on UCMH abundance still holds true. In addition
to gravitational e↵ects, baryonic matter is known to change
the speed of light propagation – providing an additional (po-
tentially varying) delay. The strength of this e↵ect changes
on far shorter timescales than that due to dark matter struc-
ture, and so does not change the measured period derivative
of the pulsar (You et al. 2007). While some pulsars do in-
deed appear to have a constantly increasing or decreasing
dispersion measure, this would have the same e↵ect on the
period derivative distribution (at a single wavelength) as the
e↵ect we investigate – adding to the total Gaussian noise.

4 CONCLUSIONS

The di↵erence in photon travel time due to an intervening
source of gravitational potential has long been known, most
famously as the Shapiro delay. It was recently proposed that
movement of dark matter structures along the line of sight
to a pulsar could potentially produce a measurable change
in the pulsar’s timing signal. If measurement of these in-
duced shifts were possible, the properties of the intervening
structures could potentially be investigated, providing in-
sight into the nature of dark matter and the formation of its
structure.

UCMHs are one such predicted form of dark matter sub-
structure, expected to be seeded in the very early universe.
As a consequence of their early formation, they have ex-
tremely steep density profiles, and consequently steep grav-
itational potentials, allowing them to provide a strong time-
delay signal. UCMHs have been shown to be highly immune
to disruption by tidal forces, and so are expected to have

Figure 5. The 95% credible interval upper limits on the fraction
of dark matter in the Milky Way contained in UCMHs. Limits
are shown from both pulsar period derivatives and non-detection
in gamma-rays by Fermi-LAT searches for dark matter annihila-
tion. We map UCMH masses to wavenumber k at horizon entry
following the method outlined in Bringmann et al. (2012).

persisted from their collapse shortly after matter-radiation
equality through to the present day. They therefore provide
a unique probe of the conditions of the early universe.

Here we have calculated the probability of detecting an
individual halo by pulsar timing. We find that detections
are likely impossible for NFW minihalos, but UCMHs may
produce a detectable signal, should the number density of
lenses be appropriately high (f & 0.01) for UCMHs in the
mass range 10�3 . M

h

/M� . 103.
More excitingly, we predict an additive time-delay

‘noise’ on pulsar period derivatives due to a population of
dark matter halos. By determining an observational upper
limit of log �

˙

P

 �17.05 on the observed amount of this
noise, we have placed upper limits on the number densities
of UCMHs at a range of masses. While the previous strongest
limits rely on the assumption that dark matter can annihi-
late, the limits we find here are placed by gravitational meth-
ods only, and are therefore equally applicable to any dark

matter model. Our best limit of f
MW

. 1.1 ⇥ 10�8 is more
than an order of magnitude better than previous ones. For
masses 10�2 . M

h

/M� . 104, our limits are the strongest
available, even compared to earlier model-dependent ones.

While di↵erent lensing methodologies appear to have
been exhaustively used for investigating the small-scale
structure of dark matter, time-delay methods have been
mostly overlooked. This new methodology shows that time
delays may yet provide the most sensitive measures of lens-
ing to date. We have shown that, although small in ampli-
tude, the gravitational time-delay signal due to UCMHs may
indeed yet be seen in pulsar timing observations. Should a
detection be made, these may be used to constrain mod-

MNRAS 000, 1–8 (2015)
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Pulsar time can change 
when the UCMHs are 
moving across the line of 
sight.

They obtain the bound on 
the fraction of UCMHs
for different scales.

This is constraint is 
gravitational, so universal.

WIMP

pulsar-timing
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Figure 1. Upper limits (at 95% CL) on the amplitude of pri-
mordial curvature for a generalised power spectrum. We show
those obtained from both gamma-ray searches and pulsar tim-
ing, and for two assumed latest allowed redshifts of UCMH col-
lapse, zc = 200 and zc = 1000. The constraints obtained by
gamma-ray searches are shown for an assumed dark matter mass
of m� = 1 TeV, which annihilates entirely into bb̄ pairs with
thermally-averaged cross section h�vi = 3⇥ 10�26 cm3s�1.

we take to be nR = 1. It should be noted that the limits we
derive are expected to change for nR 6= 1, as it is not possible
to relate mass variance and curvature entirely without model
assumptions. This generalised power spectrum provides a
normalisation of

�2
�,H(R) = 0.907PR(k), (5)

resulting in limits on primordial curvature PR.
We show the resulting limits in Fig. 1. For the case

zc = 200, these limits are of comparable strength to those
obtained from large-scale observations (log10 PR . �8.5),
but are extended to much larger k. We reiterate, however,
that it it is not currently known if UCMH formation can
continue up to this point, so the weaker limits (zc = 1000)
should be considered more robust.

(ii) A scale-free spectrum with constant spectral index ns:

P(k) / kns�1. (6)

We again follow the method in Bringmann et al. (2012),
with our derived constraints on spectral index shown in Fig.
2. The appropriate limit to take from these constraints will
be the lowest at any scale: ns  1.24 (zc = 1000), and ns 
1.02 (zc = 200). Although neither of these constraints is as
strong as the corresponding limit from gamma-ray searches
(ns  1.16 for zc = 1000, and ns  1.00 for zc = 200), they
apply without any assumptions about the specific particle
nature of dark matter. Likewise, the limits on the scale-free
spectral index from cosmic microwave background (CMB)
observations are in agreement with those we find here (e.g.
ns = 0.968 ± 0.006; Planck Collaboration 2015), but are
markedly stronger.

Figure 2. Limits on the spectral index, ns, for a scale-free pri-
mordial power spectrum, considering only constraints on �2

�,H
at wavenumbers smaller than k. These constraints are derived
from 95% CL upper limits on UCMH number density from both
pulsar timing and gamma-ray searches, for two redshifts of lat-
est collapse, zc. Gamma-ray search limits assume the same dark
matter model as those in Fig. 1.

(iii) A stepped spectrum – scale-free with spectral index
ns, with the exception of a discontinuous increase in power
by p at wavenumber ks:

P(k) / kns�1 ⇥
(
1 for k < ks

p2 for k � ks
. (7)

In this case, we assume a constant spectral index of
ns = 0.968 from CMB observations by Planck, including
1� variations allowable by their measurements. We then de-
rive upper limits on the size of the step p as a function of its
position ks, which are shown in Fig. 3. We find that for steps
in the region 100.5 . ks . 106 Mpc�1, the step size must be
less than a factor of approximately 11 to 18 (zc = 1000) or
1.5 to 2.6 (zc = 200), depending upon the location of the
step and the redshift of latest collapse. In contrast to these,
limits from gamma-ray searches are mostly independent of
the wavenumber of the step: pmax . 10 (zc = 1000) and
pmax . 1.7 (zc = 200).

Even if one assumes the most pessimistic case (zc = 1000,
ns = 0.974, non-annihilating dark matter), the step size
must be less than a factor of 18.4 at scales larger than
k ⇡ 2⇥106 Mpc�1. Although the true upper limit is depen-
dent upon both the redshift of latest collapse and the true
value of ns, our analysis has provided a strong constraint on
the size of a step in primordial power at far smaller scales
than previously available, independent of dark matter anni-
hilation.

MNRAS 000, 1–9 (2015)
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Constraints on Power Spectrum by Pulsar Timing



UCMHS with early MD

Before reheating, the epoch matter-domination exists
(early matter-domination).

The perturbation which enters during early matter-domination
can grow linearly and help to generate UCMHs.

Non-observation of UCMHs can constrain the primordial 
power spectrum and the stage of early matter-domination.
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redshift zc < zeq:

R0
min(k) =

a2

t2

����
z=zc

2

3

✓
3⇡

2

◆ 2
3 1

T ()k2
. (A5)

While R0 is the actual fundamental physical quantity
describing the strength of adiabatic fluctuations – pre-
dicted, e.g., in theories of inflation – one may instead
also consider the somewhat more intuitive value of the
DM density contrast at the time a fluctuation enters into
the horizon – which in our case would be during the
radiation-dominated era. In contrast to R0, however, the
density contrast is a gauge-dependent quantity (which
becomes numerically quite relevant for scales k . aH).
In the following, we will choose the co-moving (or “total

matter”) gauge, where the rest frame is that of the total
energy density fluctuations; this is the gauge that corre-
sponds to the initial conditions adopted in the treatment
of the collapse outlined above (and also is typically used,
e.g., for the calculation of PBH formation).

During radiation domination, the evolution of all per-
turbed quantities like �� can be solved analytically. To
convert the results in synchronous gauge given in Ref. [7]
to the total matter frame, one has to perform a gauge
transformation under which

�⇢(S) ! �⇢(T) = �⇢(S) + ˙̄⇢ �u(S), (A6)

where ˙̄⇢ is the time derivative of the mean density and
�u(S) is the scalar part of the velocity components in the
stress-energy tensor in synchronous gauge.9 The result
can be written as

�i(k, t) = Ni✓
2Ti(✓)R0(k) , (A7)

where

✓ =
2ktp
3a

=
1p
3

k

aH
(A8)

and i = �, r for the DM and radiation component, re-
spectively. For adiabatic fluctuations we have Nr = 4/3
and N� = 1. The transfer functions introduced here
satisfy Ti(0) = 1 and are given by

Tr(✓) =
3

✓
j1(✓) , (A9)

T�(✓) =
6

✓2


ln(✓) + �E � 1

2
� Ci(✓) +

1

2
j0(✓)

�
, (A10)

9 This transformation behaviour follows from the fact that both
synchronous and total matter gauge have vanishing metric com-
ponents g0i and that in co-moving gauge we have �u = 0. Note
that the latter condition follows from �u being defined as part
of the stress-energy tensor (as in Ref. [7]) – which is a somewhat
di↵erent definition compared to other examples from the litera-
ture [160]; as a result, the change of velocity perturbations under
gauge transformations does not take the same form as in these
references, either. Of course, the final results are una↵ected.
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FIG. 7: Minimal density contrast in the DM component, at
the time of horizon entry (k = aH), required to form a UCMH
before redshift zc = 1000, 500, or 200.

where �E is the Euler-Mascheroni constant, Ci the cosine
integral function and j0,1 are spherical Bessel functions
of the first kind. Eq. (A10) is somewhat painful to im-
plement numerically in certain cases; a good solution is
to modify an existing code for computing Ci(x) (as found
in e.g. [113]) to instead return x�2[Ci(x)� lnx� �E].
We have now collected all the pieces needed to express

the minimal density contrast in the DM component, at
the time of horizon entry tk of a scale k, for a perturba-
tion to collapse and form a UCMH before a redshift zc.
Combining Eqs. (A5) and (A7), we have

�min
� (k, tk) =

a2

t2

����
z=zc

2

9

✓
3⇡

2

◆2/3
T�(✓ = 1/

p
3)

k2T ()
.

(A11)
This function is plotted in Fig. 7 for a few selected values
of zc. Note that after decoupling at zdec ⇠ 1000, baryons
would also start to gravitationally collapse and thus sig-
nificantly contribute to the over-density – which has not
been taken into account here. In that sense, our estimate
for �min

� is rather conservative for redshifts z ⌧ zdec.

Appendix B: Correct normalisation of power
spectrum and mass variance

In this Appendix, we review in detail how to express
the mass variance, i.e. the r.m.s. over-density in a given
region of space, in terms of the super-horizon spectrum
of density or curvature fluctuations provided by inflation.
Assuming Gaussian statistics for the primordial den-

sity fluctuations, the probability (density) to find an av-

It is roughly 0.001 at horizon entry in the standard Radiation
-dominated Universe. 

For early matter-domination, we need to make evolution from 
horizon entry to the deep inside until it forms the UCMHs.

linear evolution collapse 

to gravitationally collapse to a UCMH before a redshift of
z! 1000. This is also the value that has been used in
subsequent work (see, e.g., Refs. [49,55,73]). However,
since !min enters exponentially in the expression for the
abundance of UCMHs, it is important to have a more
accurate estimate of this quantity. Note in particular that
one should expect it to be scale-dependent rather than just a
constant, since DM perturbations continue to grow after
they enter into the horizon (even though this growth is
only logarithmic for times long before matter-radiation
equality [158]).

To derive the minimal density contrast required for
UCMH formation, we will in the following rely on a
simplified description for the collapse of overdense regions
that was originally introduced in Ref. [159] and is now
being used widely. The basic approximation is to restrict
oneself to the case of spherical regions of uniform density
"ðtÞ ¼ !"ðtÞ þ !"ðtÞ that are embedded in a background
with density !"ðtÞ. During matter domination, the full (non-
linear) evolution of the overdensity can in that case be
solved exactly; "ðtÞ starts off by decreasing more slowly
than the background density !"ðtÞ, reaches a minimum after
a finite time tc=2, and then increases until it becomes
infinitely large at t ¼ tc. In this approach, the time tc is
thus identified as the time where the region has fully
collapsed—and which at the same time indicates the break-
down of this simplified description (in a more realistic
description, dynamic relaxation and angular momentum
conservation would of course prevent the collapse to a
pointlike, singular object). In the linear theory, on the other
hand, the overdensity would by that time have grown to

!c &
!"ðtcÞlin
!"ðtcÞ

¼ 3

5

!
3#

2

"
2=3

' 1:686: (A1)

This relation thus allows us to use the linear theory of
perturbations to calculate the time of collapse (at least
during matter domination)—which is quite remarkable
since the perturbations of course enter the nonlinear regime
already quite some time before the actual collapse.

Unfortunately, even in linear theory, the system of equa-
tions governing the evolution of density contrasts around
the time of matter-radiation equality is rather complicated
and cannot be solved analytically. However, a very accu-
rate fit to a numerical solution for the density contrast
in DM fluctuations for t > teq can be found, e.g., in
Ref. [7]:

!$ðk; tÞ ¼
9k2t2

10a2
T ð%ÞR0ðkÞ; (A2)

where k is the comoving wave number of the perturbation
and % its rescaled, dimensionless version:

% &
ffiffiffi
2

p
k

aeqHeq
¼ k

ffiffiffiffiffiffiffi
"r

p

H0"m
: (A3)

The fitting function T ð%Þ is given by

T ð%Þ’ ln½1þð0:124%Þ2)
ð0:124%Þ2

*
$
1þð1:257%Þ2þð0:4452%Þ4þð0:2197%Þ6
1þð1:606%Þ2þð0:8568%Þ4þð0:3927%Þ6

%
1=2

:

(A4)

The above expression for !$ is given in synchronous
gauge, but since we are interested in scales that are much
smaller than the horizon at the time of collapse, the choice
of gauge does not actually matter. The normalization is
chosen such that, for adiabatic fluctuations, R0 gives the
value of the initial curvature perturbation (which is time-
independent on scales much larger than the horizon).
By equating Eqs. (A1) and (A2), we can thus derive the

minimal value of R0 that is required so that the perturba-
tion in the DM component collapses before a given redshift
zc < zeq:

R 0
minðkÞ ¼

a2

t2

&&&&&&&&z¼zc

2

3

!
3#

2

"
2=3 1

T ð%Þk2 : (A5)

While R0 is the actual fundamental physical quantity
describing the strength of adiabatic fluctuations—pre-
dicted, e.g., in theories of inflation—one may instead
also consider the somewhat more intuitive value of the
DM density contrast at the time a fluctuation enters into
the horizon—which in our case would be during the
radiation-dominated era. In contrast to R0, however, the
density contrast is a gauge-dependent quantity (which
becomes numerically quite relevant for scales k & aH).
In the following, we will choose the comoving (or ‘‘total
matter’’) gauge, where the rest frame is that of the total
energy density fluctuations; this is the gauge that corre-
sponds to the initial conditions adopted in the treatment of
the collapse outlined above (and also is typically used, e.g.,
for the calculation of PBH formation).
During radiation domination, the evolution of all per-

turbed quantities like !$ can be solved analytically. To
convert the results in synchronous gauge given in Ref. [7]
to the total matter frame, one has to perform a gauge
transformation under which

!"ðSÞ ! !"ðTÞ ¼ !"ðSÞ þ _!"!uðSÞ; (A6)

where _!" is the time derivative of the mean density and
!uðSÞ is the scalar part of the velocity components in the
stress-energy tensor in synchronous gauge.9 The result can
be written as

9This transformation behavior follows from the fact that both
synchronous and total matter gauge have vanishing metric com-
ponents g0i and that in comoving gauge we have !u ¼ 0. Note
that the latter condition follows from !u being defined as part of
the stress-energy tensor (as in Ref. [7])—which is a somewhat
different definition compared to other examples from the litera-
ture; [160]; as a result, the change of velocity perturbations
under gauge transformations does not take the same form as in
these references either. Of course, the final results are unaffected.
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time of collapse
using linear theory

The collapse should happen before some epoch, here we choose 
z = 1000, conservatively.
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Using the above arehHreh, we can calculate σχ(R) at the epoch of reheating.

2 Calculation of δmin
χ

Here we summarize the method to calculate δmin
χ based on [1].

To evaluate the minimum density contrast to form UCMHs, we consider spherical
collapse model. Assuming that a spherical region having the energy density of ρ(t) =
ρ̄(t) + δρ(t) in the background with the energy density ρ̄(t), in linear theory, when the
overdensity δc = δρ(tc)/ρ̄(tc) becomes

δc =
3

5

!
3π

2

"2/3

≃ 1.686, (21)

the spherical region with ρ(t) collapses. To evaluate DM density fluctuations at the horizon
entry which leads to the collapse, we need to know the evolution of δχ after horizon entry.
After horizon entry, the DM fluctuations can be given by

δχ(k, t) =
9k2t2

10a2
T (κ)ζ(k), (22)
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χ

Here we summarize the method to calculate δmin
χ based on [1].

To evaluate the minimum density contrast to form UCMHs, we consider spherical
collapse model. Assuming that a spherical region having the energy density of ρ(t) =
ρ̄(t) + δρ(t) in the background with the energy density ρ̄(t), in linear theory, when the
overdensity δc = δρ(tc)/ρ̄(tc) becomes
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the spherical region with ρ(t) collapses. To evaluate DM density fluctuations at the horizon
entry which leads to the collapse, we need to know the evolution of δχ after horizon entry.
After horizon entry, the DM fluctuations can be given by

δχ(k, t) =
9k2t2

10a2
T (κ)ζ(k), (22)

4

Notes on calculation of UCMHs

1 Calculation of f

In the following, we describe the method to calculate the abundance of UCMHs following
[1]. The fraction of the local UCMH mass f is defined as

f ≡ ΩUCMH

Ωm
= β(R)fχ

M0
UCMH

Mi
, (1)

where fχ = Ωχ/Ωm is the fraction of DM in the matter component. Mi is the mass inside
the comoving volume of the radius R at the horizon entry which is given by

Mi ≃
!
4π

3
ρχ(a)R

3
phys

"

R=1/(aH)

, (2)

with ρχ(a) = ρχ0a−3 is the energy density of DM. Rphys = aR is the physical length. At
the horizon entry when R = 1/(aH) holds, Rphys = 1/H. After some calculation, we find

Mi ≃
H2

0

2G
Ωχ0R

3 ≃ 1.3× 1011M⊙

#
Ωχh2

0.112

$#
R

1 Mpc

$3

. (3)

During RD, the mass inside the comoving radius R remains the same, however, once the
Universe becomes MD, the mass inside R begins to grow due to the gravitational infall. We
assume that this growth continues until the star formation begins at z = 10, and hence the
present abundance can be evaluated at z = 10 (i.e., M0

UCMH(z = 0) = MUCMH(z = 10)).
Therefore, after the radiation-matter equality zeq, the mass inside R can be given by

MUCMH(z) =
1 + zeq
1 + z

Mi, (4)

from which we can derive the present mass of UCMHs inside the comoving radius R as,
by putting z = 10,

M0
UCMH ≃ 4× 1013M⊙

#
R

1 Mpc

$3

. (5)

β(R) is the probability that the region with comoving size R collapses to form UCMH.
Assuming that the probability follows Gaussian distribution, it is calculated as

β(R) =
1%

2πσ2
χ(R)

& δmax
χ

δmin
χ

exp

#
−

δ2χ
2σχ(R)2

$
dδχ ≃ σχ(R)√

2πδmin
χ
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#
−
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χ )2

2σ2
χ(R)

$
, (6)
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We investigate new bounds on the low-reheating temperature in a scenario where the Universe
experiences early matter-domination before reheating which begins the standard big bang cosmol-
ogy. In many models of dark matter, the small scale fluctuations of them grow during the early
matter-domination era and seed the formation of the ultracompact minihalos (UCMHs). Using the
constraints on the number of UCMHs given by astrophysical observations such as gamma-ray and
pulsar timing, we can find new bound on the low reheating temperature with around 100MeV in
the early Universe .
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Introduction.— The early Universe is very well
known to the temperature below around 1MeV. In other
words, the temperature of the Universe must be higher
than this to be consistent with the current observations
such as big bang nucleosynthesis, cosmic microwave back-
ground and large scale structure formation.

When the reheating temperature is low, the neutrinos
are not thermalized fully and do not have the Fermi-
Dirac distribution. This changes the proton-neutron ra-
tio and also the abundance of 4He, which sets the limit
on the reheating temperature as Treh & 0.5 � 0.7MeV
(or Treh & 2.5MeV � 4MeV in the case of hadronic de-
cays) [1, 2]. In this low-reheating temperature the oscil-
lation of neutrinos can a↵ect the thermalization too [3].

By combining with cosmic microwave background and
large scale structure data, the bound on the reheating
temperature can be increased [4–6]. From the recent
Planck data, the lower bound was obtained as Treh &
4.7MeV when the neutrino masses are allowed to vary [7].

Before reheating, the Universe is conventionally as-
sumed to be dominated by non-relativistic heavy parti-
cles during those times the Universe undergoes a matter-
like phase. The decay of them produces light thermalised
particles and the standard hot Universe begins. The spe-
cific examples of the early matter-domination before re-
heating are the inflaton oscillation phase after inflation
or the late-time domination of heavy long-lived particles
such as curvaton, moduli or gravitino/axino [8].

When the reheating temperature is low, it is often
that the dark matters are already non-relativistic and
decoupled from the relativistic thermal plasma. Their
density perturbations linearly grow during early matter-
domination and has more possibility to seed the dark
matter substructures such as ultracompact minihalos
(UCMHs), which are expected to survive to the present
time [9, 10]. The precise determination of the present
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number of UCMHs can provide clues to the early time of
the Universe.
Up to now there is no convincing observation of small

clumps of dark matter and this restricts the number
of UCMHs in the Universe. The bound was used to
put constraints on the primordial power spectrum. The
strongest one comes form the gamma-ray searches by the
Fermi Large Area Telescope, through the annihilation of
dark matters [11, 12]. There are also constraints from
pure gravitational observations using possible small dis-
tortions in the images of macrolensed quasar jets [13],
astrometric microlensing [14] or pulsar timing [15, 16].
In this Letter, we use the limit on the UCMHs abun-

dance to obtain new bound on the low-reheating tem-
perature. Especially using the pulsar timing constraint,
we find the lowest reheating temperature as Treh &
30 � 100MeV in relatively broad models of dark mat-
ter independent on their microscopic properties.

Density perturbation during early matter-
domination.— During the early matter-domination,
the density perturbation of dominating heavy particle,
�, grow linearly as

�� = �2�0 �
2

3
�0

✓
k

aiH(ai)

◆2
a

ai
, (1)

where �� ⌘ �⇢�/⇢�, �0 is the primordial gravitational
potential, H is Hubble parameter, and a is scale factor
with i representing the initial time. Here the comoving
scale k which enters the horizon at the scale factor a
during early mater-domination has a relation with the
reheating scale kreh as

k = kreh

✓
a

areh

◆�1/2

= kreh

✓
H

Hreh

◆1/3

, (2)

where areh (a < areh) and Hreh are respectively the scale
factor and the Hubble parameter at the time of reheating
from the decay of �. The scale of reheating kreh can be
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During matter-domination epoch,
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The density perturbation of non-relativistic and decou-
pled dark matter also grows linearly in the same way as
that of the dominating heavy particle in Eq. (1). There-
fore the density perturbation of dark matter at the time
of reheating (a = areh) is

�� ' �2

3
�0

✓
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kreh

◆2

for k < kdom, (4)

when the scale enters the horizon during early matter-
domination. and

�� ' �2

3
�0

✓
kdom
kreh

◆2

for k > kdom. (5)

when the scale enters before the start of the early matter
domination. Here kdom denotes the scale which enters the
horizon at the beginning of the early matter-domination.

For weakly interacting massive particles (WIMPs),
they can be still in the kinetic equilibrium during the
early matter-domination even though they are already
non-relativistic and decoupled from chemical equilib-
rium. In this case, the subhorizon isocurvature pertur-

bation of dark matter can be generated and grow as [17]
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, (6)

for the scales which enter the horizon during the early
matter-dominatoin.
Considering the suppression of the density perturba-

tion due to the free-streaming, we multiply a factor
exp

�
�k2/k2fs

�
. Here kfs represents the possible free-

streaming e↵ects. For super-WIMP, it is [18]

kfs ' 5⇥ 108 Mpc�1
⇣ m�

100GeV

⌘
. (7)

For WIMP [19],

k�1
fs =

Z t
0

t
kd

v

a
dt '

s
Tkd

m�
a(Tkd)

Z 1

a(T
kd

)

da

a3H(a)
, (8)
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The scale of beginning early MD:



For WIMP dark matter, it is still in the thermal equilibrium during 
early MD and freeze-out.  After decoupling, the density of WIMP 
grows even in the kinetic equilibrium

WIMP Dark Matter
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Bound on low-reheating Temperature

Fermi-LAT

pulsar timing

zc=1000

XVIII.

⇢(Treh) < V (131)

⇢(T ) =
⇡2

30
g⇤T

4 (132)

Treh < 1016 GeV (133)

Treh & 30MeV (134)

� ⌘ �⇢

⇢
(135)

10�5 1 � / a (136)

� & 10�3 (137)

Acknowledgments

K.-Y.C. was supported by the Basic Science Research Program through the National Re-

search Foundation of Korea (NRF) funded by the Ministry of Education, Science and Tech-

nology Grant No. 2011-0011083. K.-Y.C. acknowledges the Max Planck Society (MPG),

the Korea Ministry of Education, Science and Technology (MEST), Gyeongsangbuk-Do and

Pohang City for the support of the Independent Junior Research Group at the Asia Pacific

Center for Theoretical Physics (APCTP).

[1] A. M. Hillas, astro-ph/0607109.

[2] J. R. Ellis and R. A. Flores, Nucl. Phys. B 307 (1988) 883.

[3] T. Falk, A. Ferstl and K. A. Olive, Astropart. Phys. 13 (2000) 301 [hep-ph/9908311].

[4] M. T. Frandsen, F. Kahlhoefer, S. Sarkar and K. Schmidt-Hoberg, JHEP 1109 (2011) 128

[arXiv:1107.2118 [hep-ph]].

26

[KYChoi, Tomo Takahashi, in preparation]kdom/kreh

T r
eh

 (M
eV

)
fermi

pulsar

100 101 102100

101

102

103

104

Figure 10: Constraint on Treh and the ratio kdom/kreh from Fermi and pulsar timing.

11

Figure 3: For electron and ↵
D

= 0.1

� ' H Treh '
✓
90

⇡2

◆1/4p
�MP (12)

Treh & 500MeV (13)

A Appendix...

References

[1] Y. Ali-Hamoud, J. Chluba and M. Kamionkowski, Phys. Rev. Lett. 115 (2015) no.7,
071304 doi:10.1103/PhysRevLett.115.071304 [arXiv:1506.04745 [astro-ph.CO]].

[2] C. Dvorkin, K. Blum and M. Kamionkowski, Phys. Rev. D 89 (2014) no.2, 023519
doi:10.1103/PhysRevD.89.023519 [arXiv:1311.2937 [astro-ph.CO]].

[3] H. Davoudiasl, H. S. Lee and W. J. Marciano, Phys. Rev. D 85 (2012) 115019
doi:10.1103/PhysRevD.85.115019 [arXiv:1203.2947 [hep-ph]]. Davoudiasl:2012ag

[4] S. Gopalakrishna, S. Jung and J. D. Wells, Phys. Rev. D 78 (2008) 055002
doi:10.1103/PhysRevD.78.055002 [arXiv:0801.3456 [hep-ph]].

5



Discussion

1. Reheating process follows the early matter-domination epoch.

2. Dark matter density perturbation growth during early 
matter-domination before reheating and can generate large 
number of UCMHs.

3. Non-observation of UCMHs can constrain the low-reheating 
temperature and gives new bound on the reheating 
temperature.


