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Dynamics of finite temperature field theory hard to analyze

Problem simplifies if we focus on long-wavelength fluctuations
(compared to scale set by T) - expansion parameter: k/T

Description of the system in terms of fundamental
hydrodynamic variables: energy € and fluid velocity u*

Few undetermined transport coefficients fixed by underlying
QFT (related to Green's functions by Kubo's formulas)

Relation to holography:

@ Calculation of transport coefficients for strongly coupled field

theories 1.

![Kovtun et al. '05, - -]
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Dynamics of finite temperature field theory hard to analyze

Problem simplifies if we focus on long-wavelength fluctuations
(compared to scale set by T) - expansion parameter: k/T

Description of the system in terms of fundamental
hydrodynamic variables: energy € and fluid velocity u*

Few undetermined transport coefficients fixed by underlying
QFT (related to Green's functions by Kubo's formulas)

Relation to holography:

@ Calculation of transport coefficients for strongly coupled field

theories 1.

e “Hydrodynamic expansion” for gravity: fluid/gravity

correspondence 2.

![Kovtun et al. '05, - -]
2[Bhattacharyya et al. '08 (1), Bhattacharyya et al.-'08(2), - - -]
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Prescription for obtaining boundary thermoelectric DC

conductivities from Navier-Stokes on black hole horizons3:

3[Donos et al. '15, Banks et al. '15]
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Prescription for obtaining boundary thermoelectric DC
conductivities from Navier-Stokes on black hole horizons3:

@ For general holographic lattice, reduced set of boundary
perturbations satisfy Navier-Stokes equations on horizon,
whose geometry is generally different from UV geometry.

@ Obtain horizon currents and boundary current fluxes and thus
the boundary thermoelectric DC conductivity.

@ In the hydrodynamic limit, horizon geometry and currents
directly related to boundary data*.
Motivation from experiment:
@ Recent experiments with strained graphene °.

®[Donos et al. '15, Banks et al. '15]
*[Donos et al. '16]
®[Sietal '16, ---]
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We express the stress tensor in terms of the hydrodynamic
variables €, u*.
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Perturbation
Navier-Stokes Equations

We express the stress tensor in terms of the hydrodynamic
variables ¢, u*. In first-order hydrodynamics we have

T = ety + | P(€) — Cp(€)Drt* | (g + upty) — 20(€)o (1)
where the shear tensor is

D)\U)‘
U,ul/ = D(HUV) + U(MUAD)‘UV) B (g/“/ + u“uy) ﬁ (2)
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Perturbation
Navier-Stokes Equations

We express the stress tensor in terms of the hydrodynamic
variables ¢, u*. In first-order hydrodynamics we have

T/u/ = euy Uy, + 'D(E) - Cb(e)D/\UA (g,uu + U;LUV) - 277(€)U;w (1)
where the shear tensor is

D)\U)‘
U,ul/ = D(HUV) + U(MUAD)‘UV) B (g/“/ + u“uy) ﬁ (2)

P is the pressure, (p is the bulk viscosity and 7 is the shear
viscosity.
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The stress tensor of a QFT must satisfy the Ward identities

D, T* =0 (3)

Vaios Ziogas Thermal Conductivity on Curved Manifolds



Conformal Hydrodynamics

Conformal Hydrodynamics and Navier-Stokes

tokes Equations

The stress tensor of a QFT must satisfy the Ward identities

D, T* =0 (3)

If the theory is conformal, we also have
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The stress tensor of a QFT must satisfy the Ward identities

D, T* =0 (3)

If the theory is conformal, we also have

T, =0 (4)

Imposing the tracelessness condition (4) on the stress tensor (1),
we find (, =0, e = (d — 1)P, and so we get

T = P(gu + duyu,) — 2no,, (5)
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Perturbation
Navier-Stokes Equations

The stress tensor of a QFT must satisfy the Ward identities

D, T" =0 (3)
If the theory is conformal, we also have
=0 (4)
Imposing the tracelessness condition (4) on the stress tensor (1),
we find (, =0, e = (d — 1)P, and so we get
T = P(gu + duyu,) — 2no,, (5)

By dimensional analysis we have P = ¢ T and 1 = ¢; 7971,
where ¢g and ¢; depend on the microscopics of the CFT.
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Pertur
Navier-Stokes Equations

In thermal equilibrium, we take the background metric to be static

ds® = —dt? + g;j(x)dx’dx/ (6)
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Perturbation
Navier-Stokes Equations

In thermal equilibrium, we take the background metric to be static

ds® = —dt? + g;j(x)dx’dx/ (6)

We can think of the harmonic expansion of gj; around the flat
metric 7;;, then the hydrodynamic regime is defined by kT 1«1,
with k being the largest wavenumber.
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In thermal equilibrium, we take the background metric to be static

ds® = —dt? + g;j(x)dx’dx/ (6)

We can think of the harmonic expansion of gj; around the flat
metric 7;;, then the hydrodynamic regime is defined by kT 1«1,
with k being the largest wavenumber.

In order to obtain finite conductivities, momentum should
dissipate. This implies that the spatial metric gj; should not have
any (conformal) Killing vectors.
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Conformal Hydrodynamics
Conformal Hydrodynamics and Navier-Stokes Background Metric

Perturbation
Navier-Stokes Equations

In thermal equilibrium, we take the background metric to be static

ds® = —dt? + g;j(x)dx’dx/ (6)

We can think of the harmonic expansion of gj; around the flat
metric 7;;, then the hydrodynamic regime is defined by kT 1«1,
with k being the largest wavenumber.

In order to obtain finite conductivities, momentum should
dissipate. This implies that the spatial metric gj; should not have
any (conformal) Killing vectors.

For example, we can take gj; to be periodic in the spatial directions
(i.e. metric on torus).
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Perturbation
Navier-Stokes Equations

We perturb the CFT by introducing a thermal gradient
¢ = —T 1dT. We take ( to be a closed 1-form, so locally we can
write { = d¢, where ¢ = —In T.
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Perturbation
Navier-Stokes Equations

We perturb the CFT by introducing a thermal gradient

¢ = —T 1dT. We take ( to be a closed 1-form, so locally we can
write { = d¢, where ¢ = —In T. The perturbed metric takes the
form

ds? = —(1 —2¢)dt? + g;i(x)dx' dx! (7)

and the perturbed fluid velocity becomes

up = —(1—9), uj = du; (8)
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Perturbation
Navier-Stokes Equations

We perturb the CFT by introducing a thermal gradient

¢ = —T 1dT. We take ( to be a closed 1-form, so locally we can
write { = d¢, where ¢ = —In T. The perturbed metric takes the
form

ds? = —(1 —2¢)dt? + g;i(x)dx' dx! (7)

and the perturbed fluid velocity becomes

up = —(1—9), uj = du; (8)

This gives rise to a temperature variation around the equilibrium
value T = Ty +0T.
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Perturbation

Navier-Stokes Equations

Ward Identities = Navier-Stokes Equations

We substitute the above in the stress tensor T, (eq. (5)) and
keep terms linear in the perturbations.
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pation

r-Stokes Equations

Ward Identities = Navier-Stokes Equations

We substitute the above in the stress tensor T, (eq. (5)) and
keep terms linear in the perturbations. The Ward identities (3)
lead to the following forced Navier-Stokes equations

. 1 :
Toat5Uf — 2i <VJVU(5U,-) — V,-Vjéuf> = V,’(sT - TOC,‘
dCo

d—1
(9a)
(d—1)Ty 06T + Vidu' =0
(9b)
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r-Stokes Equations

Ward Identities = Navier-Stokes Equations

We substitute the above in the stress tensor T, (eq. (5)) and
keep terms linear in the perturbations. The Ward identities (3)
lead to the following forced Navier-Stokes equations

. 1 :
Toat5Uf — 2i <VJVU(5U,-) — V,-Vjéuf> = V,’(sT - TOC,‘
dCo

d—1
(9a)
(d—1)Ty 06T + Vidu' =0
(9b)

@ V; is the covariant derivative with respect to gj;.
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tokes Equations

Ward Identities = Navier-Stokes Equations

We substitute the above in the stress tensor T, (eq. (5)) and
keep terms linear in the perturbations. The Ward identities (3)
lead to the following forced Navier-Stokes equations

1 . 1 ,
Toat6Uf = 2d7C0 <VJV(J§U,) - 1VIVJ5UJ> a4 vI(sT — TOCI'

d —
(9a)
(d—1)Ty 06T + Vidu' =0
(9b)

@ V; is the covariant derivative with respect to gj;.

@ Only the ratio ¢1/dco = no/sp depends on the microscopic
CFT.
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The thermal conductivity (matrix) ¥ describes the linear response
of the system to a temeperature gradient source.
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The thermal conductivity (matrix) ¥ describes the linear response
of the system to a temeperature gradient source. It is defined by
the relation

Q=-r-VT, (10)

where the heat current density is given by

Q=—/gT'; (11)
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AC Thermal Conductivity on Curved Manifolds AC Thermal Conductivity on Curved Manifolds

The thermal conductivity (matrix) ¥ describes the linear response
of the system to a temeperature gradient source. It is defined by
the relation

Q=-r-VT, (10)

where the heat current density is given by

Q=—/gT'; (11)

In terms of our perturbations we have

codTE 1 /gou" = KI¢; (12)
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After performing a Weyl rescaling we can redefine the coordinates
and the perturbations in order to make them dimensionless. We
also assume a time dependence of the form exp(—iwT).
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After performing a Weyl rescaling we can redefine the coordinates
and the perturbations in order to make them dimensionless. We
also assume a time dependence of the form exp(—iwT). The
Navier-Stokes equations (9) take the form

—iwp; — 2VIV ;B + djo = & (13a)
Vi3 =0 (13b)

where we have traded the perturbations (du;, 0 T, (;) for (Bi, 0,&i)
respectively.
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AC Thermal Conductivity

We can now write (13a) in the following way

(D — Iw) ,3,' = Qﬁ, (14)
where the linear operators
DBj = —2VIV ;B + 2V (V“‘V’)V(kﬁ,))
g =& - vio (vie')

act on closed 1-forms &; and co-closed 1-forms ;.

(15)
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AC Thermal Conductivity

We can now write (13a) in the following way

(D — Iw) ,3,' = Qﬁ, (14)
where the linear operators
DBj = —2VIV ;B + 2V (V“‘V’)V(kﬁ,))
g =& - vio (vie')

act on closed 1-forms &; and co-closed 1-forms ;.

(15)

Inverting (14) we obtain the AC thermal conductivity.
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We note that

@ From (14) we can see that the poles of the retarded Green's
function are given by eigenvalues of D
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We note that

@ From (14) we can see that the poles of the retarded Green's
function are given by eigenvalues of D

@ All poles lie on the negative imaginary axis, so we don't get
instabilities.
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We note that
@ From (14) we can see that the poles of the retarded Green's
function are given by eigenvalues of D

@ All poles lie on the negative imaginary axis, so we don't get
instabilities.

@ Taking w — 0 we obtain the DC conductivity.
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We note that

@ From (14) we can see that the poles of the retarded Green's
function are given by eigenvalues of D

@ All poles lie on the negative imaginary axis, so we don't get
instabilities.

@ Taking w — 0 we obtain the DC conductivity.

In cases of interest, we can compute the conductivity explicitly:
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We note that
@ From (14) we can see that the poles of the retarded Green's
function are given by eigenvalues of D

@ All poles lie on the negative imaginary axis, so we don't get
instabilities.

@ Taking w — 0 we obtain the DC conductivity.
In cases of interest, we can compute the conductivity explicitly:

@ For perturbative lattices, i.e. perturbatively in A for metrics
gjj = 0jj + Ahjj + - - with hj; periodic.
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We note that
@ From (14) we can see that the poles of the retarded Green's
function are given by eigenvalues of D

@ All poles lie on the negative imaginary axis, so we don't get
instabilities.

@ Taking w — 0 we obtain the DC conductivity.

In cases of interest, we can compute the conductivity explicitly:
@ For perturbative lattices, i.e. perturbatively in A for metrics
gjj = 0jj + Ahjj + - - with hj; periodic.
o For one-dimensional lattices ds? = (x)dx? + gap(x)dx?dx?,
i.e. when our system depends only on 1 coordinate x.
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Summary:

We have derived the Navier-Stokes equations sourced by a thermal
gradient (, in the hydrodynamic limit of an arbitrary CFT on
curved space. We used this set of equations to obtain a general
formula for the AC thermal conductivity.
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Summary:

We have derived the Navier-Stokes equations sourced by a thermal
gradient (, in the hydrodynamic limit of an arbitrary CFT on
curved space. We used this set of equations to obtain a general
formula for the AC thermal conductivity.

Outlook:
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Summary:

We have derived the Navier-Stokes equations sourced by a thermal
gradient (, in the hydrodynamic limit of an arbitrary CFT on
curved space. We used this set of equations to obtain a general
formula for the AC thermal conductivity.

Outlook:

e Diffusion: “Derive” Fick's Law du; ~ V;6 T from (9a) and
generalize Einstein relations D ~ &
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Summary:

We have derived the Navier-Stokes equations sourced by a thermal
gradient (, in the hydrodynamic limit of an arbitrary CFT on
curved space. We used this set of equations to obtain a general
formula for the AC thermal conductivity.
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e Diffusion: “Derive” Fick's Law du; ~ V;6 T from (9a) and
generalize Einstein relations D ~ &

e QFT?
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Summary:

We have derived the Navier-Stokes equations sourced by a thermal
gradient (, in the hydrodynamic limit of an arbitrary CFT on
curved space. We used this set of equations to obtain a general
formula for the AC thermal conductivity.

Outlook:

e Diffusion: “Derive” Fick's Law du; ~ V;6 T from (9a) and
generalize Einstein relations D ~ &

e QFT?
@ Thermoelectric conductivities?
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Summary:

We have derived the Navier-Stokes equations sourced by a thermal
gradient (, in the hydrodynamic limit of an arbitrary CFT on
curved space. We used this set of equations to obtain a general
formula for the AC thermal conductivity.

Outlook:

e Diffusion: “Derive” Fick's Law du; ~ V;6 T from (9a) and
generalize Einstein relations D ~ &

e QFT?
@ Thermoelectric conductivities?

@ Holography?
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