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Motivation
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Where to find New Physics?

Direct searches:
→ Higgs seems to
be SM Higgs
→ So far:
no ’smoking gun’

Indirect searches:
NP can modify cross
sections.
Constrain SM
predictions e.g. in
→ Flavour Sector
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⇒ Over-constrain the CKM matrix to test SM

3 / 39 J Tobias Tsang Charm (semi-)leptonics on the lattice



Recap: CKM

CKM Matrix

3 generations

relates flavour eigenstates
(d ′, s ′, b′) to mass
eigenstates (d , s, b)

complex
⇒ allows for ��CP
via a single phase

unitary
e.g. 2nd row:

|Vcd |2 + |Vcs |2 + |Vcb|2
?
= 1

Unitarity Triangle

Source: PDG
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= −1.

⇒ Test SM by determining CKM matrix elements
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(some) CKM Processes on the Lattice
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(arXiv:1104.5484)


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Example 1: Leptonic D(s) decays

c

d

D+
W+

l+

νl

Γexp = VCKM(STRONG)(WEAK)(EM)
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Example 1: Leptonic D(s) decays

c

d

D+
W+

l+

νl

Γ = VCKM (STRONG)︸ ︷︷ ︸
non−perturbative

(WEAK)(EM)︸ ︷︷ ︸
perturbative
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Example 1: Leptonic D(s) decays

c

d
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GF

Γ(D+
(s) → l+νl)︸ ︷︷ ︸
experiment
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G 2
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︸ ︷︷ ︸
known factors

+O(αEM)
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Example 2: Semi-Leptonic decays

c
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dΓ(D → Pl ν̄l)

dq2
= G 2

F |Vcx |2
(
K+(mi ,Ei , q

2)
∣∣f+(q2)

∣∣2 +K0(mi ,Ei , q
2)
∣∣f0(q2)

∣∣2)
where x = d , s, P = π,K and q = pD − pP is the momentum of the

outgoing leptons.
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Status summary

Leptonic Decays

HFLAV’16

|Vcd | fD+ = 45.9± 1.1MeV 2.4% [FLAG′16 : 0.7%]

|Vcs | fD+
s

= 250.3± 4.5MeV 1.8% [FLAG′16 : 0.5%]

Semi-Leptonic Decays

HFLAV’16

|Vcd | f π+ (0) = 0.1426± 0.0019 1.3% [FLAG′16 : 4.4%]

|Vcs | f K+ (0) = 0.7226± 0.0034 0.5% [FLAG′16 : 2.5%]
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Experimental Activity

LHC(b) - Geneva, Switzerland

Belle II - Tsukuba, Japan

BaBar, California, US

BES III

CLEO-c
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Charm and Lattice
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LQCD: From Minkowski to Euclidean

The path integral (Minkowski):

〈O〉M =
1

Z

∫
D[ψ,ψ]D[U]O[ψ,ψ,U] e iS[ψ,ψ,U]

Wick rotate to Euclidean space (t → iτ):

〈O〉 =
1

Z

∫
D[ψ,ψ]D[U]O[ψ,ψ,U] e−SG [U]−SF [ψ,ψ,U]

Integrate out fermionic degrees of freedom:

〈O〉 =
1

Z

∫
D[U]O[ψ,ψ,U]

(∏
f

detDf

)
e−SG [U]

︸ ︷︷ ︸
statistical weight
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LQCD: From Continuum to Lattice

Render PI finite dimensional by DISCRETISING in FINITE
VOLUME.

source: PDG

Finite lattice spacing a ⇒ UV regulator

Finite Box of length L ⇒ IR regulator
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LQCD: Evaluating the Path Integral

〈O〉 =
1

Z

∫
D[U]O[ψ,ψ,U]

(∏
f

detDf

)
e−SG [U]

〈O〉 =

∫
D[U]O[ψ,ψ,U] p(U)

GOAL: Want to statistically sample the path integral:

〈O〉 ≈ 1

N

N−1∑
n=0

O[Un] where p(Un) =
1

Z

(∏
f

detDf

)
e−S[ψ,ψ,U]

Example: Ds meson at rest〈
0
∣∣∣ODs (t)O†Ds

(0)
∣∣∣0〉 =

∫
D[U] ODs (t)O†Ds

(0) p(U)
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Extracting physics from correlation functions

Relate numerical evaluation of PI〈
0
∣∣∣ODs (t)O†Ds

(0)
∣∣∣0〉 =

∫
D[U] ODs (t)O†Ds

(0) p(U)

to physical quantities〈
0
∣∣∣ODs (t)O†Ds

(0)
∣∣∣0〉 =

∑
x,n

〈
0
∣∣∣ODs

(x)
∣∣∣n〉〈n∣∣∣O†Ds

(0)
∣∣∣0〉

=
∑
n

|〈0| ODs (0) |n〉|2 e−Ent

t→∞
= |〈0| ODs (0) |Ds〉|2 e−mDs t

time behaviour: masses and energies

normalisation: MEs (decay constants, form factors)
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LQCD: Approximations and Systematics

Lattice vs Continuum

Simulation:

2+1+1, 2+1, 2

finite lattice spacing a

finite volume L3

lattice regularised

Some bare input quark
masses aml , ams , amh

Often: msim
π > mphys

π

Isospin symmetric

Real World (SM):

6 distinct quark flavours

a = 0

L =∞
some continuum scheme

ml = mphys
l

ms = mphys
s

mh = mphys
c

mu 6= md , EW, EM

⇒ We need to retrieve the continuum theory from the
lattice simulations.
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LQCD: A Calculation

1 Create sets of Un called ensembles
p(U) = 1

Z (
∏

f detDf ) e−S[ψ,ψ,U]

2 Carry out measurements on these ensembles〈
0
∣∣∣ODs (t)O†Ds

(0)
∣∣∣0〉 =

∫
D[U] ODs (t)O†Ds

(0) p(U)

3 Fit correlators to extract physics〈
0
∣∣∣ODs (t)O†Ds

(0)
∣∣∣0〉 t→∞

= |〈0| ODs (x) |Ds〉|2 e−mDs t

4 Analysis:
⇒ From Lattice to Continuum
⇒ Statistical Error Analysis
⇒ Estimate of Systematic Errors
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Differences in lattice calculations

Ensemble Properties

Lattice dimensions: a, L, mπ

Number of flavours in the sea

Fermion formulation(s) [sea]

Gauge formulation

Analysis

Fermion formulation(s) [valence]

Scale setting + Experimental Inputs

Heavy quark treatment

Renormalisation

Many technical details

Final result must be independent of these choices!
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A problem of scales: a, L and mc

100 101 102 103 104 105 106

mq [MeV]

Finite Volume effects

Require: mπL & 4
For mphys

π ≈ 140MeV:

aN = L & 5.9 fm

Discretisation effects

Require: amq � 1
mc(3GeV) ≈ 1GeV:

a−1 & 2.0GeV or a . 0.1 fm

Combining this we require N & 60. (i.e. lattice size: N3 × (2N))
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Lattice charm challenges: Lattice spacings

In principle:

O(a) = O(a = 0) + C 1
CLa + C 2

CLa
2 + · · ·

Most actions are O(a)-improved, i.e. C 1
CL ≡ 0

Some actions only have even powers of a (C 2n+1
CL ≡ 0)

We need multiple lattice spacings.
BUT:
⇒ At fixed V (same mπ) number of lattice points must
increase.
⇒ Autocorrelation times ↑ ∞ as a ↓ 0
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Ensembles used for charm physics

Nf = 2 + 1
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Nf = 2 + 1 + 1
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Different fermion actions

Only two sets of ensembles with physical pion masses
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Lattice charm challenges: Signal-to-noise

0 10 20 30 40 50 60

nt
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⇒ Signal-to-noise decreases as mh −ml increases

⇒ Signal-to-noise decreases as ml ↓ mphys
l
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Lattice charm challenges: Kinematical Reach

Momentum transfer qµ = (pD − pπ)µ

mD0 ≈ 1.865GeV, mπ± ≈ 0.140GeV

Assume L ∼ 6 fm, a−1 ∼ 2.0GeV

Quantised momenta (periodic BCs)
p = 2π

L n

Signal ↓ as |n| ↑

c

u
d

W+

D0

π−

νl

l+

0 ≤ q2 ≤ q2max = (mD −mπ)2 ∼ (1.7GeV)2

Easy to simulate at q2max

BUT experiment is best at q2 = 0.
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Lattice charm challenges: Kinematical Reach

q2 reach for D → π with mπL = 4

0 5 10 15

n2
x +n2

y +n2
z

0.0

0.2

0.4
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0.8

1.0

q
2
/
q

2 m
a
x

mπ = 140MeV

mπ = 200MeV

mπ = 300MeV

mπ = 400MeV

More units of n needed as mπ ↓ mphys
π and L ↑

Need n ∼ (3, 2, 2) to reach q2 = 0 for mphys
π
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Applications of charm physics on the lattice

Extracting Vcs and Vcd from leptonic decay constants and
semi-leptonic form factors
⇒ Test CKM unitarity of second row

2 + 1 + 1f ensemble generation

b-physics:
b → c (RD , RD∗)
Combine relativistic sim’s (mh < mb) with RHQ sim’s at mb.
inclusive vs exclusive B?
B − B̄ mixing

Exploiting the GIM mechanism on the lattice

Connected charm contribution to the Hadronic Vacuum
Polarisation
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Results
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New RBC/UKQCD result arXiv:1701.02644

fD and fDs

3 lattice spacings
(amin = 0.07fm)

2 physical pion mass
ensembles

Nf = 2 + 1

DWF for sea and
valence
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New RBC/UKQCD result arXiv:1701.02644

fD and fDs

3 lattice spacings
(amin = 0.07fm)

2 physical pion mass
ensembles

Nf = 2 + 1

DWF for sea and
valence

Slight modification of
DW parameters for
charm. amh . 0.4
⇒ Mixed Action
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1.9

2.0

R
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sh =1.6GeV

m ref
sh =mDs

m ref
sh =2.4GeV

Tested in Pilot Study: arXiv:1602.04118
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arXiv:1701.02644: Correlation functions
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arXiv:1701.02644: Data
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⇒ mild a2 behaviour
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⇒ mild m2
π behaviour

⇒ Slight extrapolation in amh on coarse ensembles needed.

⇒ Linear in m2
π, a2 and 1/mH
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arXiv:1701.02644: Fit form

Choose fit form linear in m2
π, a2 and 1/mH :

O(a,mπ,mc) = Ophys(0,mphys
π ,mphys

c )

+ CCL(∆m−1H ) a2

+ Cχ(∆m−1H )
[
m2
π −m2

π
phys

]
+ C 0

h ∆m−1H

where

∆m−1H = 1/mH − 1/mphys
H mH = D,Ds , ηc

CCL,χ(∆m−1H ) = C 0
CL,χ + C 1

CL,χ∆m−1H
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arXiv:1701.02644: ΦD - fit

0.30 0.35 0.40 0.45

1/mηc [GeV−1]

0.24

0.26

0.28

0.30

0.32

0.34

Φ
D
[G

eV
3/

2
]

C0

C1

M0

M1

M2

F1

ΦD = 0.2853(38)GeV3/2

C 0
CL = −0.003(11)GeV7/2

Cχ = 0.230(22)GeV−1/2, Ch = −0.3747(97)GeV5/2
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arXiv:1701.02644: ΦD - systematic
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0.294

Φ
D
[G

eV
3
/2

]

mmax
π = 450MeV mmax

π = 400MeV mmax
π = 350MeV

fix heavy quark with H = D(3), Ds(#), and ηconnected
c (�)

Pion mass cuts (350, 400, 450MeV)

w and w/o mass dependent CL and mπ coefficients

ΦD = 0.2853(38)stat

(
+24
−18
)

fit
GeV3/2
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arXiv:1701.02644: Systematic Errors summary
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×104 ×104

ΦD [GeV3/2] 0.2853 38 +29
−24

+24
−18 11 10 4.7 -

ΦDs [GeV3/2] 0.3457 26 +18
−26

+ 3
−19 14 6 4.4 7.1

fDs/fD 1.1667 77 +57
−43

+44
−23 - 35 8 3

fD = 208.7(2.8)stat

(
+2.1
−1.8

)
sys

MeV

fDs = 246.4(1.9)stat

(
+1.3
−1.9

)
sys

MeV
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Leptonic Decay Constants: Summary of works

FLAG Review (arXiv : 1607.00299) + arXiv:1701.02644

180 200 220 240

=
+

+
=

+
=

ETM 09
ETM 11A
ETM 13B
ALPHA 13B
TWQCD 14
FLAG average for =

FNAL/MILC 05
HPQCD/UKQCD 07
HPQCD 10A
PACS-CS 11
FNAL/MILC 11
HPQCD 12A
QCD 14

THIS WORK
FLAG average for = +

FNAL/MILC 12B
FNAL/MILC 13
ETM 13F
ETM 14E
FNAL/MILC 14A
FLAG average for = + +

230 250 270

=
+

+
=

+
=

MeV
ETM 09
ETM 11A
ETM 13B
ALPHA 13B
TWQCD 14
our average for =

FNAL/MILC 05
HPQCD/UKQCD 07
HPQCD 10A
PACS-CS 11
FNAL/MILC 11
HPQCD 12A
QCD 14

THIS WORK
our average for = +

FNAL/MILC 12B
FNAL/MILC 13M
ETM 13M
ETM 14E
FNAL/MILC 14A
our average for = + +

1.10 1.15 1.20 1.25

=
+

+
=

+
=

ETM 09
ETM 11A
ETM 13B
ALPHA 13B
TWQCD 14
FLAG average for =

FNAL/MILC 05
HPQCD/UKQCD 07
PACS-CS 11
FNAL/MILC 11
HPQCD 12A
THIS WORK
FLAG average for = +

FNAL/MILC 12B
FNAL/MILC 13
ETM 13F
ETM 14E
FNAL/MILC 14A
FLAG average for = + +

/

Nf fD [MeV] fDs [MeV] fDs/fD
2+1+1 212.15(1.45) 248.83(1.27) 1.1716(32)
2+1 209.2(3.3) 249.8(2.3) 1.187(12)

2 208(7) 250(7) 1.20(2)
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Leptonic Decay Constants: Summary of works

FLAG Review (arXiv : 1607.00299) + arXiv:1701.02644
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230 250 270

=
+

+
=

+
=

MeV
ETM 09
ETM 11A
ETM 13B
ALPHA 13B
TWQCD 14
our average for =
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FNAL/MILC 11
HPQCD 12A
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our average for = +
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FNAL/MILC 14A
our average for = + +

1.10 1.15 1.20 1.25

=
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=

+
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ETM 13B
ALPHA 13B
TWQCD 14
FLAG average for =

FNAL/MILC 05
HPQCD/UKQCD 07
PACS-CS 11
FNAL/MILC 11
HPQCD 12A
THIS WORK
FLAG average for = +

FNAL/MILC 12B
FNAL/MILC 13
ETM 13F
ETM 14E
FNAL/MILC 14A
FLAG average for = + +

/

Nf fD [MeV] fDs [MeV] fDs/fD
2+1+1 0.68% 0.51% 0.27%
2+1 1.58% 0.92% 1.01%

2 3.37% 2.80% 1.67%

EM corrections become important!
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Leptonic decay constants: Ongoing works

Presented at Lattice’17

JLQCD - Domain Wall fermions
Preliminary, no full systematic yet. mmin

π = 230MeV
fD = 212.8(1.7)stat(3.6)scale MeV
fDs = 244.0(0.8)stat(4.1)scale MeV

FNAL/MILC - Highly Improved Staggered Quarks

(Nf = 2 + 1 + 1,mphys
π ), - preliminary

fD = 212.7± 0.3stat ± 0.3sys ± 0.2fπ ,PDG MeV
fDs = 250.0± 0.3stat ± 0.2sys ± 0.2fπ ,PDG MeV

α + RQCD - Wilson (CLS effort) - open BCs

RBC/UKQCD - Domain Wall Fermions (new setup)

Combined RBC/UKQCD/JLQCD data set

Summary of recent calculations: arXiv:1702.05360
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Semi-leptonic form factors - overview

Leptonic
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+ ( )

So far: Few published results for semi-leptonic form factors

BUT: Ongoing activity
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New ETM result: arXiv:1706.03017

ETM

Nf = 2 + 1 + 1

Twisted Mass

3 a ∈ (0.062, 0.089) fm

mπ = 220− 500MeV

L = 2.0− 3.0 fm

O(a)-improved

Momenta via twisted BCs
pi = 2π

L (θi + ni )
Democratic, 7 values of θi

⇒ Many kinematical points
from different combinations
of twist
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New ETM result: arXiv:1706.03017

ETM

Nf = 2 + 1 + 1

Twisted Mass

3 a ∈ (0.062, 0.089) fm

mπ = 220− 500MeV

L = 2.0− 3.0 fm

O(a)-improved

Momenta via twisted BCs
pi = 2π

L (θi + ni )
Democratic, 7 values of θi

⇒ Many kinematical points
from different combinations
of twist
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1,8

f
Dπ

+
(q

2
)

pπ = 656 MeV
pπ = 353 MeV
pπ = 151 MeV
pπ = 0 MeV

Ensemble A60.24

On same ensemble
(i.e. at same a, L, mπ, mD)

Why the disagreement?
FSEs?
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New ETM result: arXiv:1706.03017

ETM

Nf = 2 + 1 + 1

Twisted Mass

3 a ∈ (0.062, 0.089) fm

mπ = 220− 500MeV

L = 2.0− 3.0 fm

O(a)-improved

Momenta via twisted BCs
pi = 2π

L (θi + ni )
Democratic, 7 values of θi

⇒ Many kinematical points
from different combinations
of twist

0 0,5 1 1,5 2 2,5 3

q
2
(GeV

2
)

0,5

1

1,5

2

2,5

3

f
Dπ

+
(q

2
)

pπ = 656 MeV
pπ = 353 MeV
pπ = 151 MeV
pπ = 0 MeV

A40.32 (filled) - A40.24 (empty)

Filled and open symbols
only differ in volume.

Discretisation effects due to
breaking of hypercubic
symmetry
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New ETM result: arXiv:1706.03017

D → π
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f
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Belle

f Dπ+ (0) = 0.612(35)

D → K
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f
0
(q
2
)

f
+
(q
2
)

BaBar
Cleo-D0
Cleo-D+
BESIII
Belle

f DK
+ (0) = 0.765(31)

Full range of q2

Chiral continuum limit

WARNING: Evidence of hypercubic symmetry breaking effects
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Charm semi-leptonic @ Lattice ’17

HPQCD

Nf = 2 + 1 + 1

HISQ

3 a ∈ (0.09, 0.15) fm

mmin
π = mphys

π

Momenta from twisting

13
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f

q2(GeV2)

f 0

f+
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c
f Preliminary

JLQCD

Nf = 2 + 1

Domain Wall Fermions

3 a ∈ (0.044, 0.079) fm

mmin
π = 230MeV

Fourier Momenta
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Summary
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Conclusions and Outlook

Good control

Relativistic charm formulations

fD , fDs at mphys
π and 3a

Charm quark mass

Charm HVP

Near-future goals

Independent calculations of
semi-leptonic form factors at full
q2 range and different
kinematics

Neutral Meson Mixing

Challenges

Extrapolations to b from
charm data

Finer lattices

Tame Signal-to-noise
problem
⇒ due to mass
difference
⇒ due to large momenta

Long distance
contributions

Include EM corrections
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ADDITIONAL SLIDES
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arXiv:1701.02644 - Technical slide

Z2-Wall sources

placed on many
source planes

binned into one
effective
measurements per
config

strange quark mass
slightly mistuned on
some ensembles

Name hits/conf confs total

C0 48 88 4224
C1 32 100 3200
C2 32 101 3232

M0 32 80 2560
M1 32 83 2656
M2 16 77 1232

F1 48 82 3936
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arXiv:1701.02644 - Technical slide

Z2-Wall sources

placed on many
source planes

binned into one
effective
measurements per
config

strange quark mass
slightly mistuned on
some ensembles

Name amphys
s amsim

s

C0 0.03580(16) 0.0362
C1 0.03224(18)
C2 0.03224(18)

M0 0.02539(17) 0.02661
M1 0.02477(18)
M2 0.02477(18)

F1 0.02132(17) 0.02144
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Ongoing Work: JLQCD + UKQCD - ensembles

in collaboration with Guido Cossu, Brendan Fahy, Shoji Hashimoto

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40

a2[GeV−2]

100

150

200

250

300

350

400

450

500

m
π
[M

eV
]

Both: Domain Wall
Fermions

JLQCD: (triangles)

Fine lattices:
a−1 = 2.4− 4.5GeV

UKQCD: (squares)

Physical Pion masses

Combine data sets for well controlled chiral and continuum limit.
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Neutral Meson Mixing

D − D-mixing long distance dominated for charm BUT short
distance dominated for B − B.

d

dW+b

W−

u,c, t

b

B0
d B̄0

d

s

sW+b

W−

u,c, t

b

B0
s B̄0

s

∆mq = |V ∗tqV ∗tb| ×
G 2
Fm

2
W

16π2mBq

S0(xt)ηB ×Mq

Mq =
〈
B̄0
q

∣∣ [b̄γµ(1− γ5)q
] [

b̄γµ(1− γ5)q
] ∣∣B0

q

〉
=
〈
B̄0
q

∣∣OVV+AA

∣∣B0
q

〉
=

8

3
m2

Bq
f 2Bq

BBq

FNAL/MILC arXiv:1706.04622: result for short distance
contribution to D − D̄ mixing
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RBC/UKQCD: Ratio of Bag parameters ξ (1511.09328)

BP =
〈P0|OVV+AA|P̄0〉

8
3 f

2
Pm

2
P

, ξ =
fhs
√
Bhs

fhl
√
Bhl

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

1/mDs
[GeV−1 ]

1.06

1.08

1.10

1.12

1.14

1.16

1.18

1.20

1.22

1.24

ξ

charm
bottom
C0
C1
C2
M0
M1
M2
F1 PRELIMINARY

Fits by A. Khamseh

Data at charm: percent level precision

Mild heavy mass dependence

More data on disk

Extrapolate to b
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