
Martin Gorbahn

UK Flavour Meeting
Durham, 3 September 2017

Rare and CP violating
Kaon Decays

1

Based on work in collaboration with:
Andrzej Buras, Sebastian JŠger & Matthias Jamin [1507.06345] 

Maria Cerda-Sevilla, Sebastian JŠger & Ahmet Kokulu [1611.08276]
[And based on older calculations with

Joachim Brod, Emanuel Stamou and Ulrich Haisch]



2

Introduction to rare Kaon decays
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CKM Factors in Kaon physics

! = O(0.2)

Kaon observables "  Vts* Vtd !  suppressed in SM
sensitive to ßavour violating NP
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ImV !
ts Vtd = ! ImV !

csVcd = O(! 5) ImV !
us Vud = 0

ReV !
us Vud = ! ReV !

csVcd = O(! 1) ReV !
ts Vtd = O(! 5)

Semi-leptonic decays (Vus):

Kaon observables "  Vus* Vud or Vcs* Vcd !  dominated by 
QCD, useful for extracting low energy constants



CKM Factors in Kaon physics
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s d
W+

Z,     %, g 

t, c, u Using the GIM mechanism, 
we can eliminate either Vcs* Vcd  or
Vus* Vud !  - Vcs* Vcd - Vts* Vtd

Z-Penguin and Boxes (high virtuality):
power expansion in: A c - Au "  0 + O(mc2/M W2)

%/g-Penguin (momentum expansion + e.o.m.):
power expansion in: A c - Au "  O(Log(mc2/m u2))
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Now: Accessible to Lattice
Talk by Portelli 

&PT, Large N [1603.09721 + Ref]most NNLO
QCD known
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Figure 5: !X t as a function of M H , in two di ! erent renormalisation schemes. The dashed lines
show the LO results, the dashed-dotted lines the LO results including the electroweak corrections
in the large-mt limit. The full two-loop results are represented by the dotted lines. The left panel
shows the results where all parameters are deÞned in theMS scheme. By contrast, in the right
panel, all parameters apart from ! are deÞned in the on-shell scheme. For comparison, we also
plot in both panels the NLO result, where all masses are deÞned on-shell and all couplings in the
MS scheme. It is represented by the solid lines.

long distance contributions were calculated in Reference [30] to be

! Pc,u = 0.04± 0.02. (4.7)

The hadronic matrix element of the low-energy e! ective Hamiltonian can be extracted
from the well-measuredK l3 decays, including isospin breaking and long-distance QED
radiative corrections [27, 32, 33]. The long-distance contributions are contained in the pa-
rameters" + , including NLO and partially NNLO corrections in chiral perturbation theory.
" EM denotes the long distance QED corrections [27].

Including the two-loop electroweak corrections toX t , we Þnd for the branching ratio of
the charged mode

Br(K + ⇤ #+ $ø$) = (8 .22+0 .74
! 0.65 ± 0.29)� 10! 11 , (4.8)

The Þrst error is related to the uncertainties in the input parameters. The main contri-
butions are (Vcb : 49%, ø%: 22%, &s : 9%, mc : 8%, mt : 7%, ø' : 4%, sin2 ( W : 1%). The
second error quantiÞes the remaining theoretical uncertainty. In detail, the contributions
are (! Pc,u : 49%, Pc : 21%, X t (QCD) : 17%, " +

! : 8%, X t (EW) : 7%), respectively. Here
and below, we determine the QCD error onX t by varying the scaleµc between 80 GeV
and 320 GeV. Correspondingly, our central value ofX t is the average ofX t (µ = 80 GeV)
and X t (µ = 320 GeV).
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 K+ !  ! + "# " charm contribution 

2 The O(G2
F ) four-fermion effective Hamiltonian

Since we are interested only in contributions generated by up- and charm-quark loops
(namely we neglect the corrections of O(ΛQCD/m2

t )), we can set Vtd = 0. In this limit,
CKM unitarity allows to express all the relevant contributions in terms of one independent
CKM combination: λc = V ∗

csVcd = −V ∗
usVud. As discussed in Ref. [5, 9], the central point

for the construction of the low-energy effective theory is the expansion in terms of local
operators of the following T-products,2

OZ
1 = −i

∫

d4x T [Qcc
1 (x) Qccνν

Z (0) − Quu
1 (x) Quu νν

Z (0)] , (2)

OZ
2 = −i

∫

d4x T [Qcc
2 (x) Qcc νν

Z (0) − Quu
2 (x) Quu νν

Z (0)] , (3)

OB
l = −i

∫

d4x T
[

Qcl(x) Qlc(0) − Qul(x) Qlu(0)
]

, (4)

whose leading term is given by

Q(6)
l = s̄γµ(1 − γ5)d ν̄lγµ(1 − γ5)νl . (5)

Here

Qqq
1 = s̄iγ

µ(1 − γ5)qj q̄jγµ(1 − γ5)di ,

Qqq
2 = s̄iγ

µ(1 − γ5)qi q̄jγµ(1 − γ5)dj , (6)

denote the leading ∆S = 1 four-quark operators (q = u, c),

Qqqνν
Z = q̄kγ

µ

[

(1 − γ5) −
8

3
sin2 θW

]

qk ν̄lγµ(1 − γ5)νl (7)

is the effective neutral-current coupling induced by the integration of the Z boson, and

Qql
3 = s̄γµ(1 − γ5)q ν̄lγµ(1 − γ5)l

Qlq
4 = l̄γµ(1 − γ5)νl q̄γµ(1 − γ5)d (8)

are the effective charged-current couplings induced by integration of the W ± bosons. Note
that, even if we are interested in dimension-8 operators, we work at O(G2

F ) and we can
safely use a point-like propagator in the case of both Z and W ± bosons. The T-products
in Eqs. (2)–(4) correspond to the diagrams in Figure 1.

The first two steps necessary for the construction of the effective theory, namely the
determination of the initial conditions at µ = MW of OZ

1,2, OB
l and Q(6), and the renor-

malization group evolution down to lower scales, proceeds exactly as in Refs. [5]-[7]. On
2 For a complete discussion, we refer to Ref. [5]. Note that, since we are interested also in the

subleading terms arising by the expansion of the T-products, we include both left-handed and vector
components of Qqqνν

Z in Eq. (7). The latter has been ignored in [5] since it does not contribute to the
leading dimension six operator.
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Figure 1: One-loop diagrams corresponding to the T-products in Eqs. (2)Ð(4).

the other hand, we di! er from these works in the last step, namely the removal of the
charm as dynamical degrees of freedom. In this case we proceed as in Ref. [9], matching
the operator product expansion of the T-products into an e! ective theory which includes
also dimension-8 operators. The structure of the local terms, for µIR

<
∼ mc, takes the form

of the following e! ective Hamiltonian density

H (6+8)
eff (µIR) =

GF!
2

!
2" sin2 #W

$c
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l= e,µ,!
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X l
c(xc)Q

(6)
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M 2

W

!

i

Cl
i(µIR)Q(8)

il

#

. (9)

Neglecting neutrino masses, the onlyQ(8)
il with non-vanishing coe" cients to lowest order

in ! s(mc) are

Q(8)
1l = øs%µ(1 " %5)d &2 [ø' l%µ(1 " %5)' l] ,

Q(8)
2l = (øs
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D " d) ø' l%µ(1 " %5)' l ,

Q(8)
3l = (øs

#"
D " )%µ(1 " %5)d

$
ø' l(

#"
&" "

"$
&" )%µ(1 " %5)' l

%
. (10)

The operatorQ(8)
1l arises by the neutral-current coupling (left diagram in Figure 1), while

Q(8)
2l and Q(8)

3l are generated by the charged-current coupling (right diagram in Figure 1).
The operatorQ(8)

3l , which has been considered Þrst in Ref. [8], is the only term which can
induce a CP-conserving contribution to theK 2 $ " 0' lø' l transition. In agreement with
the results of Ref. [8, 9], we Þnd

Cl
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1
12
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4
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log

(
m2

c /µ
2
IR
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2 (µIR) =

1
2

log
(
m2

c /µ
2
IR
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CB(µc) (11)

C!
2 (µIR) = "

1
4
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(namely we neglect the corrections of O(ΛQCD/m2

t )), we can set Vtd = 0. In this limit,
CKM unitarity allows to express all the relevant contributions in terms of one independent
CKM combination: λc = V ∗

csVcd = −V ∗
usVud. As discussed in Ref. [5, 9], the central point

for the construction of the low-energy effective theory is the expansion in terms of local
operators of the following T-products,2

OZ
1 = −i

∫

d4x T [Qcc
1 (x) Qccνν

Z (0) − Quu
1 (x) Quu νν

Z (0)] , (2)
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2 (x) Quu νν

Z (0)] , (3)
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, (4)

whose leading term is given by
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3
sin2 θW
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is the effective neutral-current coupling induced by the integration of the Z boson, and
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3 = s̄γµ(1 − γ5)q ν̄lγµ(1 − γ5)l

Qlq
4 = l̄γµ(1 − γ5)νl q̄γµ(1 − γ5)d (8)

are the effective charged-current couplings induced by integration of the W ± bosons. Note
that, even if we are interested in dimension-8 operators, we work at O(G2

F ) and we can
safely use a point-like propagator in the case of both Z and W ± bosons. The T-products
in Eqs. (2)–(4) correspond to the diagrams in Figure 1.

The first two steps necessary for the construction of the effective theory, namely the
determination of the initial conditions at µ = MW of OZ

1,2, OB
l and Q(6), and the renor-

malization group evolution down to lower scales, proceeds exactly as in Refs. [5]-[7]. On
2 For a complete discussion, we refer to Ref. [5]. Note that, since we are interested also in the

subleading terms arising by the expansion of the T-products, we include both left-handed and vector
components of Qqqνν

Z in Eq. (7). The latter has been ignored in [5] since it does not contribute to the
leading dimension six operator.
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Figure 1: One-loop diagrams corresponding to the T-products in Eqs. (2)Ð(4).

the other hand, we di! er from these works in the last step, namely the removal of the
charm as dynamical degrees of freedom. In this case we proceed as in Ref. [9], matching
the operator product expansion of the T-products into an e! ective theory which includes
also dimension-8 operators. The structure of the local terms, for µIR

<
∼ mc, takes the form

of the following e! ective Hamiltonian density
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The operatorQ(8)
1l arises by the neutral-current coupling (left diagram in Figure 1), while

Q(8)
2l and Q(8)

3l are generated by the charged-current coupling (right diagram in Figure 1).
The operatorQ(8)

3l , which has been considered Þrst in Ref. [8], is the only term which can
induce a CP-conserving contribution to theK 2 $ " 0' lø' l transition. In agreement with
the results of Ref. [8, 9], we Þnd
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Series converges very well
(NNLO:10%! 2.5% uncertainty)

NNLO+EW [Buras, MG, Haisch, 
Nierste; Brod MG]
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No GIM below the charm quark mass scale

higher dimensional operators UV scale dependent

One loop ChiPT calculation approximately cancels 
this scale dependence ! Pc,u = 0.04± 0.02

[Isidori, Mescia, Smith `05]
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No GIM below the charm quark mass scale

higher dimensional operators UV scale dependent

One loop ChiPT calculation approximately cancels 
this scale dependence ! Pc,u = 0.04± 0.02

[Isidori, Mescia, Smith `05]

Explorative (unphysical) Lattice calculation: 
'P c,u =0.0040(±13)(±32)(-45) [Bai et.al. `17]



K !  ! "# ":  Error Budget 

kappa
2 %

Xt
7!%

Pc
6!%

delta Pcu
14!%

CKM
53!%

Parametric
18!%

BRth(K+! ! +"#") = 7.8(8)(3) # 10-11

BRexp(K+! ! +"#") = 17(11) # 10-11

[E787, E949 «08] NA62 !  10% accuracy

11

Xt
8 %

kappa
2 %CKM

84 %

Mt
6 %

BRth(KL ! ! 0"#") = 2.43(39)(6) # 10-11

BRexp(KL! ! 0"#") < 6.7 # 10-8

[E391a «08]

[Brod, MG , Stamou
`2011]

Using the same calculations: [Buras et.al. `15]
BR+ = 8.4(6) # 10-11 (CKM tree) BRL = 3.4(6) # 10-11 (CKM tree)



CP violation in Kaons

! + ! =
! " + " ! |K 0

L "
! " + " ! |K 0

S"
! 00 =

! " 0" 0|K 0
L "

! " 0" 0|K 0
S"

12

! ! = ( " + " ! " 00)/ 3✏K = (⌘00 + 2⌘+ ! )/ 3

CP violation in mixing, interference & decay  !  non-zero

Only CP violation in mixing (Re $), interference of mixing and 
decay (Im $, Im $Ô) and direct CP violation (Re $Ô)

! ! !
1
6

(" 00 " " + " ) +
1
12

(" 00 " " + " )(2 " " 00 " " + " ) + . . .

! ij =
q
p

!" i " j | øK 0"
! " i " j |K 0"

Using: and |1 ! ! ij | " 1



Formula for $Ô/$ 

13

a0, a2 & a2+ from experiment
[Cirigliano,  et.al. `11]

 a0 & a2: isospin amplitudes
for isospin conservation

! ! 0! 0|K0" = a0e
i�0 + a2e

i�2/
#
2

! ! +! ! |K0" = a0e
i�0 $ a2e

i�2
#
2

! ! +! 0|K+" = 3a+2 e
i�+

2 /2



Formula for $Ô/$ 
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AI = ! (!! )I |H e! |K "Current theory gives us only:

Normalise to K + decay (( +, a) and $K ,
expand in A 2/A 0 and CP violation:
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13
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Normalise to K + decay (( +, a) and $K ,
expand in A 2/A 0 and CP violation:

a0, a2 & a2+ from experiment
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 a0 & a2: isospin amplitudes
for isospin conservation
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#
2
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Re
!

! !

!

"
!

! !

!
= "

" +#
2|! K |

#
ImA0

ReA0
(1 " ö! e! ) "

1
a

ImA2

ReA2

$

[Buras, MG, JŠger, Jamin `15] Adjusted to keep electroweak 
penguins in Im A 0 [Cirigliano,  et.al. `11]



Study Unitarity & CKM Elements to get Im A I & Re AI

Current-Current & CKM

14

We use unitarity to eliminate

Current-current interactions: 
Two contributions if ) > m c.

("  Vts* Vtd and "  Vus* Vud)

For ) < m c: Vts* Vtd is absent:

V !
csVcd = ! V !

us Vud ! V !
ts Vtd Qc

2
s

c, u

d

c, u

W ±
s

d

c, u

c, u

V !
us Vud Qu

1/ 2

V !
us Vud Qu

1/ 2 + V !
csVcdQc

1/ 2 !

V !
us Vud (Qu

1/ 2 " Qc
1/ 2) " V !

ts Vtd Qc
1/ 2



Penguin & CKM

15

{ V !
us Vud f (mu ) + V !

csVcdf (mc) + V !
ts Vtd f (mt )} QPenguin !

{ V !
us Vud [f (mu ) " f (mc)] + V !

ts Vtd [f (mt ) " f (mc)]} QPenguin

s dt, c, uPenguins: f(mu) - f(mc) = 0:
Only V ts* Vtd contribution



Penguin & CKM

15

{ V !
us Vud f (mu ) + V !

csVcdf (mc) + V !
ts Vtd f (mt )} QPenguin !

{ V !
us Vud [f (mu ) " f (mc)] + V !

ts Vtd [f (mt ) " f (mc)]} QPenguin

) > m c: Vts* Vtd Qc1/2 mixes into  Vts* Vtd QPenguin (like usual).

) > m c: Vus* Vud (Qu1/2 Ð Qc1/2 ) does not mix into QPenguin .

) < m c: Match Vts* Vtd Qc1/2  onto Vts* Vtd QPenguin 
              !  CP violation from Q Penguin

                    !  CP conserving from Qu1/2  (plus small QPenguin)

s dt, c, uPenguins: f(mu) - f(mc) = 0:
Only V ts* Vtd contribution



Effective Hamiltonian 

16

Currently we use the effective Hamiltonian below the charm: 

H e! =
GF!

2
Vud V !

us

10!

i =1

"
zi (µ) + ! yi (µ)

#
Qi (µ) , ! " #

Vtd V !
ts

Vud V !
us
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10!
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#
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Q1,2/ ± = (øsi uj )V �A (øuk dl )V �A

Q3,..., 6 = (øsi dj )V �A
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eq(øqk ql )V ± A

current-current
QCD &

electroweak
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Currently we use the effective Hamiltonian below the charm: 

H e! =
GF!

2
Vud V !

us

10!

i =1

"
zi (µ) + ! yi (µ)

#
Qi (µ) , ! " #

Vtd V !
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Vud V !
us

Q1,2/ ± = (øsi uj )V �A (øuk dl )V �A

Q3,..., 6 = (øsi dj )V �A

X

q= u,d,s

(øqk ql )V ± A

Q7,..., 10 = (øsi dj )V �A

X

q= u,d,s

eq(øqk ql )V ± A

current-current
QCD &

electroweak
penguins

We have zi & y i at NLO [Buras et.al., Ciuchini et. al. `92 `93]

And now also a Lattice QCD calculation of: !(!!) I|Q i|K "=!Qi"I 
by RBC-UKQCD [Blum et. al., Bai et. al. `15]



A2 only contributes in the ratio Im A 2/Re A 2

Im A 2/Re A 2 Ð (V-A)x(V-A)

17

2 Basic formulae 6

Electroweak Penguins:

Q7 =
3

2
(s̄d)V ! A

!

q= u,d,s,c,b

eq (q̄q)V + A Q8 =
3

2
(s̄! d" )V ! A

!

q= u,d,s,c,b

eq (q̄" q! )V + A (13)

Q9 =
3

2
(s̄d)V ! A

!

q= u,d,s,c,b

eq (q̄q)V ! A Q10 =
3

2
(s̄! d" )V ! A

!

q= u,d,s,c,b

eq (q̄" q! )V ! A (14)

Here, ! , " denote colour indices and eq denotes the electric quark charges reflecting the
electroweak origin of Q7, . . . , Q10. Finally, (s̄d)V ! A ! s̄! #µ(1 " #5)d! .

The Wilson coe! cients zi and yi have been calculated at the NLO level more than
twenty years ago [10,11], and some pieces of NNLO corrections are also available [12–14].
In Table 1, we collect values for z1,2 and yi at µ = mc, used in our approach, for three
values of ! s(MZ ) and mt = 163GeV, in the NDR-MS scheme.

! s(MZ ) = 0.1179 ! s(MZ ) = 0.1185 ! s(MZ ) = 0.1191
z1 –0.4036 –0.4092 –0.4150
z2 1.2084 1.2120 1.2157
y3 0.0275 0.0280 0.0285
y4 –0.0555 –0.0563 –0.0571
y5 0.0054 0.0052 0.0050
y6 –0.0849 –0.0867 –0.0887

y7/ ! –0.0404 –0.0403 –0.0402
y8/ ! 0.1207 0.1234 0.1261
y9/ ! –1.3936 –1.3981 –1.4027
y10/ ! 0.4997 0.5071 0.5146

Table 1: " S = 1 Wilson coe! cients at µ = mc = 1.3GeV for three values of ! s(MZ ) and
mt = 163GeV in the NDR-MS scheme.

2.2 Basic formula for ! !/ !

Our starting expression is formula (8.16) of [29] which we recall here in our notation1

$"

$
= "

%+#
2 |$K |

"
ImA0

ReA0
(1 " # e↵) "

ImA2

ReA2

#
, (15)

where [29]

%+ = a
ReA2

ReA0
= (4.53 ± 0.02) $ 10! 2, a = 1.017, # e↵ = (6.0 ± 7.7) $ 10! 2 . (16)

Here a and # e↵ summarise isospin breaking corrections and include strong isospin violation
(mu %= md), the correction to the isospin limit coming from " I = 5/ 2 transitions and

1In order to simplify the notation we denote Re("0/ ") simply by "0/ ", which is real to an excellent
approximation. The latter is a model-independent consequence of the experimentally known values of
the (strong) phases of"0 and ".

Isospin limit: 2 <Q 9>2 = 2 <Q10>2 = 3 <Q1>2 = 3 <Q2>2

Re A2: (z1+z2)<Q1+Q2>2 = z+<Q+>2     Im A 2: y9<Q9>2 + y10<Q10>2

2 Basic formulae 5

It should be stressed that assuming dominance of SM dynamics in CP-conserving data,
our determination of the contributions of (V ! A) " (V ! A) operators to ! !/ ! is basically
independent of the non-perturbative approach used. The RBC-UKQCD lattice collab-
oration calculates these contributions directly and we will indeed identify a signiÞcant
di! erence between their estimate of theQ4 contribution to ! !/ ! and ours.

Our paper is organised as follows. In Section 2, we derive the analytic formula for! !/ !
in question using the strategy of [10] but improving on it. Using this formula, we present
a new analysis of! !/ ! within the SM exhibiting its sensitivity to the precise value ofB (1/ 2)

6
and the weak dependence onq. In Section 3, we perform the anatomy of uncertainties
a! ecting ! !/ ! and present the prediction of! !/ ! in the SM, including a discussion of
its B (1/ 2)

6 dependence. In Section 4, we extract from the lattice-QCD results of [25] the
values of the most important hadronic matrix elements and compare them with ours. This
allows us to identify the main origin of the di! erence between (5) and (6). In particular,
we point out an approximate correlation between the contribution of theQ4 operator
to ! !/ ! and the value of ReA0 valid in any non-perturbative approach. In Section 5,
we investigate if thus far neglected SM contributions could bring our result for! !/ ! into
agreement with the experimental Þndings. A brief general discussion of the impact of
possible NP contributions to ReA0,2 and ImA0,2 and of the implications of our results for
NP models is given in Section 6. The summary of our observations and an outlook are
presented in Section 7. In Appendix A, we discuss the sub-leading contributions to our
prediction for ! !/ ! and in Appendix B, for completeness, an updated analytic formula for
! !/ ! in the SM is presented in the form used in several of our papers in the past (e.g. [21])
that is equivalent to the one derived in Section 2, but exhibits themt , " s, ms and md

dependences more explicitly.

2 Basic formulae

2.1 E! ective Hamiltonian

We use the e! ective Hamiltonian for " S = 1 transitions of [6Ð11]

H e! =
GF#

2
VudV "

us

10!

i =1

"
zi (µ) + # yi (µ)

#
Qi (µ) , # $ !

VtdV "
ts

VudV "
us

. (9)

The contributing operators are given as follows:
CurrentÐCurrent:

Q1 = (øs! u" )V # A (øu" d! )V # A Q2 = (øsu)V # A (øud)V # A (10)

QCDÐPenguins:

Q3 = (øsd)V # A

!

q= u,d,s,c,b

(øqq)V # A Q4 = (øs! d" )V # A

!

q= u,d,s,c,b

(øq" q! )V # A (11)

Q5 = (øsd)V # A

!

q= u,d,s,c,b

(øqq)V + A Q6 = (øs! d" )V # A

!

q= u,d,s,c,b

(øq" q! )V + A (12)

Let us Þrst consider only (V-A)x(V-A) operators:

!
ImA2

ReA2

"

V ! A
= Im !

3(y9 + y10)
2z+

, ! =
V "

ts Vtd

V "
us Vud



More operators contribute to Im A 0/Re A 0

Im A 0/Re A 0 Ð (V-A)x(V-A)
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ReA0 =
GF!

2
Vud V !

us

!
z+ "Q+ #0 + z" "Q" #0

"
, ReA2 =

GF!
2

Vud V !
us z+ "Q+ #2

Expression with p 3 = !Q3"0/ !Q4"0  and EW penguins given in
[Buras, MG, JŠger & Jamin `15]

Fierz relations for (V-A)x(V-A) give, e.g.: !Q4"0=!Q3"0+2!QÐ"0
!

ImA0

ReA0

"

V ! A
= Im !

2y4

(1 + q)z!
+ O(p3)

Is only a function of Wilson coefÞcients and of the ratio   

q = ( z+ (µ)!Q+ (µ)"0)/ (z! (µ)!Q! (µ)"0)



Q6 & Q8 give the leading contribution to
ImA 0 & ImA 2 respectively

(V-A)x(V+A) Contributions
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2 Basic formulae 9

which reduces the number of independent (V ! A) " (V ! A) matrix elements entering
ReA0,2 and ImA0,2 to three. On the other hand, to an excellent approximation the am-
plitudes ReA0 and ReA2 at µ = mc are fully described by the operatorsQ! and Q+ , so
that we can write

ReA0 =
GF#

2
VudV "

us

!
z+ $Q+ %0 + z! $Q! %0

"
, (33)

ReA2 =
GF#

2
VudV "

us z+ $Q+ %2 . (34)

Introducing the ratio

q &
z+ (µ)$Q+ (µ)%0

z! (µ)$Q! (µ)%0
, z± = z2 ± z1 , (35)

allows us to express the ratios involving only (V ! A) " (V ! A) operators that will enter
our basic formula for! #/ ! as follows:

#
ImA0

ReA0

$

V ! A

= Im "
[4y4 ! b(3y9 ! y10)]

2(1 + q)z!
+ Im " b

3q(y9 + y10)
2(1 + q)z+

, (36)

#
ImA2

ReA2

$

V ! A

= Im "
3(y9 + y10)

2z+
. (37)

Besides the CKM ratio" , the Þrst ratio depends only on Wilson coe! cients and the single
hadronic ratio q to which we will return below. On the other hand the second ratio is free
from hadronic uncertainties, being fully determined by the Wilson coe! cients z+ , y9, y10

and by " .
The remaining contributions to ImA0 and ImA2 are due to (V ! A) " (V + A) operators

and are dominated by the operatorsQ6 and Q8, respectively. We Þnd this time
#

ImA0

ReA0

$

6

= !
GF#

2
Im#t y6

$Q6%0

ReA0
, (38)

#
ImA2

ReA2

$

8

= !
GF#

2
Im#t ye!

8
$Q8%2

ReA2
. (39)

Contributions from Q3 and Q5 are very suppressed but can and have been included in
our numerical error estimate. (See Appendix A.) We have also taken into account the
small e" ect of $Q7%2, for which a relatively precise lattice prediction exists [23], through
the substitution

y8 ' ye!
8 & y8 + p72 y7 (40)

which is included in writing (39). Herep72 & $Q7%2/ $Q8%2 = 0.222 for central values
of [23]. (In our numerics, we have added the corresponding errors linearly and attribute
a 15% uncertainty to this contribution.)

The matrix elements of theQ6 and Q8 operators are conveniently parameterised by

$Q6(µ)%0 = ! 4h
%

m2
K

ms(µ) + md(µ)

&2

(FK ! F! ) B (1/ 2)
6 , (41)

$Q8(µ)%2 =
#

2h
%

m2
K

ms(µ) + md(µ)

&2

F! B (3/ 2)
8 , (42)

Here: Take Re A0  from data

One can re-express <Q6>0  & <Q8>2 in terms of B6 & B8
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! !

!
= 10" 4

!
Im" t

1.4 á10" 4

" #
a

$
1 ! ö! e!

%$
! 4.1(8) + 24.7B (1/ 2)

6

%
+ 1 .2(1) ! 10.4B (3 / 2)

8

&

I=2 Similarly for (V-A)x(V-A):

I=0 (V-A)x(V-A)

(V-A)x(V+A) Matrix elements B 6=0.57(19) and B8=0.76(5) 
from Lattice QCD [Blum et. al., Bai et. al. `15]

I=2 (V-A)x(V-A)

!
! !

!

"

SM
= 1 .9(4.5) ! 10" 4

!
! !

!

"

exp
= 16.6(2.3) ! 10" 4

2.9 * difference

3 Prediction for ! ! / ! in the SM 14

the precision onmt increased by much in the last two decades.a(3/ 2)
0 contributes

positively to ! !/ ! .

iv) The contribution of the (V ! A) " (V + A) electroweak penguin operatorsQ7 and Q8

to P(3/ 2) is represented by the second term in (55). This contribution is dominated
by Q8 and depends sensitively onmt and " s. It contributes negativelyto ! !/ ! .

The competition between these four contributions is the reason why it is di! cult to
predict ! !/ ! precisely. In this context, one should appreciate the virtue of our approach:
the contributions i) and iii) can be determined rather precisely by CP-conserving data so
that the dominant uncertainty in our approach in predicting ! !/ ! resides in the values of
B (1/ 2)

6 and B (3/ 2)
8 .

3 Prediction for ! !/ ! in the SM

3.1 Prediction for ! !/ ! and discussion

We begin our analysis by employing the lattice values in (2) and (3). Varying all parame-
ters within their input ranges and combining the resulting variations in! !/ ! in quadrature,
we obtain:

(! !/ ! )SM = (1 .9 ± 4.5) # 10" 4. (61)

Comparing to the experimental result (! !/ ! )exp = (16.6± 2.3)# 10" 4 (average of NA48 [26]
and KTeV [27,28]), we observe a discrepancy of 2.9# signiÞcance.

quantity error on ! !/ ! quantity error on ! !/ !
B (1/ 2)

6 4.1 md(mc) 0.2
NNLO 1.6 q 0.2

ö" e! 0.7 B (1/ 2)
8 0.1

p3 0.6 Im$t 0.1
B (3/ 2)

8 0.5 p72 0.1
p5 0.4 p70 0.1

ms(mc) 0.3 " s(MZ ) 0.1
mt(mt ) 0.3

Table 4: Error budget, ordered from most important to least important. Each line shows
the variation from the central value of our! !/ ! prediction, in units of 10" 4, as the cor-
responding parameter is varied within its input range, all others held at central values.

A detailed error budget is given in Table 4. It is evident that the error is dominated
by the hadronic parameterB (1/ 2)

6 . Uncertainties from higher-order corrections are still
signiÞcant yet small if compared to the deviation from the experimental value. All other
individual errors are below 10" 4, with the third most important uncertainty coming from
the isospin breaking parameterö" e! , at a level of 0.7 # 10" 4 and about six times smaller
than the error due to B (1/ 2)

6 .

Similar Þndings by Kitahara et.al. 16



NLO vs NNLO
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Theory prediction only at NLO at the moment

Convergence at mc is not clear Ð should calculate next 
order

Long term use Lattice QCD

Also the error estimate does not include O(p2/m c2) 
corrections which for K !  ! ! are expected to be small



Status of $Ô/$ NNLO

22

Energy Fields Order

) W
g,%,W,Z,h,
u,d,s,c,b,t

NNLO Q 1-Q6 & Q8g i)
NNLO EW Penguins ( traditional Basis) ii)

RGE %,g,u,d,s,c,bNNLO Q 1-Q6 & Q8g iii)

) b %,g,u,d,s,c,bNNLO Q 1-Q6 iv)

RGE %,g,u,d,s,c NNLO Q 1-Q6 & Q8g iii)

) c %,g,u,d,s,c NLO Q 1-Q10 v)

RGE %,g,u,d,s NNLO Q 1-Q6 & Q8g iii)

MLattice g,u,d,s NLO Q 1-Q10 (traditional Basis) vi)
i)  [Misiak, Bobeth, Urban]
ii) [Gambino,Buras, Haisch]
iii)[Gorbahn, Haisch]

iv)[Gorbahn, Brod]
v) [Buras, Jamin, Lautenbacher]
vi)[Blum et. al., Bai et. al. Ô15]
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RG-invariant factorisation
Traditional the contribution of running ( U(µ,µ0)) and
matching (M(µ)) are combined as:

! !Q"( 3) (µL)!C( 3) (µL) = ! !Q"(µL)U( 3) (µL, µc)M( 34) (µc)U( 4) (µc, µb)

M( 45) (µb)U( 5) (µb, µW)!C( 5) (µW)

Alternatively we can also factorise as

! !Q"( 3) (µL)!C( 3) (µ) = ! !Q"(µL)( 3) u( 3) (µL)

u( 3) ! 1
(µc)M( 34) (µc)u( 4) (µc)

u( 4) ! 1
(µb)M( 45) (µb)u( 5) (µb)

u( 5) ! 1
(µW)!C( 5) (µW)

or write in terms of scheme and scale independent
quantities:

! !Q"( 3) (µL)!C( 3) (µ) = ! ö!Q"( 3) öM( 34) öM( 45) ö!C( 5)

3 / 3



RG-invariant factorisation

All hatted quantities ! ö!Q"( 3) , öM( 34) , öM( 45) and ö!C( 5) and also
their products

ö!C( 3) = öM( 34) öM( 45) ö!C( 5)

are formally scheme and scale independent.

The matrix elements ! ö!Q" satisfy d = 4 Fierz identities.

ö!C( 3) is µ independent, but shows residualµ dependence.

Plot this for the öy(µc) (the ones# Im(V!
tsVtd)):

4 / 4

RG-invariant factorisation

24

and for +() c) (relevant for Re A0 and Re A2)

Use different RGE running (numerical or via , MS) 
from - s(MZ) at LO, NLO & NNLO
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LO

NLO

NNLO

1.0 1.5 2.0 2.5 3.0
2.5

2.6

2.7

2.8

2.9

3.0
1.0 1.5 2.0 2.5 3.0

2.5

2.6

2.7

2.8

2.9

3.0

! c!GeV"

z" #

LO

NLO

NNLO

1.0 1.5 2.0 2.5 3.0
0.56

0.57

0.58

0.59

0.60

0.61

0.62

0.63

0.64
1.0 1.5 2.0 2.5 3.0

0.56

0.57

0.58

0.59

0.60

0.61

0.62

0.63

0.64

! c!GeV"

z" #

The Real Part of A0 & A 2

is dominated by z + & z-

The residual ) c dependence 
reduces order by order

At NLO there is still a 
dependence on the 
implementation of - s 

Running.

Shift probably due to
running down from M Z

ReA2 =öz+ ! öQ+ "2

ReA0 =öz+ ! öQ+ "0 + öz! ! öQ! "0
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LO

NLO

NNLO

1.0 1.5 2.0 2.5 3.0
0.026

0.028

0.030

0.032

0.034

1.0 1.5 2.0 2.5 3.0

0.026

0.028

0.030

0.032

0.034

! c!GeV"

R
e

A
2
#R

e
A

0

Transform Lattice RISMOM
matrix elements to q. scheme

Re A0 = 33.2 / 10-8 GeV
Re A2 = 1.48 / 10-8 GeV 

Lattice input to Re A 0 has still
20% / 25% stat / sys. uncertainty
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LO

NLO

NNLO
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QCD Penguin scale uncertainty is reduced from NLO to NNLO
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LO

NLO

NNLO
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"'#
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#
10

4

Plot residual ) c dependence of the QCD contribution to $Õ/$
Uncertainty is signiÞcantly reduced by going to NNLO
There are still improvements: 
e.g. better - s implementation & better incorporation of 
subleading corrections Ð will not change the overall picture
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Perturbative calculations for K !  ! "# " under very good 
control, with only sub-leading non-perturbative effects.

Ongoing Lattice efforts improve the estimate of non-
perturbative effects for K !  ! "# ".

New perturbative NNLO calculation removes large part 
of the perturbative uncertainty in $ÕK.

Interesting tension with experiment.


