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CKM Factors in Kaon physics

Semi-leptonic decays (Vus): A = 0(0.2)

1 A A
Vii=0[ A 1 A
A A2 1

£,V g
ImV Vig = —ImV*:V.g = O(N\°) ImV* Vyqg =0
ReV* Vg = —ReViV,q = O(\') ReV Vig = O(N°)

Kaon observables « Vi Vg — suppressed in SM
sensitive to flavour violating NP

Kaon observables « Vs Vug or Ves' Ved — dominated by

QCD, usetul for extracting low energy constants
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CKM Factors in Kaon physics

Using the GIM mechanism,
we can eliminate either V. V.4 Or
Vus* Vud —> - \/cs7'< Vcd - Vts* th

£,V g

—_————

Z-Penguin and Boxes (high virtuality):
power expansion in: Ac- Ay « 0 + O(mZ/ Mw?)

v/ g-Penguin (momentum expansion + e.o.m.):
power expansion in: Ac- Ay « O(Log(m/ my2))
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Rare Kaon Decays
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xPI, Large N [1603.09721 + Ref]
Now: Accessible to Lattice

Talk by Portelli
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Top quark contribution

S
\W\/\I//{//vvw

/ Y] Y 2
v6/LT'u”%t u, ¢t |44 W ,X.___‘nli
7 Y Z Z »L —_— 2
M3,
™~

/vavvvw

1dF‘X1

1% S W d S uc.t d

vV vV vV V vV

= Vi VialF(xe) — F(xu)) + Ve VealF(xe) — Fixu))



Top quark contribution

~-
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u, C, ty Xl _ 21
MW
Z V{ksvidF(Xi) — v‘;ksvtd (F Xty — F(Xu) ) + V:SVCd (F(Xc) — F(Xu) )
Quadratic GIM|
Matching (NLO +EW):
[Misiak, Urban; Buras, Buchalla;

Brod, MG, Stamou'11] d

Qv = (sLyudr) (VeyHve)



Top quark contribution
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Matching (NLO +EW):

[Misiak, Urban; Buras, Buchalla; /

Qv = (sLyudr) (VeyHve)

After 2011 uncertainty at 1%
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Top quark contribution

2
my

Miy

X{ =

Vis ViaF(xi) = Vi Via(F(xg) — F(xu)) + Vg VealF(xe) — F(xu))

1

Quadratic GIM For CP violating
01
Matching (NLO +EW): Kp = U v 0.111y
[Misiak, Urban; Buras, Buchalla; / tOp contr lbUtIOH
Brod, MG, Stamou'11], ./~
_ 1 \(5 < relevant.
Qv = lstyudu) (viy™vi) Clean theory and
CKM suppression:
NP sensitivity
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K+ — 1t 0 v charm contribution
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K+ — 7t 0 v from Mw to m-
39 ¢

P.: charm quark contribution
to K* —= 7t 0 v (30% to BR)
Series converges very well

(NNLO:10%—2.5% uncertainty)
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K+ — 7t 0 v from Mw to m-

P.: charm quark contribution
to K* —= 7t 0 v (30% to BR)
Series converges very well

(NNLO:10%—2.5% uncertainty)
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K+ — 7t 0 v from Mw to m-

P.: charm quark contribution
to K¥ — m* v v (30% to BR)
Series converges very well

(NNLO:10%—2.5% uncertainty)

[Buras, MG, Haisch,
NNLO+EW Nierste; Brod MG]

39 ¢

36 |
35

higher dimensional

One loop ChiPT cal

this scale dependence
[Isidori, Mescia, Smith “05]

2 He [GQV]

No GIM below the charm quark mass scale

operators UV scale dependent

culation approximately cancels

5P = 0.04 + 0.02

Explorative (unphysical) Lattice calculation:
OPcw=0.0040(+13)(+32)(-45) [Bai et.al. "17]
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K — 7 v v: Error Budget

BRIM(K*—7+0v) = 7.8(8)(3) - 1011 BR™M(K, —m00v) = 2.43(39)(6) - 1011

BRexp(K+*—7tt0ov) = 17(11) - 101 BRexp(Kp—m00v) < 6.7 - 108
[E787, E949 08] NA62 — 10% accuracy [E391a "08]
|[Brod, MG, Stamou
2011] appa
Pc
6 %
BR* =8.4(6) - 101! (CKM tree) BRy = 3.4(6) - 101! (CKM tree)

Using the same calculations: [Buras et.al. "15]



CP violation in Kaons

CP violation in mixing, interference & decay — non-zero

(mtm™

K})

N4+ — = <7_‘__|_7_‘__

Kg)

(oK)
TIoo — 00 0
(7Y Kg)

Only CP violation in mixing (Re ¢), interference of mixing and
decay (Im ¢, Im &) and direct CP violation (Re €”)

/

e = (Ny— —Moo)/3

and |1—)\7;j‘<<1



Formula for ¢/ ¢

ao, a2 & ax* from experiment (77| KY) = aoeiXO + ageiX2 /2

|Cirigliano, et.al. "11] B
T | KO = ape™® — ayeX2/2

ao & ap:isospin amplitudes
: : : + .0 +\ 1
for isospin conservation (7 7 |[K7T) = 3a, € X /2
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Formula for €’/ ¢

ao, a2 & ax* from experiment (77| KY) = aoeiXO + ageiX2 /2

|Cirigliano, et.al. "11] B
T | KO = ape™® — ayeX2/2

ao & ap:isospin amplitudes
: : : + .0 +\ 1
for isospin conservation (7 7 |[K7T) = 3a, € X /2

Current theory givesus only: Ay = (7)) 1| Hert | K)

Normalise to K* decay (w+, a) and ex,
expand in A>/ Agand CP violation:

’ ' ImA A 1 ImAy
Re(i)ze_: SO Qo) — o
€ € V2 lex| | Redg \ a ReAs
[Buras, MG, Jdger, Jamin “15] Adjusted to keep electroweak

penguins in Im Ay [Cirigliano, et.al. 1]
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Current-Current & CKM

Study Unitarity & CKM Elements to get Im A1 & Re Aj

We use unitarity to eliminate V3 V., = —V* V,q — V,* V;4Q5

S C, u
Wi
Current-current interactions:

Two contributions if u > m..
c, u d

(x Vis' Viaand & Vus'Vua) - Vi Vaa @Yz + Vi VeaQl o =
Vs Vud( ?/2 — (1:/2) — V;;;V;fin/g

For u < m: Vi Viqis absent: Vs Vua@1 /2



Penguin & CKM

Penguins: f(my) - f(m.) = 0: S q
Only Vis" Viq contribution

{Vq;ksvudf(mu) + Vg;vcdf(mc) + ‘/Z;V;fdf(mt)} QPenguin —
{Vrjsvud [f(mu) T f(mc)] + ‘/til;v;ﬁd [f(mt) T f(mc)]} QPenguin



Penguin & CKM

Penguins: f(my) - f(m.) = 0: S q
Only Vis" Viq contribution

{Vq;ksvudf(mu) + Vg;vcdf(mc) + ‘/Z;V;fdf(mt)} QPenguin —
{Vrjsvud [f(mu) T f(mc)] + ‘/Z;%d [f(mt) T f(mc)]} QPenguin

U >me: Vis Vid Q% /2 mixes into Vis' Vid Qpenguin (like usual).
U >me: Vus Vud (QU/2— Q°1/2) does not mix into Qpenguin -

L < IMec: Match Vi Viq Q¢1/2 onto Vis Vid QPenguin
— CP violation from Qpenguin
— CP conserving from Q1,2 (plus small Qpenguin)

|5



Effective Hamiltonian

Currently we use the effective Hamiltonian below the charm:

10
Gr

) Via Vi
Heot = —= Vg V5 2i(1) + T v, (). T= s
1= 5 Vu ;Zlﬁ( (1) + 7 yi(p)) Qi(1) v



Effective Hamiltonian

Currently we use the effective Hamiltonian below the charm:

Grp N - _ thV{Z
Horr = = Vaa Vi ; (i) + 7 9i(w) Qilw) - 7= ==
current-current Q1,2/+ = (5iuj)v—a (Urdi)v -4
QCD & Q3,...6 = (5idj)v—a Z (k@) v+a
electroweak q=u,d,s
penguins Q7,....10 = (5idj)v_a Z eq(qrq)v+a

q:u7d78



Effective Hamiltonian

Currently we use the effective Hamiltonian below the charm:
10

Gr Via Vi
eff — — = Vu V'z;ks ) ) ) 9 — .
Mot = 75 Vi ; (2i(p) + 7 yi(p) Qi(p), 7 VoV
current-current QLZ/:: — (giuj)V—A (ﬂkdz)V—A
QLD & Qs,...c = (Sidj)v—a Y  (Ge@)via
electroweak q=u,d,s
penguins Q7,...10 = (8idj)v-a Z €q(qrqi)va

q:u7d78
We have 7: & Vi at NLO [Buras et.al., Ciuchini et. al. 92 93]

And now also a Lattice QCD calculation of: <(mtm)i | Q; | K)=(Qi)1
by RBC-UKQCD [Blum et. al., Bai et. al. “15]

|6



Im Az /Re Ay — (V-A)x(V-A)

A only contributes in the ratio Im A>/Re A»
Let us first consider only (V-A)x(V-A) operators:

Q1= (Saug)v_a (Upds)v-a Q2 = (5u)y_a (Ud)y_4

3 3
Q9 — 5 (Ed)V—A Z Cq (QQ)V—A QlO — Sadﬁ V—-A Z QBQQ

q=u,d,s,c,b q=u,d,s,c,b

[sospin limit: 2 <Qo>> =2 <Q10>2 = 3 <Q1>2 = 3 <Qr>

Re Az: (21+Zz)<Q1+Q2>2 = Z+<Q+>2 Im Az; Y9<Q9>2 + y10<Q10>2

(ImA2> T 3(Y9 + Y10) _ VisVia
V_A

ReA, 20 T VAV

|7



Im Ag/Re Ag— (V-A)x(V-A)

More operators contribute to Im Ag/Re Ag

ReAg — % WV (24 Q4o + 2-(Q-)o)

Fierz relations for (V-A)x(V-A) give, e.g.: <Q40=(Q3)0+2(Q-)0

ImA, 294
=1 - O
<ReAO ) V—A o (1+q)z (P3)

[s only a function of Wilson coefficients and of the ratio

q = (z4(0){(Q+(1))o)/ (2= (1)(Q=(1))o)

Expression with ps={(Q3)0/ Q0 and EW penguins given in
|[Buras, MG, Jager & Jamin "15]

|18



(V-A)x(V+A) Contributions

Qs & Qg give the leading contribution to
ImAo & ImA; respectively

ImA, Gr (Q6)0o
— Tm.)\
({GAO ) 6 ALY

V2 ReAy
= ImA; yg
(ReAQ > . V2 TS Red,

Here: Take Re Ay from data

One can re-express <Qe>p & <Qg>>in terms of Bg & Bg

19



Prediction for €’/ ¢

[=2 Similarly for (V-A)x(V-A):

[=0 (V-A)x(V-A) [=2 (V-A)x(V-A)
= —107* { fm } [a (1 — Qi) (= 4.1(8) +24.7 B§?) +1.2(1) — 10.4 Bg”/?)}

c 1.4-10-4

(V-A)x(V+A) Matrix elements B¢=0.57(19) and Bg=0.76(5)

from Lattice QCD [Blumeet.al, Baiet.al. 15] [ quantity | error on &' /2
e B Bél/Q) 4.1
(2) — 1.9(4.5) x 10~ NNLO 16

SM ' e

) 2.9 o difference O 0.7
<—> = 16.6(2.3) x 10~* P3 0.6
Jew | B0
Similar findings by Kitahara et.al. 16 s 0.4
mg(m) 0.3
20 mt(mt) 0.3




NLO vs NNLO

Theory prediction only at NLO at the moment

Convergence at m.is not clear — should calculate next
order

Long term use Lattice QCD
Also the error estimate does not include O(p?/ m¢?)

corrections which for K — 7t 7t are expected to be small

21



Status of ¢’/ e NNLO

Energy

Fields

Order

g/Y/ W/ Z/h/
u,d,s,c,b,t

NNLO Q1-Q¢ & Qsg
NNLO EW Penguins (traditional Basis)

v,g,u,d,s,c,b

NNLO Q1-Qs & Qsg

v,g,u,d,s,cb

NNLO Q1-Qs

v,g,u,d,s,C

NNLO Q1-Qs & Qse

v,g,u,d,s,c

NLO Q1-Q10

v,g,u,d,s

NNLO Q1-Qs & Q8g

gu,d,s

NLO Q1-Qq (traditional Basis)

i) [Misiak, Bobeth, Urban] iv)[Gorbahn, Brod]
ii) [Gambino,Buras, Haisch] v) [Buras, Jamin, Lautenbacher]

iii)[Gorbahn, Haisch]

- vi)[Blum et. al., Bai et. al. “15]



RG-1nvariant factorisation

Traditional the contribution of running (U(u, 1)) and
matching (M(u)) are combined as:

(O (1)C® () = (O (up)U® (g, )M () U™ (e, 1)
M) (1)U (g, ) C® ()

Alternatively we can also factorise as

Q) (1)C¥ (1) = (Q)(1e)®u® ()
1 ()M ()™ ()
7 () MU (1)1 (1)
u®" (Hw)ém (1w

or write in terms of scheme and scale independent
quantities:

(Y (1, )C3) (1) = () K134 f(45) GO

23



RG-1nvariant factorisation

Va\
—

All hatted quantities (Q)®), M%) M“>) and C® and also
their products

C3) — 101(34) 1145) 3 (5)

are formally scheme and scale independent.

VaN
—

The matrix elements (Q) satisty d = 4 Fierz identities.

A
—

CY) is w independent, but shows residual w dependence.

Plot this for the () (the ones oc Im(V}V3;)):
and for Z(p.) (relevant for Re Apand Re A»)

Use different RGE running (numerical or via Awms)
from as(Mz) at LO, NLO & NNLO

24



The Real Part of Ao & A»
is dominated by z; & z.

2.9

2.8

Reds =21 (Q )2 .
ReAg =24 (Q+ )0 + 2-(Q_)o y
The residual p. dependence 1
reduces order by order 0.64
0.63

At NLO there is still a 0.62

dependence on the
implementation of as
Running.

Shift probably due to

running down from Mz

— rr r 1 1 r 1T 1 1 1 1T T T T 1T T T ]
[ L.O _
B --- NLO |
IR — NNLO -
I T T N N N TN SN NN A NN NN NN N NN R R SR N B
0 1.5 2.0 2.5 3.
pe | GeV]
- T T T T [ T T T T [ T T T T [ T T T T3

NNLO

O beree bl

1.5 2.0 2.5
1 [GeV]



Transform Lattice RISMOM
matrix elements to § scheme

Re Ap=33.2 x 108 GeV
Re Ay =1.48 x 10°GeV

Lattice input to Re Ao has still

20% | 25% stat / sys. uncertainty

e LO ]
i --- NLO i
- —— NNLO .
I (N (NN (N A (N (NN (NN (N AN (N (N N NN A R R
0 1.5 2.0 2.5 3.
ue[GeV]

Re Az/Re A()

1 r 1 . [ 1 T 1 1T [ T 1 T T [ T T T T |
0.034F S ———————
17072 7
0.030 | e

A LO ]
0.028 - --- NLO .
- — NNLO :
0.026 I AN N (NN AN NN NN SN NN NN NN N N NN NN NN N N
1.0 1.5 2.0 2.5 3.
He[GeV]

52 — T 1T T 1 T T T T [ T T T T ] T T T 1
ST N
> L i
5 T LO -
X — —— NNLO -
< 4oL ]
D)
a7 Lo Ti— ———— |

4.4 - —

T T R N T T T R N N T N N B R N R R
1.0 1.5 2.0 2.5 30
He[GeV]




QCD Penguin scale uncertainty is reduced from NLO to NNLO

—0.045

T T 1 T T 1 T 1 n
— T T T 1 T T T T 1 T T T T ] T T 11 | | | _.a--0
' 0.035 -

° ~ - . == —

el R — —-— —
~— ——-

- '\. - —__— —
-5'5. B ([ e ]
— - -~ - - —

- o= "= 0.040 -
L T = - =~ . Tt~ = - * -
0045 -—~_~-§‘~ — e —— p— —
: el Tt — e — ]
— =S e T — L =
S =

T[T LT T[T T T T[T T T TTITT ]

- [0~~~ LO
& 0040 --- NLO 1 & -0050 --- NLO
N — NNLO - — NNEO- 2723
0.035 - - ~0.055 eI T T =
L — — =t =TT = EE—
- - —0060 frm=m o E
n —0.065 EI--'r’l T [T N N NN NN (N AN NN (NN N N SN NN MR N JE
1.0 1.5 2.0 2.5 3.0
ue[GeV]
T 1 r 1 1.1 11111 11 T1r 171 11T 1T T_71]
-0.12F -
~~~~~~~~~~~~~ - ~0.13F 3
- T LO_ . - LO .
0006 .. T . - ] -
5 - --- NLO 1 o 014 , --- NLO -
- — NNLO : - _ -
0.005 £ . Soasp NNLO E
0004 T 1 oleEEEEmmmem oo e
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— T 1T T T [ T 1T T T [ T T T T [ T T T T _
25 3
20F oo=T T i
< -7 .
— I —_
X 1-5:'"—"_" _;:;3—;'*— ———— oo = = T T T =
=~ e ]
w - T ]
1O o T -
osFE --- NLO '
- — NNLO
oo v v 1 vy 1wy 1 a1
1.0 1.5 2.0 2.5
pelGeV]

Plot residual u.dependence of the QCD contribution to &’/ ¢
Uncertainty is significantly reduced by going to NNLO

There are still improvements:

e.g. better as implementation &
subleading corrections — will no

28

oetter incorporation of
- change the overall picture



Conclusion

Perturbative calculations for K — 7 v v under very good
control, with only sub-leading non-perturbative effects.

Ongoing Lattice efforts improve the estimate of non-
perturbative etffects for K — v v.

New perturbative NNLO calculation removes large part
of the perturbative uncertainty in &'«.

Interesting tension with experiment.
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