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CKM Factors in Kaon physics

Semi-leptonic decays (Mys): ! = O(0.2)

1 ' 13
Vij — O" | 1 !2$
13 12 1

IMVieVig = ! IMV,Veg = O(1°)  ImVVug =0
ReV, Vug = ! ReV.Veg = O('Y)  ReVi Vg = O(! )

Kaon observables" Vis Vig! suppressed in SM
sensitive to [3avour violating NP

Kaon observables" Vs Vud OF Ves Veg!  dominated by
QCD, useful for extracting low energy constants
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CKM Factors in Kaon physics

Using the GIM mechanism,
we can eliminate either Ves Vg Or
Vus*Vud - Vcs* Vcd = Vts* th

Z-Penguin and Boxes (high virtuality):
power expansion in: A¢c- Ay" 0+ O(MmE/M w?)

%/g-Penguin (momentum expansion + e.0.m.):
power expansion in: Ac- Ay" O(Log(m/m y2))



Rare Kaon Decays
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Rare Kaon Decays
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QCD known Now: Accessible to Lattice
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Top guark contribution
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Vis Via F(Xi) = Vi Vig (F(Xt) ! F(Xy)) + Veg Ved (F(Xc) ! F(Xy))



Top guark contribution
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[Misiak, Urban; Buras, Buchalla;
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Top guark contribution
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Matching (NLO +EW):

[Misiak, Urban; Buras, Buchalla;

Q =(8! de)('ﬁL!“" L)

After 2011 uncertainty at 1%
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Vis Via F(Xi) = Vig Via (F(Xt) ! F(Xu)) + Vg Vea (F(Xe) ! F(Xu))




Top guark contribution

SO y
u,c,ty te, " Xi = M\zl\/
B S
Vis Via F(Xi) = Vg Vi (F® | HXu)) + Vi Ved (F(Xe) ! F(Xy))
I Quadratic GII\/I: 5 M| For CP violating
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KLt 10" " only
top contribution

Qi = (8! ,d (B! ")) relevant.
| HERATE R Clean theory and

[Misiak, Urban; Buras, Buchalla;

CKM suppression:
NP sensitivity



K+! !+"#"atM/V

Quadratic GIM:| -
Matching (NLO +EW):

[Misiak, Urban; Buras, Buchalla;

Qi = (8! du)(BL! L)




KHL L+ at My

S W |
N WwWwWww
m 2
— |
" ™" Xi_I\/|2
W
AN
4w

Vi!s \'-/id F(-Xi) = Vt!s Vig ( Xt ) | F(Xu )) + V(!;S Ved ( Xc) ! F(Xu ))

. : ‘:f N mg M W
Quadratic GIM:|! BEvral

[Misiak, Urban; Buras, Buchalla; /
Brod, MG, Stam0u‘11]

Q! = ( g ! u d L )('bl_ ' o L) Fa

/ Operator
' Mixing (RGE)



K+ 1L+ "% " at My

f —
InMW | - _QCD
M '|\/|\2N

Quadratic GIM:}*
Matching (NLO +EW):

[Misiak, Urban; Buras, Buchalla, /”
Brod, MG, Stamou'11],

/ Operator
/' Mixing (RGE)




K+ 1 1 +"#"charm contribution
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K+ 1 1 +"#"charm contribution
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K1 IT+"% " from Mw to m¢

C
Pc. charm quark contribution 55 |
to K*! 1 +"#" (30% to BR) D[
Seriesconverges very well : f};—:/f‘* ;
(NNLO:10%! 2.5% uncertainty) 3¢ NNLO /7
NNLOYEW (e totee T O
] 2 HUc[GeV]
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K1 I+ "% " from Mw to

M¢

C
Pc: charm quark contribution 95 |
toK+*! 1I'+"#"(30% to BR) P -
Seriesconverges very well C
(NNLO:10%! 2.5% uncertainty) E_ nNLo S
NNLOHEW (e el ae b e
1 2 Hc[GeV]

higher dimensional operators UV scale ¢
One loop ChIPT calculation approximate

[Isidori, Mescia, Smith 05]
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K1 IT+"% " from Mw to m¢

C
Pc. charm quark contribution 55 |
to K*! 1 +"#" (30% to BR) D[
Seriesconverges very well : f};—:/f‘* ;
(NNLO:10%! 2.5% uncertainty) 3¢ NNLO /7
NNLOEW B et e O
T 2 Uc[GeV]

No GIM below the charm quark mass scale
higher dimensional operators UV scale dependent

One loop ChIPT calculation approximately cancels

this scale dependence !P., = 0.04% 0.0z
[Isidori, Mescia, Smith 05]

Explorative (unphysical) Lattice calculation:
'P ¢u=0.0040(x13)(x32)(-45) [Bal et.al. 17]
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K1 1"#" Error Budget

BRh(K*! T +"#") = 7.8(8)(31011 BRM(KL! ! 0"#") = 2.43(39)(64#1011
BRep(K* I +"#") = 17(11)#101 BRexP(K ! 1 0"#") < 6.7#10°8
787, 949 «0dNAGZ2 | 10% accuracy [E391a «08]

[Brod, MG, Stamou

2011] -
Pc
6!%
Parametri
BR* = 8.4(6)#1011 (CKM tree) BR. = 3.4(6)#1011 (CKM tree)

Using the same calculations: [Buras et.al. 15]
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CP violation iIn Kaons

CP violation in mixing, interference & decay ! non-zero

|||+||! On IIIOIIO On
| K "0 O €

| — |
[+ ] On " 0" O Omn

Only CP violation in mixing (Re $), interference of mixing and
decay (Im $, Im $O) and direct CP violation (Re $0O)

P2 (M 1 op)l 3

and [1! 'y "1

)2 Moo M )+ L
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Formula for $O/$

a0, & & az* from experiment 11 91 010" = ggetX0 4 gqetX2/ 2

[Cirigliano, et.al. 11] Sy O ; ;
. . . T T KPY = qge™ $ aqge'™?
ao & az:isospin amplitudes

. . . +1 014 9+ ixd
for isospin conservation ~ !! 7! UK = 3ag X2 /2
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Formula for $O/$

a0, 3 & ay* from experiment 11 01 O] 0" — g eiX0 4 a26i><2;é" 2

[Cirigliano, et.al. 11] | . . . —
11 K9 = qpe™X° $ ase™X2 2

ao & az:isospin amplitudes )
. . . 0 " ]
for isospin conservation ! 7! P[KT" = 3ag ez /2

Current theory gives us only: A, = I(Il ) [Hea |[K"

Normalise to K+ decay (( +, a) and %,
expand in A2/A oand CP violation:
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Formula for $O/$

a0, & & az* from experiment 11 91 010" = ggetX0 4 gqetX2/ 2

Cirigliano, et.al. 11 : :
rtane, eten 1 KO = gei 0 § ageix:
ao & az:isospin amplitudes

. . . +1 014 9+ ixd
for isospin conservation ~ !! 7! UK = 3ag X2 /2

Current theory gives us only: A, = I(Il ) [Hea |[K"

Normalise to K+ decay (( +, a) and %,
expand in A2/A oand CP violation:

s X . ~ImA ’ 1 ImA
Re — | =" #_" @ By 2
| | 2'k | ReAg A a ReA,

[Buras, MG, JSger, Jamin “15] Adjusted to keep electroweak

penguins in Im A g [Cirigliano, et.al. “11]
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Current-Current & CKM

Study Unitarity & CKM Elementsto get Im A | & Re A

We use unitarity to eliminate V. Vg = ! V.cVug ! Vi Vig Q5

Current-current interactions:
Two contributions if ) >m .

(" Vis Vwand" Vys Vud) Vu!s Vud Qllj/ o T Vc!svcd Q(i/ 2 |
Vs Vud (QY2 " QF/2) " Vis Va Q5

For)<m ¢ Vis'Viwis absent:  Vys Vud Q1) 2
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Penguin & CKM

Penguins: f(my) - f(m¢) = O: S d
Only Vs Vg contribution

{Vu!svud]c (mu) + Vc;!s\/cd]c (mc) + Vt!s thf (mt)} QPenguin |
{Vus Vud [f (My) " F(Me)]+ Vig Vi [f (Me) ™ f (Me)]} Qpenguin
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Penguin & CKM

Penguins: f(my) - f(m¢) = O: S d
Only Vs Vg contribution

{Vu!svud]c (mu) + Vc;!s\/cd]c (mc) + Vt!s thf (mt)} QPenguin |
{Vus Vud [f (My) " F(Me)]+ Vig Vi [f (Me) ™ f (Me)]} Qpenguin

) >mM ¢ Vis Vig Q%2 mixes INnto Vis Vid Qpenguin (like usual).
)>m ¢ Vus Vud (QU12 B F12) does not mix into Q penguin -

) <m ¢. Match Vs Vg Q%2 onto Vis Vid QPenguin
I CP violation from Q penguin
I CP conserving from Q12 (plus small Q penguin)
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Effective Hamiltonian

Currently we use the effective Hamiltonian below the charm:

Vid Vté;

!10 " #
He = J-G%Vudvds_ Zi(k)+ 'yi(n) Qi(w), !'"#

i=1 Vug VU!S

16



Effective Hamiltonian

Currently we use the effective Hamiltonian below the charm:

B # Via V,
He = P Vud Vis zi(W+yi(w) Qi(w), !"# th Vt?
2 1 ud Vys
current-current Q1,2/ + = (Bi Uj )V —A (ﬂk dI )V —A
QCD & Q3.6 =(8idj)v_na Z (%G)v=A
electroweak 9= u,d,s
pEngUInS Q7....10 = (Bid))v —a Z €q(&G)v+ A

g=u,d,s
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Effective Hamiltonian

Currently we use the effective Hamiltonian below the charm:

B # Via V,
Hea = J-Gi—vudvljs Zi(W+ ! yi(n) Qi(p), !'"# thvt?
2 1 ud Vys
current-current Q1,2/i — (Bi uj )V —A (ﬂk dI)V —A
QCD & Qz,..6=(Bd)v-a » (&G)vza
electroweak 9= u,d,s
PENGUINS Q7....10 = (Bidj)v _a Z €q(&G)v+ A
g=u,d,s

We have z & y; at NLO [Buras et.al., Ciuchini et. al. *92 *93]

And now also a Lattice QCD calculation of: (1) |Q i|K "=1Q;"
by RBC-UKQCD [Blum et. al., Bai et. al. “15]
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Im A 2/Re A 2 D (V-A)x(V-A)

A, only contributes in the ratio Im A 2/Re A »

Let us Prst consider only (V-A)x(V-A) operators:

Q1= U )vaa (B-d )vya Q2 = (BU)yxA (Bd)y#Aa

! |
Qo = § (Sd)v1 A & (AQv: A Qo = g (S1d v A & (GG v A

2
g= u,d,s,c,b = u,d,s,c,b

Isospin limit: 2 <Q ¢>2 = 2 <Qip>2 = 3 <Q1>2 = 3 <Q>»
Re A2: (21+122)<Q1+Q2>2=7+<Q+>2 IM A 2:yo<Qo>2+ Y10<Q10>2

IMmA; — Im ! 3(Yo * Y10) o VisVid
ReA, o, a 2z, ' ViV

17



Im A o/Re A o B (V-A)x(V-A)

! "
ReAo = BF VgVl 2."Qu # + 2 Q- #

2
Flerz relations for (V-A)x(V-A) give, e.d.: 'Q4"0=!0Q3"0+2!Qp'o
ImAg 2y4
=|m! + O
ReAO VI A " (1+ q)Z! (p3)

Is only a function of Wilson coefbcients and of the ratio

q=(z+ (W!'Q+ (K)"0) (z (W)!'Q1 ()"0)

Expression with p3=1Q3"/ 1Q4"0 and EW penguins given In
[Buras, MG, JSger & Jamin “15]
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(V-A)x(V+A) Contributions

Qs & Qsggive the leading contribution to
IMmA o & IMmA 2respectively

T P
IMmA Ofs
0 = | gi_lm#tyesmfs@
|mA2 % | SQSO/@
= | Im#; Vs
ReA, Y8 Rea,

Here: Take Re Ay from data

One can re-express <@>p & <Qg>21n terms of Be & Bs
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Prediction for $O/$

1=2 Similarly for (V-A)X(V-A):

1=0 (V-A)X(V-A) 1=2 (V-A)X(V-A)
!! ) il I ] 1 $ /$ /
¢ M %10 By 1 41(8)+24.7BY? TR 1.2(1) 1O4B(3/2)

| 1.4410 4 /

(V-A)x(V+A) Matrix elements B =0.57(19) and B=0.76(5)

from Lattice QCD [Blum et. al., Bai et. al. "15] quantity | error on ! N
i ) Cva Bg 7 4.1
- =1.9(4.5)! 10 | NNLO 16
- SM 2.9 * difference 6, 0.7
! . | |

- =16.6(2.3)! 10 * P3 0.6
| (3/ 2)

. &xp . _ Bsg 0.5

Similar Pndings by Kitahara et.al. 16 05 0.4

ms(mc) 0.3

20 mt(mt) 03




NLO vs NNLO

Theory prediction only at NLO at the moment

Convergence at m:iIs not clear b should calculate next
order

Long term use Lattice QCD

Also the error estimate does not include O(p4/m ¢?)
corrections which for K I 'l are expected to be small
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Status of $O/$ NNLO

Energy

Fields

Order

91%1W1Z1h1
u,d,s,c,b,t

NNLO Q 1-Qs & Qsqg
NNLO EW Penguins (traditional Basis)

%.,9,u,d,s,c,k

NNLO Q 1-Qe & Qsgg

%.,9,u,d,s,c,k

NNLO Q 1-Qs

%.,9,u,d,s,C

NNLO Q 1-Qs & Qagqg

%.,9,u,d,s,C

NLO Q 1-Q1o0

%.,9,u,d,s

NNLO Q 1-Qs & Q89

M Lattice

g,u,d,s

NLO Q 1-Qio(traditional Basis)

) [Misiak, Bobeth, Urban] Iv)[Gorbahn, Brod]
) [Gambino,Buras, Haisch] v) [Buras, Jamin, Lautenbacher]

li)[Gorbahn, Haisch]

- vi)[Blum et. al., Bai et. al. 015]



RG-Invariant factorisation

Traditional the contribution of running ( U(u, Kg)) and
matching (M (1)) are combined as:

QP ()ED (uy) = 1Q" (MU (UL, IM Y () U™ (pe, o)
M 9 (pp) U (i, pw) €2 (w)
Alternatively we can also factorise as

Q" (u)EP () = 1Q" ()P u® (W)
U (UMD () u (o)
U™ ()M 9 (L) ut® (p)
U (uw) € (w)

or write in terms of scheme and scale independent
guantities:

16 (u)E@ (u) = 1843 )39 )§ (49 &6

23




RG-Invariant factorisation

All hatted quantities 1¢"® M©GY M(49 and &5 and also
thelr products

B(3) = (39 ) (49) [9(5)
are formally scheme and scale independent.

The matrix elements '8 satisfy d = 4 Fierz identities.

B3 s u independentbut shows residualp dependence

Plot this for the () (the ones# Im(V;Vy)):
and for +() ¢) (relevant for Re Apand Re A)

Use different RGE running (numerical or via, wms)
from - s(Mz) at LO, NLO & NNLO

24



>V Trr 1T T 1 r 11 1 17 r 11 1T T T 1T T T ]

The Real Part of A)& A 2_92 Lo -

is dominated by z+ & z. - —-- NLO -

28 ——NNLO -

ReA, =@. |®+ "o N 2_7_5__ ____________________________________________ é

ReAq =@ 1Q. "o+ @ 1Q) g Frrrmrmemmn

The residual ) cdependence®ioc 15 25 25 3

reduces order by order oYV e —

0.63F =

At NLO there Is still a 0.62F =

dependence on the 0.61

implementation of - ¢ ¥ E

. 0.59 =

Running. -+ LO E

0.58 =

--- NLO —

: 0.57 7

Shift probably due to | | — NNLO 2
056 ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ]

1.0 1.5 2.0 2.5 3

running down from M z . | 1Gev



Transform Lattice RISMOM
matrix elements to g. scheme

Re Ag=33.2/108GeV
Re A,=1.48/108GeV

Lattice input to Re Aohas still
20% / 25% stat / sys. uncertainty

10’ 1GeV"

ReA, "

0.154F .
0152_ e == o —_———_— = e
0.15CH - =- _ -
0.4 - LO ]
— NLO -
0.146; NNLO -
I (N (NN (N A (N (NN (NN (N AN (N (N N NN A R R
1.0 1.5 2.0 2.5 3.
1 1GeV"

00345 e ]
f 0.032- .
S :
< 0.03cL S
o o LO ]

0.028 -—- NLO .

- — NNLO i

OO026L——1 1 v 1 v Lo Lo a1

1.0 1.5 2.0 2.5 3.(
I 1GeV!

5.2 — T 1T T 1 T T T T [ T T T T ] T T T 1
BT e i
% L —
O - LO i
o 4.8 NLO —
H — p—
. - NNLO -
L 4Bl .
x L= — i ]

4.4 —

T T R N T T T R N N T N N B R N R R
1.0 1.5 2.0 2.5 3.C
| IGeV!



QCD Penguin scale uncertainty Is reduced from NLO to NNLO
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3.0—T——1 T 1 1T T [ T T T T [ T T T T _
2.5 -
20F =TT -

S E Tl e
B Sy s— e T S e Lt =
¥  F----CTTTTT T .
1.0 o Tl -

- — NNLO -
ooC—— v v 1oy 1oy oo by 1 T

1.0 1.5 2.0 2.5 3.0

1 1GeV!

Plot residual ) cdependence of the QCD contribution to $O/$
Uncertainty Is signiPcantly reduced by going to NNLO

There are still Improvements:

e.g. better -s implementation & better incorporation of
subleading corrections B will not change the overall picture
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Conclusion

Perturbative calculations for K ! '"#" under very good
control, with only sub-leading non-perturbative effects.

Ongoing Lattice efforts improve the estimate of non-
perturbative effects forK ! 1"#",

New perturbative NNLO calculation removes large part
of the perturbative uncertainty in $Ok.

Interesting tension with experiment.
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