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Stable states (w.r.t. QCD) are generally well 
understood - calculations at physical 
masses in many quantum numbers 

Highly-excited states  
- see talk by Gavin Cheung - today 11:00

This talk: 
 - isoscalar resonances 
 - extracting complex poles & couplings from scattering amplitudes
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GAMS, Alde et al PLB 203 397, 1988.
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Figure 2: Data on ⇡⇡ ! ⇡⇡ scattering phase shifts: Protopopescu et al. from [31], Grayer et al. from [33] (Solution
B also from [32]), Estabrooks and Martin from [35], Kaminski et al. from[36]. Left panel: The scalar-isoscalar phase
shift �(0)

0 . Note the huge di↵erences due to systematic uncertainties, which exist even within data sets from the same
experimental collaboration [33] (Something similar happens with [31], but we only show the most commonly used and
consistent data set). Please note that there is no Breit-Wigner-like sharp increase of 180o on the phase between threshold
and 800 MeV. Such sharp phase increase is seen around 980 MeV, corresponding to the f0(980) meson, although starting
over a background phase of about 100o degrees. Right panel: For comparison we also show the vector-isovector �1 phase
shift, where the ⇢(770) resonance can be seen to follow the familiar Breit-Wigner shape [38] to a very good degree of
approximation.

Sometimes, as in [33], statistical uncertainties were provided for each set of solutions. However,
since these data sets are incompatible among themselves within statistical uncertainties, the dif-
ferences between sets should be interpreted as an indication of the systematic uncertainty. As an
example, the left panel of Fig.2 displays the data on ⇡⇡! ⇡⇡ scattering phase shifts of the scalar
isoscalar wave. Note the large di↵erences even within data sets coming from the same exper-
iment [33] (Solution B was published first in [32]) due to systematic uncertainties. Something
similar happens with [31], but we only show the most commonly used data set, since it will be
seen later that the others are even more inconsistent with fundamental dispersive constraints.

Another relevant indication of the interest on ⇡⇡ scattering in the early seventies was the
appearance of Ke4 experiments [39, 40]. These correspond to the K ! ⇡⇡e⌫ decay and provide
an indirect measurement of the �00 � �1 phase combination well below 500 MeV, a region that
could not be reached with ⇡N ! ⇡⇡N experiments. At that time these low energy data were not
very determinant in the � discussion, but we will see that recent Ke4 experiments have actually
been decisive to enter the precision era for light scalars.

At this point, and in view of Fig.2 it is important to emphasize that the � is so wide that
right from the very beginning it was clear that the familiar Breit-Wigner description [38], valid
for narrow isolated resonances, is not appropriate to describe the S-wave data. Actually, note in
Fig.2 that there is no isolated Breit-Wigner shape around 500-600 MeV, corresponding to a � or
f0(500) resonance. This means that the � resonance does not appear as a peak in the ⇡⇡ ! ⇡⇡
cross section nor in many other amplitudes which contain in the final state two pions with the
quantum numbers of the f0(500). Of course, a Breit-Wigner-like shape over a background phase
of about 100 degrees is seen around 980 MeV in Fig.2, corresponding to the f0(980), but even

8

Figure 58. Partial wave analysis of the K−π+ → K−π+ amplitudes deduced from the
LASS results of Fig. 57, showing the magnitude and phase for the S , P and D-waves [103].

Figure 59. Mass distribution for π0η from the GAMS experiment [11] on π−p → (π0η)n ,
where both π0 and η are detected in the γγ decay mode. Partial wave analysis reveals that
the J = 0 wave has two possible resonances a0(980) and a0(1430) in this mass region.
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shift, where the ⇢(770) resonance can be seen to follow the familiar Breit-Wigner shape [38] to a very good degree of
approximation.
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Figure 58. Partial wave analysis of the K−π+ → K−π+ amplitudes deduced from the
LASS results of Fig. 57, showing the magnitude and phase for the S , P and D-waves [103].

Figure 59. Mass distribution for π0η from the GAMS experiment [11] on π−p → (π0η)n ,
where both π0 and η are detected in the γγ decay mode. Partial wave analysis reveals that
the J = 0 wave has two possible resonances a0(980) and a0(1430) in this mass region.
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f0(980) and a0(980) lie very close to  
KK threshold

In the scalar sector,  amplitudes grow  
rapidly from threshold:

Threshold effects are also essential to understand puzzling states:

σ and 𝜿 are broad (width ~ mass)
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L

a

Lattice QCD provides a first principles method to access these resonances

Work in a finite Euclidean volume L with a lattice spacing a

Compute matrices of correlation functions with many operators

Obtain the finite volume spectrum using a variational method

The infinite volume scattering t-matrix is determined from the finite volume spectrum 
by extensions of Lüscher’s method

Cij(t)v
n
j = �(t)nCij(t0)v

n
j ! �n ⇠ exp(�Ent)

In the calculations that follow mπ=391 MeV 
 - suppresses some of the difficult many (≥3) hadron channels

Cij = h0| Oi(t)O†
j(0) |0i
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An example S-wave spectrum fit

t�1 = K�1 + I

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0

Using the coupled-channel extensions of Lüscher’s method:
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We have extracted  S & D wave scattering 
amplitudes for coupled-channel ππ, KK, ηη 
scattering.

We find analogues of f0 and f2 resonances 
and are able to extract pole positions and 
residues - giving the coupling to each 
channel.

The 𝛔 appears as a bound state which 
strongly influences ππ channel, and the f0 
as a dip around KK threshold, similar to 
experiment.

The D-wave features two narrow f2 
resonances, one that couples mostly to ππ 
and the other to KK.
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Lighter masses

Photocouplings
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Many exciting possibilities and 
interesting challenges to overcome 

• higher resonances 
• charmonium 
• many coupled-channels 
• three-body formalism 
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π

π

π

π

excited states seen as resonant enhancements  
in the scattering of lighter stable particles

} }
Bound states Meson-meson continuum

Infinite volume

Finite volume

E

E
L

a



/26David Wilson (TCD)              Isoscalar resonancesExtracting the t-matrix 34

Infinite volume phase shifts from a finite volume

x

2

1

sin

✓
pL

2
+ �(p)

◆
= 0

p =
2⇡n

L
-

2

L
�(p)

 (0) =  (L),
@ 

@x

���
x=0

=
@ 

@x

���
x=L

E

Phase shifts via the Lüscher method: tan �1 =
⇡3/2q

Z00(1; q2)

Z00(1; q
2) =

X

n2Z3

1

|~n|2 � q2

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0

Multiple channels:
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determinant condition: 
- several unknowns at each value of energy 
- energy levels typically do not coincide 
- underconstrained problem for a single energy

one solution: use energy dependent parameterizations 
- Constrained problem when #(energy levels) > #(parameters) 
- Essential amplitudes respect unitarity of the S-matrix 

t =

✓
⇡⇡ ! ⇡⇡ ⇡⇡ ! KK̄
KK̄ ! ⇡⇡ KK̄ ! KK̄

◆

S†S = 1 ! Im t�1 = �⇢

t�1 = K�1 � i⇢
K-matrix approach: 

⇢ij = �ij
2ki
Ecm

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0
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Several methods - many challenges similar to experimental analyses 

• Weinberg method, uses renormalisation factor Z 

Useful for bound states - distinguishes composite meson-meson vs compact 

• Morgan pole counting 

Generalisation of Weinberg - one pole ~ molecular, vs two poles ~ compact 

• Photocouplings - determine radial extent 

• Decay constants  

• Nc dependence 

qq states become stable, meson-meson sink into continuum - Pelaez et al 

• mπ dependence 

How a near-threshold state reacts to changes in the masses can give clues
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requires significant extra computation
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• Weinberg method 

Useful for bound states - distinguishes composite meson-meson vs compact 

• Morgan pole counting 

Generalisation of Weinberg - one pole ~ molecular, vs two poles ~ compact

State composition 38
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vector nonet
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